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Preface

This issue of Transactions on Computational Systems Biology contains a fully-
refereed selection of papers from the Fourth International Conference on Com-
putational Methods in Systems Biology, held in Edinburgh, Scotland, April 3-5,
2005. T would like to thank both the referees for all their hard work and also the
CMSB 2005 programme committee for their help in choosing which papers to
invite for submission.

June 2006 Gordon Plotkin
Program Chair
CMSB 2005
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Property-Driven Statistics of Biological
Networks

Pierre-Yves Bourguignon!, Vincent Danos?, Francois Képes®,
Serge Smidtas', and Vincent Schichter!

1 Genoscope
2 CNRS & Université Paris VII
3 CNRS

Abstract. An analysis of heterogeneous biological networks based on
randomizations that preserve the structure of component subgraphs is in-
troduced and applied to the yeast protein-protein interaction and tran-
scriptional regulation network. Shuffling this network, under the constraint
that the transcriptional and protein-protein interaction subnetworks are
preserved reveals statistically significant properties with potential biologi-
calrelevance. Within the population of networks which embed the same two
original component networks, the real one exhibits simultaneously higher
bi-connectivity (the number of pairs of nodes which are connected using
both subnetworks), and higher distances. Moreover, using restricted forms
of shuffling that preserve the interface between component networks, we
show that these two properties are independent: restricted shuffles tend to
be more compact, yet do not lose any bi-connectivity.

Finally, we propose an interpretation of the above properties in terms
of the signalling capabilities of the underlying network.

1 Introduction

The availability of genome-scale metabolic, protein-protein interaction and reg-
ulatory networks [25[7I3I5I2T] —following closely the availability of large graphs
derived from the Internet hardware and software network structure, from social
or collaborative relationships— has spurred considerable interest in the empir-
ical study of the statistical properties of these ‘real-world’ networks. As part
of a wider effort to reverse-engineer biological networks, recent studies have fo-
cused on identifying salient graph properties that can be interpreted as ‘traces’
of underlying biological mechanisms, shedding light either on their dynamics
[23UTTU6I28] (i.e., how the connectivity structure of the biological process re-
flects its dynamics), on their evolution [T0/3027] (i.e., likely scenarios for the
evolution of a network exhibiting the observed property or properties), or both
[O/TZIT5]. The statistical graph properties that have been studied in this context
include the distribution of vertex degrees [I0J9], the distribution of the clus-
tering coefficient and other notions of density [I7UT8IT9J22/4], the distribution
of vertex-vertex distances [22], and more recently the distribution of network
motifs occurrences [I5].

C. Priami and G. Plotkin (Eds.): Trans. on Comput. Syst. Biol. VI, LNBI 4220, pp. 1-{I5] 2006.
© Springer-Verlag Berlin Heidelberg 2006



2 P.-Y. Bourguignon et al.

Identification of a salient property in an empirical graph —for example the
fact that the graph exhibits a unexpectedly skewed vertex degree distribution—
requires a prior notion of the distribution of that property in a class of graphs
relatively to which saliency is determined. The approach chosen by most authors
so far has been to use a random graph model, typically given by a probabilistic
graph generation algorithm that constructs graphs by local addition of vertices
and edges [200T124]. For the simplest random graph models, such as the classical
Erdos-Rényi model (where each pair of vertices is connected with constant prob-
ability p, [2]), analytical derivations of the simplest of the above graph properties
are known [20/1].

In the general case, however, analytical derivation is beyond the reach of
current mathematical knowledge and one has to retort to numerical simulation.
The random graph model is used to generate a sample of the corresponding class
of graphs and the distribution of the graph property of interest is evaluated on
that sample, providing a standard against which the bias of the studied graph
can be measured [23|[14/29]. Perhaps because of the local nature of the random
graph generation process, it is mostly simple local network properties that have
been successfully reproduced in that fashion. Another, somewhat more empirical,
category of approaches reverses the process: variants are generated from the
network of interest using a random rewiring procedure. The procedure selects
and moves edges randomly, preserving the global number of edges, and optionally
their type, as well as local properties such as the degree of each vertex. Rewirings
are thus heuristic procedures which perform a sequence of local modifications on
the structure of the network.

The specific focus of the present paper is on measuring the degree of coopera-
tion between the two subgraphs of the yeast graph of interactions induced by the
natural partition of edges as corresponding either to transcriptional interaction
(directed) or to protein protein interaction (undirected). To evaluate a poten-
tial deviation with respect to such a measure, one needs as a first ingredient a
suitable notion of random variation of the original graph. The goal is here, as
in many other cases, to contrast values of a given observable on the real graph,
against the distribution of those same values in the population of variants. We
define shu es of the original graph as those graphs that are composed exactly
of the original two subgraphs of interest, the variable part being the way these
are ‘glued’ together.

From the probabilistic point of view, this notion of randomisation coincides
with a traditional Erdos-Renyi statistics, except that it is conditioned by the
preservation of the original subgraphs. Designing a generative random graph
model that would only yield networks preserving this very precise property seems
to be a hard endeavor ; it is not as easy as in the unconditional Erdds-Renyi
model to draw edges step by step yet ensure that component subgraphs will be
obtained in the end. Shuffling might also be seen as rewiring, except the invari-
ant is large-scale and extremely precise: it is not edges that are moved around
but entire subgraphs. Moving edges independently would break the structure of
the subnetworks, and designing a sequential rewiring procedure that eventually
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recovers that structure is not an obvious task. Moreover, it would be in general
difficult to ensure the uniformity of the sample ; see [16] for a thorough analysis
of rewiring procedures. This choice of an invariant seems rather natural in that
one is interested in qualifying the interplay between the original subgraphs in
the original graph. Now, it is not enough to have a sensible notion of randomi-
sation, it is also crucial to have a computational handle on it. Indeed, whatever
the observable one wants to use to mark cooperation is, there is little hope of
obtaining an analytic expression for its distribution, hence one needs sampling.
Fortunately, it turns out it is easy to generate shuffles uniformly, since these
can be described by pairs of permutations over nodes, so that one can always
sample this distribution for want of an exact expression. As explained below in
more details, the analysis will use two different notions of subgraph-preserving
sampling: general shuffles, and equatorial ones that also preserve the interface
between our two subgraphs. Equatorial shuffles are feasible as well, and in both
cases the algorithms for sampling and evaluating our measures turn out to be fast
enough so that one can sweep over a not so small subset of the total population
of samples.

Regarding the second necessary ingredient, namely which observable to use to
measure in a meaningful way the otherwise quite vague notion of cooperation,
there are again various possibilities. We use two such observables in the present
study: the connectivity, defined as the percentage of disconnected pairs of nodes,
and a refined quantitative version of connectivity, namely the full distance dis-
tribution between pairs of nodes. The latter is costlier, requiring about three
hours of computation for each sample on a standard personal computer.

Once we have both our notion of randomisations and our observables in place,
together with a feasible way of sampling the distribution of the latter, we can
start. Specifically we run four experiments, using general or equatorial shuffling,
and crude or refined connectivity measures. The sampling process allows us to
compare the values of these measures for the original graph with the mean value
for the sample, and, based on the assumption that those values follow a normal
distribution over the sample, one can also provide a p-value that gives a rough
estimate of the statistical deviation of the observable in the given graph.

The general shuffle based experiments show with significant statistical con-
fidence that shuffling reduces connectivity (1), and at the same time contracts
distances (2). More precisely, both bi-connectivity (the amount of pairs of nodes
which are connected using both subgraphs) and distances are higher than average
in the real network. A first interpretation might be that the real graph is trading
off compactness for better bi-connectivity. In order to obtain a clearer picture
and test this interpretation, we perform two other experiments using equato-
rial shuffles. Surprisingly, under equatorial shuffles connectivity hardly changes,
while the global shift to shorter distances is still manifest. It seems therefore there
is actually no trade-off, and both properties (1) and (2) have to be thought of
as being independently captured by the real graph. With appropriate caution,
we may try to provide a biological interpretation of this phenomenon. Since all
notions of connectivity and distances are understood as directed, we propose to
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relate this to signalling, and interpret bi-connectivity as a measure of the capa-
bility to convey a signal between subgraphs. With this interpretation, the above
properties may be read as:(1) signal flows better than average and (2) signal is
more specific than average. The second point requires explanation. At constant
bi-connectivity, longer average distances imply that upon receipt of a signal, the
receiver has a better chance of guessing the emitter. In other words, contraction
of distances (which can be easily achieved by using hubs) will anonymise signals,
clearly not a desirable feature in a regulatory network. Of course this is only part
of the story, since some hubs will also have an active role in signal integration
and decision making. The latter is probably an incentive for compactness. If our
reading of the results is on track, we then may think of the above experiments as
showing that the tropism to compactness due to the need for signal integration,
is weaker than the one needed for signal specificity.

Beyond the particular example we chose to develop here because of the wealth
of knowledge available on the yeast regulatory and protein interaction networks,
one can think of many other applications of the shuffling methodology for het-
erogeneous networks. The analyses performed here rely on edges corresponding
to different types of experimental measurements, but edges could also represent
different types of predicted functional links. Indeed, there are many situations
where a biological network of interactions can be naturally seen as heteroge-
neous. Besides, the notions of shuffle we propose can also accomodate the case
where one would use a partition of nodes, perhaps given by clustering, or local-
isation, or indeed any relevant biological information, and they may therefore
prove useful in other scenarios.

The paper is organised as follows: first, we set up the definitions of edge-
based general and equatorial shuffles based, and also consider briefly node-based
shuffles though these are not used in the sequel; then we describe the interaction
network of interest and the way it was obtained; finally we define our observables
and experiments, and interpret them. In the conclusion, we discuss generalization
and potential applications of the method. The paper ends with an appendix on
the algorithmical aspects of the experiments, and a brief recall of the elementary
notions of statistics we use to assert their significance.

2 Shuflles

Let G = (V,E) be a directed graph, where V is a finite set of nodes, and FE
is a finite set of directed edges over V. We write M for the incidence matrix
associated to G. Since G is directed, M may not be symmetric. In the absence
of parallel edges M has coefficients in {0, 1}, where parallel edges are allowed.

Given such a matrix M and a permutation ¢ over V, one writes Mo for the
matrix defined as for all u, v in V:

Mo(u,v) :== M(oc " u, 0™ 1v)

Note that Mo defines the same abstract graph as M does, since all o does is
changing the nodes names.
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2.1 Shuffles Induced by Properties on Edges

We consider first shuffles induced by properties on edges. Suppose given a par-
tition of F = > E;; this is equivalent to giving a map x: E — {1,...,p} which
one can think of as colouring edges.

Define M; as the incidence matrix over V containing the edges in E; (of
colour 7).

Define also Vi, where I C {1,...,p}, as the subset of nodes v having for each
i € I at least one edge incident to v with colour ¢, and no incident edge coloured
j for j & I. We abuse notation and still write x(u) = I when u € V;. This
represents the set of colours seen by the nodes.

Clearly V =YV}, Vg is the set of isolated nodes of G, and the set of nodes
of G; is the union of the graphs generated by Vi, for i € I.

Given oy, ..., 0, permutations over V, define the global shu e of M as:

M(oi,...,0p) ==, M;o;

The preceding definition of Mo is the particular case where p = 1 (one has only
one colour common to all edges). Each G; (the abstract graph associated to M;)
is preserved up to isomorphism under this transformation. However the way the
G;s are glued together is not, since one uses a different local shuffle on each.

For moral comfort, we can check that any means of glueing together the
Gs is obtainable using a general shuffle in the following sense: given G’ and
>qi : Y, G; — G’ where the disjoint sum ), ¢; is an isomorphism on edges,
one has that G’ is a general shuffle of G. To see this, define o;(u) := ¢;p; (u) if
u € k~1(i), o;(u) = u else (we have written p; for the inclusion of G; in G), one
then has G/ = ZGzUz = G(O’l, . ,Up).

Note also that (M (o1, ...,0,))7 := ), M;(70;), and so in particular, without
loss of generality one can take any the o;’s to be the identity (just take 7 = O'i_l).
This is useful when doing actual computations, and avoids some redundancy in
generating samples.

An additional definition will help us refine the typology of shuffles. One says
a shuffle Mo is equatorial if in addition for all I, and all 4, V7 is closed under
o;. Equivalently, one can ask that koo; = k. An equatorial shu e preserves the
set of colours associated with each node and in particular preserves for a given
pair of nodes (u,v) the fact that (u,v) is heterochromatic, i.e., x(u) Nk(v) = @.
This in turn implies that the distance between v and v must be realised by a
path which uses edges of different colours. In the application such paths are
mixing different types of interaction, and are therefore of particular interest;
without preserving this attribute, an observable based on path with different
colours would not make sense. In the particular case of two colours, nodes at the
‘equator’, having both colours, will be globally preserved, hence the name.

2.2 Shuffles Induced by Properties on Vertices

One can also consider briefly shuffles induced by properties on nodes. Suppose
then given a partition of nodes V' = ).V, again that can be thought of as a
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colouring of nodes k : V' — {1, ..., p}, and extended naturally to the assignment
of one or two colours to each edge.

A node shuffle is defined as a shuffle associated to o which can be decomposed
as » ., 0;, 0; being a permutation over each cluster V;. Clearly each graph G;
generated by V; is invariant under the transformation: only the inter-cluster
connectivity is modified.

The equivalent of the equatorial constraint would be to require in addition
o(u) € 9V, if u € V;, where 9V} is defined as those nodes of V; with an edge to
some Vj, i # j. Other variants are possible and the choice of the specific variant
will likely depend on the particular case study. We now turn to the description
of the network the shuffle experiments will be applied to.

3 A Combined Network of Regulatory and
Protein-Protein Interactions in Yeast

With our definitions in place, we can now illustrate the approach on a heteroge-
neous network obtained by glueing two component networks.

It is known that regulatory influences, including those inferred from expression
data analysis or genetic experiments, are implemented by the cell through a
combination of direct regulatory interactions and protein-protein interactions,
which propagate signals and modulate the activity level of transcription factors.
The detailed principles underlying that implementation are not well understood,
but one guiding property is the fact that protein interaction and transcriptional
regulation events take place in the regulatory network at different time-scales.

In order to clarify the interplay between these two types of interactions, we
have combined protein-protein (PPI) and protein-DNA (TRI, for ‘transcriptional
regulation interaction’) interaction data coming from various sources into a het-
erogeneous network by glueing together these two networks on the underlying
set of yeast proteins.

The data from which the composite network was built includes: 1440 pro-
tein complexes identified from the literature, through HMS-PCI or TAP [3)5],
8531 physical interactions generated using high-throughput Y2H assays [26], and
7455 direct regulatory interactions compiled from literature and from ChIP-Chip
experiments [4[12], connecting a total of 6541 yeast proteins. A subnetwork of
high-reliability interactions was selected, using a threshold on the confidence lev-
els associated to each inferred interaction. For the ChIP-Chip data produced by
Lee et al. [12], interactions with a p-value inferior to 3.10~2 were conserved ; for
the Y2H data produced by Ito et al. [26], a threshold of 4.5 on the Interaction
Sequence Tag was used (see [8]). The PPI network was built by connecting two
proteins, in both directions, whenever there was a protein-protein or a complex
interaction between the two corresponding proteins. In the case of the TRI net-
work, an edge connects a regulator protein with its regulatee. To simplify the
discussion, we will refer in the rest of the paper to the TRI graph as TRI, and
to the PPI graph as PPI. With some more precision, define G as the real graph,
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TRI as the subgraph induced by the set of TRI nodes, i.e., nodes such that
TRI € k(u), and PPI as the subgraph induced by the set of PPI nodes.
Their respective sizes are:

TRI = 3387, PPI =2517, TRIU PPI = 4489, TRI N PPI = 1415

The set of nodes TRI N PPI of both colours is also referred to in the sequel as
the equator or the interface. Since the object of the following is to discuss the
interplay between the TRI and PPI subgraphs, the interface naturally plays
an important role. A qualitative measure of the connectivity between T'RI and
PPI which will be useful later in the discussion, is the number of bi-connected
pairs in G (these are the pairs which are connected in G, but not connected in
either TRI or PPI), which is roughly py; = 23%. To complete this statistical
portrait of the data, we provide in figure[I] the histograms of degree distributions
in the PPI and TRI networks, with in and out degrees pictured separately for
the latter. Figure[lalso shows the hub size distribution for the TRI network (the
PPI network has no non-trivial hubs). Note that hubs are defined as sets of nodes
connected to a single node. The TRI network (here considered as unoriented) has
124 such hubs ; the histogram of the distribution of their sizes is given in figure[ll
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Fig. 1. First row: Histograms of the in and out degree distributions of the TRI net-
work. Second row: Histogram of the degree distribution of the PPI network and of the
distribution of the hub size in the TRI network.
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4 Results and Interpretations

Hereafter, notions of connectivity, distance, etc. should be understood as directed
unless explicitly stated otherwise. We now turn to the various shuffle experiments
and consecutive observations.

4.1 General Shuffle vs Connectivity

We take here as a rough measure of the connectivity of a graph the percentage of
unconnected pairs. Comparing first the real graph with the randomised versions
under the general shuffle, one finds that in the average 4% of the population
pairs are disconnected under shuffle. So general shuffle disconnects, or in other
words G maximises bi-connectivity.

Clearly mono-connected pairs (pairs connected in either PPT or T RI) cannot
be disconnected under general shuffle; a pair is ‘breakable’ only if bi-connected in
G therefore a more accurate measure of the connectivity loss under general shuf-
fle is that about 17.5% of the breakable pairs are actually broken (this obtained
by dividing by py;), a rather strong deviation with a p-value below 101

Inasmuch as a directed path can be thought of as a signal-carrying pathway,
one can interpret the above as saying that the real graph connects PPI and
TRI so as to maximise the bandwidth between the subgraphs.

4.2 Equatorial Shuffle vs Connectivity

Keeping with the same observable, we now restrict to equatorial shuffles. One sees
in this case that no disconnection happens, and actually about 1% more pairs
are connected after shuffling. The default of connected pairs of the real graph
has a far less significant p-value of 3%. However the point is that equatorial
shuffles leaves bi-connectivity rather the same.

This complements the first observation and essentially says that the connectiv-
ity maximisation seen above is a property of the set of equatorial nodes ({TRI,PPI}
nodes) itself, and not of the precise way TRI and PPI edges meet at the equator.

Both observations can be understood as saying that the restriction of G to
the equator is a much denser subgraph than its complement (as evidenced by
the connectivity loss under general shuffle), and dense enough so that equatorial
shuffling does not impact connectivity.

Note that so far the observable is somewhat qualitative, being only about
whether a pair is connected or not. Using a refined and quantitative version
of connectivity, namely the distribution of distances (meaning for each n the
proportion of pairs at distance n), will reveal more.

4.3 Impact of Equatorial Shuffles on Distance Distribution

Using this refined observable, one sees that the whole histogram shifts to the
left, so equatorial shuffle contracts the graph (Fig. 2]). This is confirmed by the
equality between the number of lost pairs at distance 7 to 9 and the number of
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Fig. 2. Equatorial shuffle distance histogram: grey boxes stand for the real graph; one
sees that shuffles have more pairs at shorter distance, and consequently (because the
number of connected pairs is about the same) less such at higher distances

new ones at distance 3 to 5. In accordance with the preceding experiment, one
also does not see any disconnection under equatorial shuffle.

This is to be compared with the general shuffle version (Fig. B) where both
effects are mixed, and the cumulated excess of short pairs does not account for
the loss of long pairs (indeed we know 4% are broken, i.e., disappear at infinity
and are not shown on the histogram).

To summarize the distance distribution results in a single number, one can
compute the deviation of the real graph mean distance under both shuffles. As
expected the mean distance is higher in the real graph with respective p-values
of 0.2% and 2% in the general and equatorial shuffles (see Appendix for details).
We conclude that while the real graph does maximise bi-connectivity, it does
not try to minimise the associated distances.

To provide an intuition on the potential interpretation of the above result, let
us again consider paths as rough approximations of signalling pathways. Now
compare a completely linear chain-shaped graph and star-shaped one, with the
same number of nodes and edges. In the star case, any two nodes are close, at
constant distance 2, while in the chain distances are longer. As said, compact-
ness comes with a price, namely that in a star graph all signals go through the
hub and are anonymised, i.e., there may be a signal, but there is no informa-
tion whatsoever in the signal about where the signal originated from. Quite the
opposite happens in a linear graph. Of course this is an idealized version of the
real situation; nevertheless it is tempting to interpret this last observation as an
indication that the real graph is trading off fast connectivity against specificity
of signals. The heterogeneous network is likely to result from a trade-off between
causality and signal integration.
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Fig. 3. Global shuffle distance histogram

As suggested in the introduction, finer observables would have to be developed
to further refine this interpretation. Furthermore, there are intrinsic limits on the
nature of properties that can be identified using pure topology; deeper, reliable
insights about signal transmission in the joint network will ultimately require a
dynamical view of signaling with corresponding experimental data.

5 Conclusion

In order to assess the cooperation between the network of protein-protein in-
teractions and the regulatory network in yeast, we have defined two notions of
shuffle, i.e. tractable randomisations of the original network that preserve global
invariants. While general shuffles preserve the entire structure of the compo-
nent subnetworks, equatorial shuffles also preserve the interface between the
networks. We assessed cooperation between the subnetworks using two observ-
ables: the percentage of connected node pairs, and the distribution of distances
between nodes. For each shuffle-observable pair, the observable in the real net-
work was assessed against the distribution of observables in the set of network
variants generated by the respective shuffle.

To summarise the results of this case study, we can say that the statistical
analysis of G shuffles under the constraint of preserving its component subnet-
works suggests the existence of two independent properties of G regarding the
cooperation of its components:

— bi-connectivity, i.e. the proportion of node pairs connected only by paths
using both types of edges, is higher in the actual network than in the shuffles;
— distances between pairs of nodes are higher in the actual network;
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The first property can be given an interpretation in terms of bandwidth: sig-
nals flow better between the two networks than would be expected if they were
connected randomly. The second property can be interpreted as favoring signal
specificity: for cellular interaction networks (in contrast with telecommunication
networks, for instance, where each packet carries significant intrinsic informa-
tion) the information borne by a signal is very much related to the path it has
followed. Longer paths thus provide more opportunity for specific signals. Note
that the fact that we worked with directed notions (and not with undirected
ones as we did in a first version of this paper) makes the interpretation of paths
as potential signaling pathways somewhat more convincing.

We have been careful in the discussion of the results of our statistical ex-
periments in terms of signalling capacities, and this needs to be thrashed out
in subsequent work. To do so one would first need refined and yet feasible ob-
servables pertaining to the dynamics of the network of interest. A recent paper
equips the subgraph induced by the major molecular players in the budding
yeast cell cycle (cyclins, their inhibitors, and major complexes) with a discrete
Boolean dynamics [I3], and obtains a dynamics with a stable state correspond-
ing to the G phase, which is attracting a significantly higher number of states
than a random graph (with the same number of nodes and edges) would. It
seems therefore possible to explicitly construct signal-related observables. How-
ever there are several problems: first, this analysis relies on sorting positive and
negative regulation edges, and that is an information which one doesn’t have for
the full graph; second it also critically relies on the rather small size of the sub-
graph; finally the model only handles a limited number of signals (corresponding
to the various cell cycle phases). Nevertheless, a comparable study, using shuffles
as a means of randomising, and confined to a well-chosen subgraph could help
in qualifying our speculative interpretation of the contraction phenomenon we
have observed.

On the methodological front, both the general notion of shuffle and the re-
stricted notion of equatorial shuffie proved useful: they reveal different properties
and complement one another. The same holds for the pair of observables: both
the qualitative connectivity observable and its refined distance-based version
are useful, and yield different and complementary insights on the cooperation
between the two component networks.

We believe that the shuffling methodology developed for this case study has
general applicability to the study of heterogeneous biological networks, i.e. net-
works that can be seen as the “glueing” of two or more component networks.
Shuffles preserve global invariant properties (the structure of component net-
works), and define rigorously and unambiguously the class of networks which
obey these properties. They are also easily computable and can be generated
uniformly, by drawing from a set of acceptable permutations. Note that the
latter property is in contrast with randomizations based on sequential rewiring
strategies, where each rewiring step perturbs the structure while preserving one
or more local invariants. While these approaches may prove to be asymptotically
equivalent in some cases, they typically do not provide a direct definition nor
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the means to uniformly sample the set of randomizations which preserve the
invariant, since the order of the rewiring steps matters.

Given an interaction network between biochemical species, any biological
property on edges (type of interaction, degree of confidence, localization of in-
teraction...) or on nodes (type of entity, functional annotation, inclusion within
clusters generated using a given data type and methodology, etc...) with discrete
values can be used to define a heterogeneous version of that network. Then, ei-
ther the type of edge shuffles used above, or shuffles preserving other categories
of top-down invariants, such as the projection of a network onto a given net-
work of abstract clusters, could be explored. Likewise, a variety of observable
properties may be used to investigate cooperation between component subnet-
works. Perhaps the foremost promise of the shuffling approach resides in the
interplay between different shuffle-observable pairs, which allows an exploratory
assessment of cooperation adapted to the heterogeneous network at hand.
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A Computation of the Shortest Paths Length
Distribution

This section is devoted to a brief description of the algorithms and methods
used to derive the various statistics used in the study of the yeast regulation and
protein interaction networks.

Clearly the (¢, 7) coeflicient of M™ is the number of oriented paths of length
n connecting i to j in the graph underlying M. Since we are only interested in
knowing whether two nodes are connected by an oriented path of a given length
we may use a simplified matrix product defined as:

M) = {1 if eV M™1(i k) = M(k,j) =1

0 otherwise
which is just forgetting the numbers of connecting paths, only to remember
whether there is at least one.

Furthermore, the addition of the identity matrix I to the adjacency matrix
before the computation of the products gives an immediate access to the value
of the cumulative distribution function of the oriented, shortest path length
distances in the network. Indeed, writing M = M + I:

1 if3ke V,M" (i,k) = M(k,j)=1
M"(i,j) = or M"1(i,j) =1

0 otherwise

Thus the number of Is in M(G)" is the number of ordered pairs connected by
at least one path of length < n, and the entire distribution is obtained when the
computation reaches a fixpoint. Computing the distribution on the real PPI-TRI
graph takes about 180’ on a recent PC ; the distribution for the 100 shuffles were
computed down in less than 10 hours on a cluster of 41 computers hosted by
Genoscope.
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B Statistics

This section details the definition and computation of p-values shown in the
statistical results, concerning both the amount of connected pairs and the average
distance.

In order to compute p-values for the deviation of the observable on the real
graph from its disribution over the set of shuffled ones, we need to approximate
this distribution by a Gaussian one, with mean and standard deviation fixed to
the empirical values computed on the sample. This is necessary, since the rather
low amount of shuffled networks (100) prevents a direct estimation of the p-value
as the proportion of shuffled networks with a larger observable.

Concerning the amount of disconnected pairs, which is the first observable
considered in the results, the empirical mean over the set of general shuffles is
mg = 0.574, and the standard deviation s, = 0.005. In the case of the equatorial
shuffle, the mean falls to m. = 0.534, with a standard deviation of 0.002.

Assuming this average proportion is a Gaussian random variable A with those
parameters, the p-value of the deviation of the average proportion of discon-
nected pairs in the real network from its distribution over the sample of general
shuffled networks is defined as:

pg =P(A<mg), with A~ N(mg,sg)

where m¢g = 0.538 is the observed proportion of disconnected pairs in the real
network. In this case, this yields p, = 9 x 10712,

Since the proportion of disconnected pairs in the real graph is higher than
the average amount of disconnected pairs in the equatorially shuffled ones, one
computes the p-value p. using the upper tail of the distribution instead of the
lower one:

pe = P(A >mg), with A~ N(me,s.)

so that p. = 0.03.

The computation of the p-value for the deviation of the mean distance from
its value on shuffled networks follows the same scheme. The mean distance in
the real graph is de = 5.66, while its average over the set of shuffled graphs is
mg = 5.38 for the general shuffle, and m? = 5.5 for the equatorial one. Standard
deviation is sg = 0.09 with the general shuffle, and s¢ = 0.08 with the equatorial
one. The p-values for these deviations are p? = 0.002 and p¢ = 0.02, respectively.
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Abstract. Brane calculi are a family of biologically inspired process
calculi proposed in [3] for modeling the interactions of dynamically nested
membranes.

In [3] a basic calculus for membranes interactions — called Phago/Exo/
Pino — is proposed, whose primitives are inspired by endocytosis and
exocytosis. An alternative basic calculus — called Mate/Bud/Drip and
inspired by membrane fusion and fission — is also outlined and shown to
be encodable in Phago/Exo/Pino in [3].

In this paper we investigate and compare the expressiveness of such
two calculi w.r.t. their ability to act as computational devices.

We show that (a fragment of) the Phago/Exo/Pino calculus is Turing
powerful, by providing an encoding of Random Access Machines.

On the other hand, we show the impossibility to define a “faithful”
encoding of Random Access Machines in the Mate/Bud/Drip calculus,
by providing a proof of the decidability of the existence of a divergent
computation in Mate/Bud/Drip.

1 Introduction

Brane calculi [3] are a family of process calculi proposed for modeling the be-
havior of biological membranes. The formal investigation of biological mem-
branes has been initiated by G. Paun [13], in the field of automata and formal
language theory, with the definition of P systems. In a process algebraic set-
ting, the notions of membranes and compartments are explicitly represented in
BioAmbients [16], a variant of Mobile Ambients [5] based on a set of biologi-
cally inspired primitives of interaction. Brane calculi represent an evolution of
BioAmbients: the main difference w.r.t. previous approaches consists in the fact
that the active entities reside on membranes, and not inside membranes. In this
paper we are interested in two basic instances of brane calculi proposed in [3]:
the Phago/Exo/Pino (PEP) and the Mate/Bud/Drip (MBD) calculi.

The interaction primitives of PEP are inspired by endocytosis (the process of
incorporating external material into a cell by engulfing it with the cell membrane)
and ezocytosis (the reverse process). A relevant feature of such primitives is
bitonality, a property ensuring that there will never be a mixing of what is inside a

* Revised and full version of the extended abstract in Proc. Workshop on Computa-
tional Methods in Systems Biology, Edinburgh, April 2005.

C. Priami and G. Plotkin (Eds.): Trans. on Comput. Syst. Biol. VI, LNBI 4220, pp. 16-[Z3] 2006.
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membrane with what is outside, although external entities can be brought inside
if safely wrapped by another membrane. As endocytosis can engulf an arbitrary
number of membranes, it turns out to be a rather uncontrollable process. Hence,
it is replaced by two simpler operations: phagocytosis, that is engulfing of just one
external membrane, and pinocytosis, that is engulfing zero external membranes.

The primitives of MBD are inspired by membrane fusion (mate) and fission
(mito). Because membrane fission is an uncontrollable process that can split
a membrane at an arbitrary place, it is replaced by two simpler operations:
budding, that is splitting off one internal membrane, and dripping, that consists
in splitting off zero internal membranes. An encoding of the MBD primitives in
PEP is provided in [3]. Cardelli also observed that the reverse encoding does not
exist, if the encoding must preserve the nesting structure of membranes. The
reason is that in MBD the maximum nesting level of membranes cannot grow
during the computation, while this property does not hold for PEP.

The aim of this work is to investigate the expressiveness of PEP and MBD
as computational devices. We show that a fragment of PEP, namely, the cal-
culus comprising only the phago and exo primitives, is Turing powerful. The
proof is carried out by showing how to encode a Random Access Machine [I7],
a well known Turing powerful formalism. As a consequence, universal termina-
tion turns out to be undecidable on PEP. As far as MBD is concerned, we show
that universal termination is a decidable property. The proof of the decidabil-
ity of universal termination is based on the theory of well-structured transition
systems [8]. The decidability of universal termination for MBD provides an ex-
pressiveness gap between MBD and PEP, as Random Access Machines can be
encoded in the second calculus, but not in the first calculus. As a corollary, we
get the impossibility to provide an encoding of PEP in MBD that preserves
universal termination of systems.

The paper is organized as follows: in Section 2 we present the syntax and the
semantics of the two calculi; Section 3 contains the encoding of Random Access
Machines in PEP, while the decidability of universal termination for MBD is
presented in Section 4. Section 5 reports some conclusive remarks.

2 Brane Calculi: Syntax and Semantics

In this section we recall the syntax and the semantics of Brane Calculi [3].
A system consists of nested membranes, and a process is associated to each
membrane.

Definition 1. The set of systems is defined by the following grammar:
P,Q == o|PoQ]|'P|o(P)
The set of brane processes is defined by the following grammar:
o7 = 0|or|lo|ac

Variables a,b range over actions, that will be detailed later.
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The term ¢ represents the empty system; the parallel composition operator on
systems is o. The replication operator ! denotes the parallel composition of an
unbounded number of instances of a system. The term o( P ) denotes the brane
that performs process o and contains system P.

The term 0 denotes the empty process, whereas | is the parallel composition of
processes; with lo we denote the parallel composition of an unbounded number
of instances of process . Term a.c is a guarded process: after performing the
action a, the process behaves as o.

We adopt the following abbreviations: with a we denote 4.0, with (P) we
denote 0( P, and with o( ) we denote o(<).

The structural congruence relation on systems and processes is defined as
follows{]

Definition 2. The structural congruence = is the least congruence relation sat-
1sfying the following axioms:

PoQ=QoP oclr=T1]0o
Po(QoR)=(Po@oR  ol(r|p=(0|7]p
Poo=P ocl0=0o

lo=o 100=0
(PoQ)=!Pol@ o |7)=lo | !IT
np=\p No =lo

PolP =IP ol|lo=lo

0(e) =0

Definition 3. The basic reaction rules are the following:

(par) P=0 (brane) P=0Q
PoR — QoR o(P) — Q)
P=P P —-Q Q=¢
(strucong)
PI N Q/

Rules (par) and (brane) are the contextual rules that respectively permit to
a system to execute also if it is in parallel with another process or if it is in-
side a membrane, respectively. Rule (strucong) ensures that two structurally
congruent systems have the same reactions.

With —* we denote the reflexive and transitive closure of a relation —.
Given a reduction relation —, we say that a system P has a divergent com-
putation (or infinite computation) if there exists an infinite sequence of systems
Py, Py,...,P;,...such that P = Py and Vi > 0 : P, — P; ;. We say that a sys-
tem P universally terminates if it has no divergent computations. We say that

1 'With abuse of notation we use = to denote both structural congruence on systems
and structural congruence on processes.
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P is deterministic iff for all P/, P": if P — P’ and P — P” then P’ = P"”. We
say that P has a terminating computation (or a deadlock) if there exists @ such
that P —* Q and @ /. A system P satisfies the universal termination property
if P has no divergent computations. A system P satisfies the existential termi-
nation property if P has a deadlock. Note that the existential termination and
the universal termination properties are equivalent on deterministic systems.

The system P’ is a derivative of the system P if P —* P’; the set of derivatives
of a system P is denoted by Deriv(P).

We use [] (resp. ) to denote the parallel composition of a set of processes
(resp. systems), i.e., Hie{L___,n} op=o01| ... | onand Oseqr,..nyPi = P ©

. o P,. Moreover, [[;,cp0: =0 and Q;cpP; = ©.

2.1 The Phago/Exo/Pino Calculus (PEP)

The first calculus we investigate is proposed in [3], and it is inspired by endocyto-
sis/exocytosis. Endocytosis is the process of incorporating external material into
a cell by “engulfing” it with the cell membrane, while exocytosis is the reverse
process. As endocytosis can engulf an arbitrary amount of material, giving rise
to an uncontrollable process, in [3] two more basic operations are used: phago-
cytosis, engulfing just one external membrane, and pinocytosis, engulfing zero
external membranes.

Definition 4. Let Name be a denumerable set of ambient names, ranged over
by n,m,.... The set of actions of PEP is defined by the following grammar:

a = On [ 9,(0) [ |9, | O0)

Action 9, denotes phagocytosis; the co-action O, is meant to synchronize with
Vp; names n are used to pair-up related actions and co-actions. The co-phago
action is equipped with a process o, this process will be associated to the new
membrane that engulfs the external membrane. Action O, denotes exocytosis,
and synchronizes with the co-action 3. Exocytosis causes an irreversible mixing
of membranes. Action ©) denotes pinocytosis. The pino action is equipped with
a process o: this process will be associated to the new membrane, that is created
inside the brane performing the pino action.

Definition 5. The reaction relation for PEP is the least relation containing the
following azioms, and satisfying the rules in Definition [3:

(phago) On.alog(P) o 95(p)7m0(Q) — TImo(ploloo( P o Q)
(exo) 05,770 (On-0loo(P) 0 Q) — P o aloo|7|T0(Q)

(pino) ©(p)-aloo(P) — cloo(p() o P)
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2.2 The Mate/Bud/Drip Calculus (MBD)

The second calculus, also proposed in [3], is inspired by membrane fusion and
splitting. To make membrane splitting more controllable, in [3] two more basic
operations are used: budding, consisting in splitting off one internal membrane,
and dripping, consisting in splitting off zero internal membranes. Membrane
fusion, or merging, is called mating.

Definition 6. The set of actions of MBD is defined by the following grammar:
a = mate, | mate, | bud, | bud,(c) | drip(c)

Actions mate, and mate;; will synchronize to obtain membrane fusion. Action
bud,, permits to split one internal membrane, and synchronizes with the co-
action bud,. Action drip permits to split off zero internal membranes. Actions
bud* and drip are equipped with a process o, that will be associated to the new
membrane created by the brane performing the action.

Definition 7. The reaction relation for MBD is the least relation containing
the following azioms, and satisfying the rules in Definition [3:

(mate) mate,.olog(P) o mate:.7|T0( Q) — oloo|T|T0(P o Q)
(bud) bud,, (p).7|r0( budy,.oloo( P) o Q) — ploloo(P)) o 7lro(Q)
(arip)  drip(p)aloolP) — pl) © aloo(P)

In [3] it is shown that the operations of mating, budding and dripping can be
encoded in PEP.

3 PEP Is Turing Powerful

In this section we show that a fragment of PEP, namely, the calculus without
the pino action, is Turing powerful. The result is proved by showing how to
model Random Access Machines (RAMs) [I7], a well known Turing powerful
formalism. A direct consequence of this result is the undecidability of universal
termination for PEP. We start by recalling what RAMs are.

3.1 Random Access Machines

RAMs are a computational model based on finite programs acting on a finite
set of registers. More precisely, a RAM R is composed of the registers rq, ..., r,,
that can hold arbitrary large natural numbers, and by a sequence of indexed
instructions (1 : I7),...,(m : In). In [I2] it is shown that the following two
instructions are sufficient to model every recursive function:

— (4 : Suce(rj)): adds 1 to the contents of register r; and goes to the next
instruction;
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— (i : DecJump(r;,s)): if the contents of the register r; is not zero, then
decreases it by 1 and goes to the next instruction, otherwise jumps to the
instruction s.

The computation starts from the first instruction and it continues by executing
the other instructions in sequence, unless a jump instruction is encountered.
The execution stops when an instruction number higher than the length of the
program is reached.

A state of a RAM is modelled by (¢,¢1,...,¢,), where ¢ is the program
counter indicating the next instruction to be executed, and c1,...,c, are the
current contents of the registers rq,...,7,, respectively. We use the notation
(i,c1,...,¢n) —r (', ¢, ..., c)) to denote that the state of the RAM R changes
from (i,c¢1,...,¢n) to (i',¢4,...,c),), as a consequence of the execution of the
i-th instruction.

A state (i,¢1,...,cy) is terminated if the program counter i is strictly greater
than the number of instructions m. We say that a RAM R terminates if its
computation reaches a terminated state.

3.2 Modelling RAMs in PEP

In this section we show how to model RAMs in PEP. The modelling of RAMs
is based on an encoding function, which transforms instructions and registers
independently.
The basic idea for modelling the natural numbers contained in the registers
is the following: the natural number n is represented by the nesting of 2n + 1
branes. The increment is performed by producing a new membrane that performs
a phago on the representation of n, while a decrement is performed by execut-
ing an exo of the membrane representing n — 1, that lies inside the membrane
representing n.
Consider a RAM R with instructions (1 : Iy), ..., (m : I,) and registers rq,
..., Tp; the encoding of an initial state (1,¢1,...,c,) is defined as follows:
(et ea)] =9 (Dol [1: 1)] o .. 0! [(m: L)] o
o [rn=c¢] o GARB()

where
GARB =Y | 1O (o,

exitpc garbage ezitpc)

is the process on the garbage collector membrane.

The encoding of an initial state of the RAM is composed by the following
parts: 3, ( ), representing the program counter, (an unbounded number of occur-
rences of) the encodings of each instruction, the encodings of the initial contents
of registers, and a garbage membrane used to collect no longer used membranes
and to inhibit their actions.

The presence of a “program counter” system 3, (| ) denotes the fact that the
next instruction to be executed is I;.
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The encoding of register r; with content zero is

[rj =01 = Z;()

where
Zj =" Oine; | 19y, (V7).

decreq; exitpc

If an increment operation on r; is executed, then — by action Yj,.; — the
system [r; = 0] is engulfed in a new membrane, thus obtaining a representation
of [r; =1].

If the membrane of system [r; = 0] is entered by a request for decrement or

jump — action 9z, — the choice corresponding to the zero case is selected,

L

and the program counter corresponding to the jump is expelled by O, ;...

The encoding of register r; with content n 4 1 is
[rj =n+1] = Sj(Oecsitreg( [rj = n] D)

where
=1 )L )L )L N )L
SJ =! Jlﬂcj ‘ ‘)decreqj (‘)nz)‘) \)garbage~\)

exitreg* exitpc

The case of an increment operation is treated in the same way as in the
encoding of r; = 0.

If the membrane of system r; = n + 1 is entered by a request for decrement
or jump, then the choice corresponding to the non-zero case is selected by O,
and the membrane representing r; = n is expelled by O, ;,..,. At this point,
the no longer used external membrane of the system [r; =n + 1] is engulfed
by the garbage collector membrane, by Ogarbage. Finally, the program counter
corresponding to the next instruction is expelled by O, ;.-

Note that it is necessary to engulf the external membrane of the system
[rj =n+1] in the garbage collector, to inhibit the possibility for the process
'ine,; to capture a subsequent request for increment of register ;.

The encoding for the instruction (i : I;) is as follows:

[(i : Suce(ry))] = 9,,(0)-9;c; Veaitreg) DeyitperSi (Pewitpe (pia (D))
[(i : DecJump(r;, s))] = Oy, (0)-Daccreq; - Jit1,s

where

Jh,k - uénz (] uznz (] vnz (]vezitpc qvezitpc qvezitpc qvph (] DDDDD o
Oz (Oeaitpe (Dpi () ) )

The encoding of each instruction consists in a membrane, and the encoding
of a RAM contains an unbounded number of copies of the encoding of each
instruction.

When a program counter system V,, ( ) appears at top-level, an (occurrence
of) instruction (i : I;) is activated by engulfing the program counter.

If the i-th instruction is an increment of register r;, then the external mem-
brane of the encoding of such an instruction will become the new external mem-
brane of the encoding of the contents of register r;. To this aim, the external
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membrane of [(i : Succ(r;))] engulfs the system [r; = k] — where k is the current
contents of r; — by O}, ; [r; = k] is wrapped with a membrane decorated with
process Vegitreg, that will permit to [r; = k] to be expelled when a decrement
operation will be performed on system [r; = k + 1]. At this point, the internal
program counter 3y, , () is expelled to the top-level, by action O, ;;,,., and the
process associated to the external brane will behave as S}, i.e., the process on
the external brane of [r; =k + 1].

Suppose that the i-th instruction is a decrement of register r;, or jump to
instruction s if the contents of r; is zero.

If the contents of r; is not zero, e.g., 7; = k + 1, then it is necessary to
remove the two outer membranes of [r; = k + 1], or, in other words, to permit
to [r; = k] to be expelled from the system [r; = k + 1]. Moreover, the program
counter Oy, ., () should be produced at top-level.

On the other hand, if the contents of r; is zero, the program counter 9, ()
should be produced.

In both cases, the membrane representing the i-th instruction is engulfed by
the encoding of register r;, by performing action Qjecreq; - The system engulfed by
the encoding of r; is Jit+1,s, and essentially permits to perform a choice between
the two program counters 9, () and 9, ( ). After entering the encoding of r;,
Jit1,s evolves 10 On: (Oexitpe (Dexitpe (Dexitpe (Dpi 1 (D) © Oz (Deaitpe (O, | D)
If r; = 0, and hence the encoding of the i-th instruction has been engulfed by
[r; = 0], then J;11 s has been engulfed by an internal membrane with associated
process O3, and only the program counter 9, ( ) will be expelled. (The other
program counter will remain forever inside the system [r; = 0], surrounded by
a membrane with an associated empty process.)

On the other hand, if r; > 0, then J;y1 has been engulfed by an inter-
nal membrane with associated process O _, and only the the program counter

N will be expelled.
p

Pi+1

3.3 Correctness of the Encoding

In this section we show that our encoding of RAMs preserves universal termi-
nation. In the previous section, we noted that during the computation some
innocuous garbage is created inside the garbage collector membrane and inside
the membrane of the system [r; = 0].

To show the correctness of the encoding we need to keep this additional
garbage systems into account; hence, we define the encoding [ ], mapping a
state of the RAM on a set of processes.

The set [r; = n] contains all the processes that are equal to the encoding
of registers, but for the presence of some innocuous garbage inside the inner
membrane.

Definition 8. Let R be a system.
We say that R € [[r; = 0] iff there exists I such that R = Z;(GZ1)

where GZI = Oieloqvnz (]vezitpc(]Dezitpc(]vexitpc(]vphi(] DDDDDD

and Zj =" jne; | 19 (05). O

* “decreq; exitpc*
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We say that R € [[r; = n+ 1] iff there exists R’ € [[r; = n] such that
R = 5j(Oexitreg( B))
and Sj :!vin("j ‘ E‘)cLlecreqj (E)iz)rt)L E‘)!J‘“"bage'i)L

exitreg” exitpc*
Given a state (i,c¢1,...,¢y), with [[(¢,c1,. .., c,)]] we denote the set of processes
that are equal to process [(¢,¢1,...,cn)] but for the presence of some innocuous
garbage.

Definition 9. Let P be a system.
We say that P € [[(i,c1,...,cn)] iff there exist J, Ry,..., Ry such that
Riefri=c] fori=1,...,n and
P=9Y,,()o! [(1:1)] o ... ol [(m:1Iy)] o
Rio ... o R, o GARB( GGy )
where GGJ = OjeJoqlaincj (]Uz qvezitpc(]@pkj(] DDDDD

As the encoding of the initial state of a RAM defined in the previous section
does not contain any garbage, it is easy to see that it belongs to the set [ ]] of
encodings corresponding to the initial state:

Proposition 1. Let R be a RAM with program (1 : I),...,(m: I;,) and initial
state (1,c1,...,¢,). Then [(1,c1,...,en)] € [(Lye1, ..., en)]-

We show that a system belonging to the set of encodings of a RAM state is able
to mimic a computational step of the RAM by a (nonempty) sequence of steps.

Lemma 1. Let R be a RAM with program (1 : I),...,(m : I,) and ini-
tial state (1,¢1,...,¢p). Let (i,c1,...,¢n) be a state of R. If (i,¢1,...,¢n) —R
(7,¢q,...,c,) then for all systems P € [[(i,c1,...,cn)] there exists

Qe (@, c,....c,)] such that P —T Q.

Proof. The proof is by case analysis. Four cases can happen:

the ith instruction is an increment on register r; and c¢; = 0;
the ith instruction is an increment on register r; and ¢; > 0;
the ith instruction is a decrement on register 7; and ¢; = 0;
the ith instruction is a decrement on register 7; and ¢; > 0.

= b=

We report only the first case.

Suppose that the ith instruction is an increment on r; and c¢; = 0.

Hence, i’ =i+ 1,¢;=1and ¢, =¢; fori=1,...,n and i # j.

As P € [(i,c1,-..,cn)], we have that exist J, Ry,..., R, such that
Rieflri=ci] fori=1,...,n and

P =9,()! [QA:)] o ... ol [(m:1Iy)] o

Rio ... o R, o GARB(GG;)

with GGy = Ojes 0 ine, (9: esitpe (Ipn, | D).

As the ith instruction is an increment on register r;, we have that
[[(Z : IZ)]] = });1 (O)E)ZLVL(:] (Ueali”eQ)’vézitpc‘Sj (]Uemitpc(]vpprll)l)'

Hence the program counter system 9,,( ) is engulfed by [(i : I;)]. Formally,
P — P; where
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Pl = })zi’_nc]- (vewitTeg)’vé_mitpc'Sj qvemitpcqapi+1q DDDO
'@A:L)] o oo ol [(m:1y,)] o
Rio ... o R, o GARB(GGy)
As R; € [[rj = ¢;]|, we have that there exists I such that R; = Z;(GZ),
with GZ] = OieIO(]Um (]vezitpcqDemitpc(]Demitpc(]vphi(] DDDDDD and
Zj :!vinc]‘ | !chlecreqj (vé)'vémitpc'
By performing action E)jmj (Ocgitreg), the external membrane of the encoding
of the ith instruction engulfs system R;. Formally, P; — P> with
P2 - vémitpcﬂgj (]vezitpc(]vpi_'_l(] DD o vemitreg (]R]DDO
V(A :L)] o .. ol [(m:1y)] o
Rl e] ~-~Rj—1 [¢] R]‘+1... o Rn o GARB(] GGJ D

L
exitpc?

By performing O
P2 — P3 Wlth
Py =9, () 05 (Dexitreq (Rj) Do
V(A :L)] o ... ol [(m:1y)] o
Rlo ~-~Rj—1 e} R]‘+1... o Rn o GARB(] GGJD
As R; € [[r; = 0], we have that S;(Oegitreg(R;) ) € [r; = 1]; hence,
P; e [[[(Z +1,¢cq1,... ,Ci—1, 1,6]‘4_17 - 7Cn)]]]
Summing up, we have that
(i,c14. .. 1 Cj—1,0,C541, ... sen) —r (14 1,c1,... ,Ci—1,1,¢jq1, . ., Cp) and
P -t P; with P; € M(’L +1,¢cq,.. <5 Ci—1, 1,Cj+17 .. .7Cn)]]].

the new program counter O, () is expelled; hence

We show that a sufficiently long sequence of computational steps of a weak
encoding of a RAM state corresponds to one (or more) steps of the RAM.

Lemma 2. Let R be a RAM with program (1 : Iy),...,(m : I,) and initial
state (1,c¢1,...,¢n). Let (i,c1,...,¢n) be a state of R and P € [[(i,c1,...,¢n)]-
IfP— P, — ... —= P; — ... then one of the following holds:

— the ith instruction is (

— the ith instruction is (

— the ith instruction is (i : DecJump(r;,s)), ¢; >0 and
Pyel(i+1,e1,...,¢5—1,...,c0)]-

i:Suce(r)) and Ps € [(i +1,¢1,...,¢;+1,...,¢0)];
i : DecJump(rj,s)), ¢; =0 and Ps € [[(s,c1,...,¢)];

J

Proof. (Sketch) The proof is by case analysis.

It is easy to see that the systems contained in the garbage collector membrane,
as well as the systems in the membrane of the encoding of registers with content
zero, are innocuous and can perform no move.

Concerning the first two cases, the first three (resp. five) steps of computation
are univocally determined and lead to a system belonging to the set of encodings
of the next state of the RAM.

In the last case, some nondeterminism is introduced by the interleaving of
actions O, , and O, — performed by the system encoding the DecJump instruc-
tion — with actions O, 4., and Ogarpage — performed by the encoding of register
rj. Whatever execution order is chosen, after the execution of the four actions
mentioned above the reached system is the same.
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We can now conclude with the Theorem which states that our modelling of
RAMs preserves universal termination.

Theorem 1. Let R be a RAM with program (1 : Iy),...,(m : I,,) and initial
state (1,¢1,...,¢,). Then we have that the RAM R terminates if and only if all
computations of the system [(i,c1,...,cy)] terminate.

An immediate consequence is the undecidability of universal termination:

Corollary 1. The universal termination property is undecidable for PEP sys-
tems.

The above theorem provides no information on the decidability of existential
termination: if the RAM does not terminate, we only deduce that there exists
at least one divergent computation starting from the encoding of the RAM.

A first possibility to prove the undecidability of existential termination con-
sists in showing that the encoding presented in this section is wuniform w.r.t.
termination. A process P is uniform w.r.t. termination if the following property
holds: if P has a terminating computation, then all computations starting from
P terminate. An encoding satisfying this uniformity property provides a faithful
modeling of the behaviour of the RAM: if the RAM terminates (resp. diverges)
then all the computations of the encoding terminate (resp. diverge).

An alternative possibility consists in providing a deterministic encoding of
RAMs; as for deterministic systems existential and universal termination are
equivalent properties, the undecidability of existential termination directly fol-
lows from Corollary [

3.4 A Deterministic Encoding of RAMs

In this section we show how to obtain a deterministic encoding of RAMs by
a slight modification of the encoding presented in section In the previous
encoding some nondeterminism is present in the execution of a decrement oper-
ation. After the membrane of the DecJump instruction entered the encoding of
the register to decrement, the action O}, (performed by the encoding of the in-
struction) can be executed in parallel with actions 3., and Oyarp (performed
by the encoding of register). Here we introduce a synchronization membrane that
forces a sequential execution of the two sequences of actions mentioned above.

Consider a RAM R with instructions (1 : Iy), ..., (m : I,) and registers rq,
., Tn; the encoding of an initial state (1,¢1,...,¢,) is defined as follows:
(L c1sevsea)) = Do (L)) o <. 0t (ms L)) o

—_

<7"1 = 1>> ... O < n>> o GARB(]D

where GARB =!"%,;1.. | ' 4 page (Zwitpe) 18 the process on the garbage collector
membrane.
The encoding of register r; with content zero is (r; =0)) = Z;(), where
vznc | I de('r?q (SL) vi:mtpc
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The encoding of register r; with content n + 1 is
{(rj = n+ 1) = Sj(Dexitreg [ {rj = 1) D)

where

sync*exitreg* exitpc

L L
Sj =! vincj ‘ EJ')decreqj (Unz)vL D, E)gaTbage‘vl

The encoding for the instruction (i : I;) is as follows:

(G = Suce(r;))) = 9,,(0)-9, Vesitreg)-Oeitpe-Si exitpe (Dpi 1 ( )))
((i : DecJump(r;, s))) = Op. (0).-Odecreq, -Jit1,s

where

Jh,lc = 't)jnz (] vznz (] Unz quyncq D o De;pitpc (]Uempc (]vezitpc (]E)ph, (] DDDDD o
9, (]ve:vitpc (]E)pk (] DDD D D

It is easy to show that this encoding is deterministic, and that (a slight variation
of) the results presented in the previous section hold also for this deterministic
encoding.

An immediate consequence of Corollary [Ilis the undecidability of existential
termination:

Corollary 2. The existential termination property is undecidable for PEP sys-
tems.

4 Decidability of Termination for MBD

In this section we show that the existence of a divergent computation is decidable
for MBD.

The decidability proof exploits the techniques similar to the ones developed
in [2] for (fragments of) Mobile Ambients [5], and is based on the theory of
well-structured transition systems [§]: the existence of an infinite computation
starting from a given state is decidable for finitely branching transition systems,
provided that the set of states can be equipped with a well-quasi-ordering, i.e.,
a quasi-ordering relation which is compatible with the transition relation and
such that each infinite sequence of states admits an increasing subsequence.

We start by providing some basic definitions and results on well-structured
transition systems and on well-quasi-ordering on sequences of elements belonging
to a well-quasi-ordered set, that will be used in the following parts of this Section.

Then, we prove the decidability of termination for MBD; to this aim, we first
provide an alternative semantics that is equivalent w.r.t. termination to the one
presented in Section 2, but which is based on a finitely branching transition
system and permits to define a well-quasi-ordering on the derivatives of a given
system (i.e., the set of systems reachable from a given initial system). Then, by
exploiting the theory developed in [8], we show that termination is decidable for
MBD systems.
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4.1 Well-Structured Transition System

We start by recalling some basic definitions and results from [§], concerning
well-structured transition systems, that will be used in the following.
A quasi-ordering (qo) is a reflexive and transitive relation.

Definition 10. A well-quasi-ordering (wqo) is a quasi-ordering < over a set X
such that, for any infinite sequence xgy, 1, x2,. .. in X, there exist indexes i < j
such that ; < x;.

Note that, if < is a wqo, then any infinite sequence zg,x1, 2, ... contains an
infinite increasing subsequence ;,, Ti, , Tiy, . . . (With ig < i1 < iz <...).
Transition systems can be formally defined as follows.

Definition 11. A transition system is a structure TS = (S, —), where S is a
set of states and —C S x S is a set of transitions.
We write Succ(s) to denote the set {s' € S| s — s'} of immediate successors of
seS.

TS is finitely branching if Vs € S : Succ(s) is finite. We restrict to finitely
branching transition systems.

Well-structured transition systems, defined as follows, provide the key tool to
decide properties of computations.

Definition 12. A well-structured transition system (with strong compatibility)
is a transition system T'S = (S, —), equipped with a quasi-ordering < on S, also
written TS = (S, —, <), such that the two following conditions hold:

1. well-quasi-ordering: < is a well-quasi-ordering, and

2. strong compatibility: < is (upward) compatible with —, i.e., for all s1 <
t1 and all transitions s1 — So, there exists a state to such that t1 — to and
S9 S tQ.

The following theorem (a special case of a result in [§]) will be used to obtain
our decidability result.

Theorem 2. Let T'S = (S, —, <) be a finitely branching, well-structured transi-
tion system with decidable < and computable Succ. The ezistence of an infinite
computation starting from a state s € S is decidable.

4.2 Higman’s Lemma

To show that the quasi-ordering relation we will define on MBD systems is a
well-quasi-ordering we need the following result, due to Higman [I0] and stating
that the set of the finite sequences over a set equipped with a wqo is well-quasi-
ordered.

Given a set S, with S* we denote the set of finite sequences of elements in S.
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Definition 13. Let S be a set and < a wqgo over S. The relation <, over S*
1s defined as follows. Let t,u € S*, with t = t1ts.. .ty and u = urus ... u,. We
have that t <, u iff there exists an injection f from {1,2,...,m} to {1,2,...,n}
such that t; < wugy and i < f(i) fori=1,...,m.

Note that relation <, is a quasi-ordering over S*.

Lemma 3. [Higman] Let S be a set and < a wqo over S. Then, the relation <,
s a wqo over S*.

Also the following propositions will be used to prove that the relation on systems
is a well-quasi-ordering;:

Proposition 2. Let S be a finite set. Then the equality is a wqgo over S.

Proposition 3. Let S, T be sets and <g, <t be wqo over S and T, respectively.
The relation < over S x T is defined as follows: (s1,t1) < (s2,t2) iff ( $1 <g S2
and t; <7t ta). The relation < is a wqo over S x T.

4.3 A Finitely Branching Semantics for MBD Systems

Because of the structural congruence rules, the reaction transition system for
MBD is not finitely branching. To obtain a finitely branching transition system
(with the same behavior w.r.t. termination), we take the transition system whose
states are the equivalence classes of structural congruence.

Technically, it is possible to define a normal form for systems, up to the
commutative and associative laws for the o and | operators.

In a system in normal form, the presence of a replicated version of a sequential
process la.o (resp. system !(o(P))) forbids the presence of any occurrence of
the nonreplicated version of the same process (resp. system), as well as of other
occurrences of the replicated version of the process (resp. system). Moreover,
replication is distributed over the components of parallel composition operators,
and redundant replications and empty systems and terms are removed.

Definition 14. Let = be the least congruence on systems satisfying the commu-
tative and associative rules for o and |.
A brane process o is in normal form if o = [[;c; ai.0o; | [1;c 'a}.0%, where
— 0y and o’ are in normal form fori €I and j € J;
— if a; = bud,. (p) or a; = drip(p) then p is in normal form;
if ay = bud, (p) or a; = drip(p) then p is in normal form;
—ifo; = 0'; then a; # a;;

- ifoz’-C:aJ§ andagczaa;» then i =j.
A system P is in normal form if P < Oieroi(P;) o Ojesl(aj( P})), where

— 0i, Pi, 0} and P} are in normal form fori € I and j € J;
—if = Pj then o; e ol

— ifPi’gP; andoggog then i = j.
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The function nf produces the normal form of a process or a system:

Definition 15. The normal form of a process is defined inductively as follows:

nf(0) =0

nf(mate,.c) = mate,.nf(o)
nf(mates,o) = matet.nf(o)
nf(bud,.c) = bud,nf(o)

nf (bud (p).0) = bud: (nf (p)).nf(0)
nf(drip(p).o) = drip(nf(p)).nf(o)

Letnf(o) = [1,c; ai-oi | ngJ 5 a; and nf(7) = [Tpenm bn-mn | Tliex0%-Te-
Then

nf(o | 7) =[[{ai.0i|i € IAVk € K : a;.0; Z bj,. 7.} |
[I{on.mn | h € HAYj € J: by %ga;.aé} |
[[{!aj.05 |j€J} |
H{'b/Tk|]<}€K/\VjEJ by, %ga o}

and

nf(o) = [Hlaio: | i€ I} | [I{laj.0} | j € J}

Definition 16. The normal form of a system is defined inductively as follows:

nf(e)= o
nf(0-P) = nf(o)nf(P)

Let nf(P) = Qieroi( P;) o Ojes!(05(F;)) and nf(Q) = Onentn(Qn,) ©
OkeK!(Tllc(]Ql ). Then

nf(P o Q)=0O{oi(Pi) i€ IAYkeK:oi(P)Z7.(Q})} o
O{mn(Qn) |he HAV] € J: m(Qn) # }(PjD} o
Ofloj(Pj) | j e J} o
O Q) [ ke KAV € J:m(Q}) # o} (Pf)}

nf(1P) = Ofloi( P | i€ I} o Ofloj(Pj)|je J}

It is easy to see that function nf produces processes and systems in normal form.
Proposition 4. Let o be a process. Then nf(c) is a process in normal form.
Let P be a system. Then nf(P) is a system in normal form.

Proof. By induction of the structure of o (resp. P).

The normal form of two structurally congruent processes (resp. systems) is the
same, up to associativity and commutativity of | (resp. o) operator.
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Table 1. The axioms for the reduction relation — (mating)

(matel) maten.oloo(P) o matey.7|T0(Q) o R+
nf(oloolrro(Po Q) o R)

(mate2) (!mate,.o)|oo(P) o mate;.TITo(Q) o R+—
nf(o|(!maten.o)|oo|T|T0(P o Q) o R)

(mate3) !(mate,.cloo(P)) o mate;.TITo(Q) o R+—
nf(cloo|r|To( P o Q) o {(mate,.cloo(P)) o R)

(mated) mate,.oloo(P)) o (!matey.7)|T0(Q) o R+—
nf(o|oolr|(!maten.7)|To(Po Q) o R)

(mate5) (lmate,.0)|loo(P) o (Imatey.7)|70(Q) o R~
nf(o|(!mate,.o)|oo|7|(!matey.7)|To(Po Q) o R)

(mate6) !(mate,.o|oo(P)) o !(matey.7)|70(Q) o R+~
nf(oloo|r|!(matey.7)|To( P o Q) o !(maten.oloo(P)) o R)

(mate7?) mate,.c|oo(P)) o (matey.T|T0(Q)) o R—
nf(oloo|rlro( P o Q) o (mater .T|ro(Q)) o R)

(mate8) (lmate,.0)|oo(P) o !(matey.7|70(Q)) o R+~
nf(o|(!mate,.o)|oo|T|T0( P o Q) o (matey .7|10(Q)) o R)

(mate9) !(mate,.o|loo(P)) o (matey.7|70(Q)) o R+~
nf(oloo|r|To( P o Q) o !(mate,.c|oo( P)) o (matey.7|70(Q)) o R)

(mate10) !(mate,.c|mate;; .0’ |oo(P)) o R—
nf(olo’|ooloo( P o P) ol(mate,.o|matey.c’'|oo(P)) o R)

(matell) !((!mate,.o)|matey .c’|oo(P)) o R—
nf(o|(!mate,.o)|o’|ooloo( P o P) o
(!maten.c)|matey .c'loo(P)) o R)

(mate12) |(mate,.o|(Imate;, .c')|oo(P)) o R+—
nf(clo’|(!matey .0')|ooloo( P o P) o
(mate,.o|(Imateyy .0’)|oo(P)) o R)

(mate13) !((Imaten.o)|(!matey.0’)|oo(P)) o R—
nf(o|(!mate,.o)|o’|(Imatey .0’)|oo|loo(P o P)) o
'((!maten.o)|(!matey .o )|oo(P)) o R)

Proposition 5. Let 0,7 be two processes. If o = 1 then nf(c) = nf(r). Let

P,Q be two systems. If P = Q then nf(P) £ nf(Q).



32 N. Busi and R. Gorrieri

Proof. By induction on the structure of the proof of ¢ = 7 (resp. P = Q).

We define an alternative semantics for systems in normal form. This semantics
turns out to be finitely branching, and equivalent to the reduction semantics of
section 2.

Definition 17. The reaction relation — for systems in normal form is the least
relation satisfying the azioms and rules in Tables [, [2 and [3

The reduction relation — is finitely branching over the set of systems in normal
form:

Proposition 6. Let P be a system in normal form. The set of immediate suc-
cessors Succ(P) = {P' | P — P'} is finite.

Table 2. The axioms for the reduction relation — (budding)

(budl) budy (p).7|70( bud,.oloo(P)o Q) o R~
nf(p(oloo(P)) o 7In(QD o R)
(bud2) (1budy; (p).7)|70( bud, a|00(]P( C))

D oR+—
nf(plo|oo(P)) o 7|('budy T

Do
p)-T)I1(Q) o R)

(bud3) (budy; (p).7|70( bud,.cloo(P) o Q)) o R+
nf(ploloo(P)) o 7|ro(Q) o
W(buds, (p).7I70( budn.cloo(P) 0 Q)) o R)

(bud4) budy (p).7|70(!(budy.0)|oo(P) o Q) o R —
nf(plo|'(budy.o)loo(P)) o 7l70(Q) o R)

(buds) (budy (p).7)l7o( ! (budn.0)lool P) o Q) o R —
nf(p(o/l(buds.0)loo( P)) o 7|(lbudy (p)-1)70(Q) o R)

(buds) !(budy (p).7|70(!(budn.0)|o0(P)) 0 Q) o R —
nf(p(of!(budy.0)loo(P)) o 7lm0(Q) o
W(budy, (p).7|70( ! (budn.0)|oo( P o QD) © R)

(bud7) budy (p).7|70(!(bud,.cloo(P))o Q) o R+
nf(p(oloo(P)) o 7|ro(!(budn.cloo(P))o Q) o R)

(bud8) (budy; (p).7)|70(!(budy.oloo(P)) o Q) o R
nf(p(oloo(P)) o 7|(buds (p).7)|0(!(budn.cloo(P)) o Q) o R)

(bud9) !(budy, (p).7|70(!(budn.cloo(P)) 0 Q)) o R—
nf(p(oloo(P)) o 7|ro(!(budn.oloo(P)) o Q)o
W(budyy (p).7|10( Y (budn.cloo(P)) 0 Q) o R)
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Table 3. The axioms and rules for the reduction relation —
(drip1) drip(p).oloo(P) o R+~
nf(p() o oloo(P) o R)

(arip2) (Ydrip(p).o)|oo(P) o R+—
nf(p() o ol(tdrip(p).c)loo(P) o R)

(arip3) !(drip(p).cloo(P))) o R+—
nf(p() o oloo(P) o !(drip(p).cloo(P)) o R)

P — Q
(branel)
o(P) o R— a(Q) o R
(brane2) P=0Q

(o(P)) o R— o(Q) ol (o(P)) o R

Proof. By induction on the structure of P. Let P=Qieroi( P;) o Ojes (0} ( P)).
By inductive hypothesis, the sets Succ(F;) and Succ(P}) are finite for all i € I
and j € J.

Let #act(P) be the number of occurrences of actions in system P.

Consider a reduction P +— P’. The last rule applied in the proof of this
reduction can either be one of the axioms of Tables ], 21 and [3 or one of the rules
in Table [3l

Consider axiom (matel): the number of reductions obtained by application of
this axiom is bounded by the product of the number of actions mate occurring
in P with the number of actions mate* occurring in P, which is smaller than
(#act(P))?.

The same reasoning can be applied to each axiom, hence the number of im-
mediate successors of P obtained by application of an axiom is bounded by
(10 +9 + 3) x (#act(P))>.

Consider now the set of immediate successors obtained by application of rule
(branel). This set is bounded by |I]| x maz{|Succ(P;)| | ¢ € I}. By inductive
hypothesis the sets of immediate successors of systems P;, for ¢ € I, are finite.
Hence also the set of immediate successors of P obtained by application of rule
(brane1l) is finite.

The same reasoning applies to rule (brane2), hence the set of immediate
successors of P is finite.

We now show that a system P terminates (according to the reaction rule —) iff
nf(P) terminates (according to the reaction rule —). To this aim, we need the
following auxiliary results.
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Lemma 4. Let P be a system. If P — P’ then nf(P) — nf(P’).

Proof. By induction on the proof of P — P’ (the difficult case is when the last
rule in the proof tree is (par)).

Lemma 5. Let P be a system. If nf(P) — Q then nf(P) — Q.
Proof. By induction on the proof of nf(P) — Q.

Corollary 3. Let P be a system. The system P terminates iff nf (P) terminates.

4.4 Decidability of Termination for MBD Systems

Let us consider a system P in normal form. In this section we provide a quasi-
order on the derivatives of P (and a quasi-order on brane processes) that turns
out to be a wqo compatible with —. Hence, exploiting the results in section 2]
we obtain decidability of termination.

We note that each system (resp. process) in normal form is essentially a finite
sequence of objects of kind o(Q ) or !(c(Q)) (resp. of objects of kind a.o or la.o).
If we consider the nesting level of membranes, we note that each subsystem Q
contained in a subterm o( Q) or l(c(Q)) of a system R is simpler than R. More
precisely, the maximum nesting level of membranes in @) is strictly smaller than
the maximum nesting level of membranes in R. As already observed in [4], the
reactions in MBD preserve the nesting level of membranes; hence, the nesting
level of membranes in a system P provides an upper bound to the nesting level
of membranes in the set of the (normal forms of the) derivatives of P.

Definition 18. The nesting level of a system is defined inductively as follows:

nl(o) = 0

nl(a(P)) = nl(P)+1

nl(P o Q) = maz{nl(P), nl(Q)}
nl(!P) = nl(P)

Proposition 7. Let P be a system in normal form. If P — P’ then nl(P’) <

nl(P).
Proof. By induction of the proof of P +— P’.

Thanks to normal forms, we have that the set of processes of kind a.c or la.c
that occur as subterms in the derivatives (w.r.t. —) of a process in normal form
is finite. This fact will be used to show that the quasi-orders on processes and
on systems are wqo.

Definition 19. Let P be a system in normal form. The set of derivatives of P
w.r.t. — is defined as follows: nfDeriv(P) = {P' | P —* P'}.
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Definition 20. The set of sequential and replicated sequential subprocesses of a
process is defined inductively as follows:

Subp(0) = 0

Subp(mate,.c) = {mate,.c} U Subp(o)
Subp(mate;:.o) = {mate,,.oc} U Subp(o)
Subp(bud,.c) =  {bud,.c} U Subp(o)

Subp(bud;; (p).c) = {bud,, (p).c} U Subp(p) U Subp(o)
Subp(drip(p).o) = {drip(p).c} U Subp(p) U Subp(o)
Subp(o | 7) = Subp(c) U Subp(1)

Subp(lo) = {lo" | ¢’ € Subp(o)} U Subp(o)

The set of sequential and replicated sequential subprocesses of a system is defined
inductively as follows:

Subp(o) = 0

Subp(a(P)) = Subp(c) U Subp(P)
Subp(P o Q) = Subp(P) U Subp(Q)
Subp(!P) = Subp(P)

It is easy to see that the set of sequential and replicated sequential subprocesses
of a process (resp. system) is finite:

Proposition 8. Let o be a process. The set Subp(c) is finite.
Let P be a system. The set Subp(P) is finite.

Proof. By induction on the structure of o (resp. P).

The following proposition — stating that the transformation of a process (resp.
system) in normal form does not increase its set of sequential and replicated
sequential subprocesses — will be used to show that the set of sequential and
replicated sequential subprocesses does not increase after execution of a reduc-
tion step.

Proposition 9. Let o be a process. Then Subp(nf(o)) C Subp(o).
Let P be a system. Then Subp(nf(P)) C Subp(P).

Proof. By induction on the structure of o (resp. P).

Proposition 10. Let P be a process in normal form. If P— P’ then Subp(P’) C
Subp(P).

Proof. By induction on the proof of P — P’.

Definition 21. Let P be a process in normal form. The set of subprocesses of
the derivatives of P is defined as SubDeriv(P) = Upscpsperiv(p) SUbP(F’).

Proposition 11. Let P be a process in normal form. Then the set SubDeriv(P)
1s finite.
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Proof. Let P’ € nfDeriv(P). Then P —* P’. By induction on the length of the
derivation P —* P’ and by Proposition [I0] we obtain Subp(P’) C Subp(P). By
Proposition [§ we obtain that SubDeriv(P) is finite.

We introduce a quasi-order =, on processes in normal form such that o <,,oc
T if
— for each occurrence of a replicated guarded process at top-level in o there is
a corresponding occurrence of the same process at top-level in 7;
— for each occurrence of a guarded process at top-level in o there is either

a corresponding occurrence of the same process or an occurrence of the
replicated version of the process at top-level in 7.

Definition 22. Let 0 and T be two processes in normal form.

Let o = [l;crai-oi | [leslaj.0; and 7 = Hheth T | Tler!0)-m7, and H N
K = 0. We say that 0 <proc 7' zf there exists a pair of functions (f7 g) such that:

—f:I-HUKandg:J — K

—Vi,i' €I:4f f(i) = f(i') and f(i) € H then i =4’
= Viel:if f(i) € H then byuy.Ty() = 4.0
—Viel:if f(i) € K then Vy,).Th, = a:.04

-VjeJ: bg( Zad .0

C
7) g(j) A
We define a quasi-order on systems such that R <, S if

— for each replicated membrane !(p(R1)) at top-level in R there is a corre-
sponding replicated membrane !(c(S1])) at top-level in S such that p is
smaller than o and R; is smaller than St;

— for each occurrence of a membrane p(R; ) at top-level in R there is

e either a corresponding occurrence of a membrane o(.S1]) at top-level in
S such that p is smaller than ¢ and R; is smaller than S;
e or an occurrence of a replicated membrane !(p(R1]) at top-level in S.

Definition 23. Let P,Q be systems. Let P = Qieroi(Pi) o Qjes'(o}( ;)

and Q@ = Oneamn(Qn,) © Okex!(7,(Q})) and HN K = 0. We say that
P =<.ys Q if there exists a pair of functions (f,g) such that:

—f:I—-HUKandg:J— K

- Vi,i’ eI:if f(i)=f(i') and f(i) € H then i =14
—Viel:if f(i) € H then 0; <proc 7'f(Z and P; =eys Q)
—Viel'iff()eKthenal pmpr and P; <§y9Qf @)
- VjelJ: J —<pch() andP -<SySQ’

It is easy to see that =p,oc and =y, are quasi-orderings.
We start showing that the relation <,y is strongly compatible with —. To
this aim, we need the following auxiliary propositions:

Proposition 12. Let 01,02, 71,72 be processes in normal form. If 0; <proc Ti
fori=1,2 then nf(o1 | 02) Zproc nf(11 | T2).
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Proposition 13. Let Py, P>, Q1, Q2 be systems in normal form. If P; <sys Qi
fori=1,2 then Pi o Py 24y Q10 Q2.

Theorem 3. Let P, P’,Q be systems in normal form. If P — P’ and P <55 Q
then there exists Q' in normal form such that Q — Q' and Q =4ys Q'.

Proof. The proof is by induction on the structure of P, then by case analysis on
the last axiom or rule applied to obtain the reduction P +— P’.

The following proposition will be used to show that <,,,. is a wqo over the set
of subprocesses of the derivatives of a system P.

Proposition 14. Let o and T be two processes in normal form.

_ T nitnz 1 mi+mz gzt
Let o = [[;2 ai.0; | H] Sy la}.o /and T =T12 bnmh | Tk 21057
]f a1.01...0n,. Unl' n1+1 an1+1 ' n1+n2 UnlJrnz =

/ /
bi.11... bm1~Tm1 'bm1+1 mi+1 - bm1+m2 ml+mo then o jproc T.

Proof. It ay.07 ... an,. Jnl'a’,L1+1.U;L1+1 ol O i, =

bi.71 ... bml.Tml'bml+1 i1 g Tl em, then there exists an injection
f:{l. o ni+ne} — {1 ,m1 + mo} mapping the each element of the first
sequence into a corresponding, equal element in the second sequence. The first n;
(resp m1) elements of the first (resp. second) sequence are sequential processes,
whereas the last ny (resp. ma) elements of the first (resp. second) sequence are
replicated sequential processes. Hence the first nq (resp. last ns) elements of the
first sequence will be mapped on the first m (resp. last mg) elements of the
second sequence.

Consider the pair of functions (g1, g2) such that

—q@)=f@)fori=1,...,m
—g2(i) =f(@i) fori=n1+1,...,n1 +no

The pair of functions (g1,g2) satisfies the conditions of Definition 22 hence
0 Zproc T-

By Higman lemma and Proposition [2] it easy to prove that

Lemma 6. Let P be a system in normal form. The relation <,r0c is a wqo over
the set of processes in SubDeriv(P).

Proof. Take an infinite sequence o1, 09,...,0p,... of normal form processes in
SubDeriv(P). Let op=[[;"", @i n.ci,p | H 'aj 1-0 5, By definition of SubDeriv
and Subp, we have that Vh > 0 : V1 § 1 < nh D i p0in € SubDeriv(P)
and Vh > 0 : V1 < i < my :la},.05, € SubDeriv(P). Hence, we have an
infinite sequence of elements of SubDeriv(P)*; as SubDeriv(P) is finite (by
Proposition [IT), by Proposition 2l and Higman Lemma (Lemma [3]) we have that
=, is a wqo over SubDeriv( ). Thus there exist %, j such that

@1,4-01,4+--Qny q- Jml'a“ Ulz" 'a;nhz O—mb,z =

1,015+ Qn; j-On; ,]'aL] O lag, O

By Proposition [ we have 0; <proc 0.
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Now it is possible to prove that <, is a wqo.
The set of derivatives of a system P w.r.t. — with nesting level not greater
than n is defined as

Definition 24. Let P be a system in normal form and n > 0. We define
nfDeriv,(P) = {Q | Q € nfDeriv(P) Anl(Q) < n}.

Proposition 15. Let P be a system in normal form. Then nfDeriv(P) =
nfDerivy py(P).

Proof. A consequence of Proposition [7l

Now we show that <, is a wqo over a subset of derivatives whose elements
have a nesting level smaller than a given natural number. The proof proceeds
by induction on the nesting level of membranes, and makes use of Higman’s
Lemma, of Lemma [6] and of Proposition [Bl

Theorem 4. Let P be a system in normal form and n > 0. The relation =gys
is a wqo over the set nfDeriv, (P).

Proof. The proof is by induction on n.

The case n = 0 is trivial, as nfDerivg(P) C {o}.

For the inductive step, take n > 0 and an infinite sequence Py, Py, ..., Py, ...
with Pj, € nfDeriv,(P).

Let P = O 0inl Pun) o O 410!, (P D).

As Py, € nfDeriv,(P), we have that o;p € Subp(P) for i = 1,...,n; and
o}, € Subp(P) for j =np +1,...,mp.

Moreover, nl(Pr) < n; by definition of nesting level, we obtain nl(P; ;) < n—1
fori=1,...,np and nl(P},) <n—1for j=np+1,...,ms.

Hence, P;;, € nfDeriv,_1(P) for i = 1,...,n, and P]f’h € nfDeriv,_1(P)
for j=np+1,...,my.

By Lemma [0l we know that <,,.c is a wqo over Subp(P). By inductive hy-
pothesis, we have that <,y is a wqo over nfDeriv,_q(P).

By Proposition Bl we obtain that <= (Zproc; Zsys) is @ wqo over Subp(P) x
nfDeriv,_1(P).

By Higman Lemma we obtain that <, is a wqo over
(Subp(P) x nfDeriv,_1(P))*.

By Proposition [ we obtain that <'= (<., <) is a wqo over
(Subp(P) x nfDeriv,—1(P))* x (Subp(P) X nfDeriv,_1(P))*.

Consider the infinite sequence s1, ..., sy, ... with

Sh = (((Ul,h’ Pl,h)v IR (O'nmm anh))a
((U;lh+17h7 P7/74h+17h)7 e (U;thrmh,,h’ P’f/lh,+mh;h)))
We have that sp, € (Subp(P)xnfDeriv,_1(P))* x (Subp(P)xnfDeriv,_1(P))*
for h > 0. As =" is a wqo over such a set, there exist k, ¢ such that s; <’ s4.
This means that

(Ul,ka Pl,k:)a ceey (O—’I’Lk,kv Pnk,k) j* (Jl,q7 Pl,q)7 ey (an,qa an,q)
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Thus there exists an injection f: {1,...,nx} — {1,...,n4} such that o, x <proc
oipky and Pi g Seys Py gy for i =1,...ny.
We also have that

/ / / /
<Jnk+1;k’ ’ﬂk+1’k)’ Tt (O—ﬂk+mk’k’ Pnk+mk;k) i
/

(Ull,qa Pll,q)v AR (U;Lq—&-mq,qv an+mq,q)

Thus there exists an injection g : {np+1,...,np+mi} — {ng+1,...,ng+my}
such that ag’k =proc U;’g(k) and Pi’),c =sys Pi’)g(k) fori=ng+1,...n5 +my.
Consider the systems P, and P, and the pair of functions (f,g). We have
that Pr = O 05k(Pik) o O;‘nzkll(gé‘,k(] ]/‘,lc )) and P, = O?:qﬁ’i,qqpi,qD °©
O;n:ql!(aévq(]P;yq )). Moreover, the pair of functions (f,g) satisfies the require-
ments of Definition 231 Hence, Py <sys Py.
Summing up, we have showed that <, is a wqo over nfDeriv,(P).

Theorem 5. Let P be a system in normal form. The relation =sys s a wqo
over the set nf Deriv(P).

Proof. An easy consequence of Theorem @] and of Proposition

The following theorem ensures that the hypothesis of Theorem [2] are satisfied.

Theorem 6. Let P be a system in normal form. Then the transition system
(nfDeriv(P),—, Zsys) is a well-structured transition system with decidable <5y
and computable Succ.

Proof. Strong compatibility of <,,, with the transition relation +— has been
proved in Theorem[3l By Theorem[Hwe have that <,sis a wqo over nf Deriv(P).
From Definition [23] it is possible to deduce an effective procedure to check <gys.
From Definitions and [I7 it is possible to deduce an effective procedure to
compute Succ.

By the above theorem and Theorem [2l we get the following
Corollary 4. Let P be a MBD system. The termination of P is decidable.

5 Conclusion

The aim of this paper is to investigate and compare the expressiveness of the
two basic brane calculi PEP and MBD w.r.t. their ability to encode computable
functions.

Regarding the PEP calculus we provided the following results:

(1) an encoding of RAMs that preserves the universal termination property,
i.e., the existence of a divergent computation;
(2) an improved, deterministic encoding of RAMs that faithfully models the
RAM behavior, in the following sense:
— If the RAM terminates then the (unique) computation of the RAM en-
coding terminates;
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— if the RAM does not terminate then the (unique) computation of the
RAM encoding diverges.

The impact of the above results on the decidability of termination properties in
PEP is the following:

— as a consequence of the existence of the encoding (1), we obtain the undecid-
ability of universal termination for PEP systems. Note that the existence of
the encoding (1) does not imply the undecidability of existential termination
on PEP systems, because PEP systems are in general nondeterministic, and
may have both a terminating and a divergent computation.

— as a consequence of the existence of the deterministic encoding (2), and of
the equivalence of existential and universal termination properties for deter-
ministic systems, we also obtain the undecidability of existential termination
for PEP systems.

Regarding the MBD calculus, we provided the following result:
(3) Universal termination is decidable on MBD systems.

As a consequence of the decidability of universal termination, we obtain the im-
possibility to provide an encoding of RAMs in MBD that preserves the universal
termination property, i.e., an encoding that has a divergent computation if and
only if the RAM diverges. Hence, it is also impossible to define a deterministic
encoding of RAMs in MBD.

From the above results we deduce the following expressiveness gap between
PEP and MBD, w.r.t. their ability to reproduce the behavior of a RAM: there
exists a deterministic (hence, both universal and existential termination pre-
serving) encoding of RAMs in PEP, but there exist neither a deterministic nor a
universal termination preserving encoding of RAMs in MBD. Regarding the de-
cidability of properties, we have that universal termination is decidable in MBD,
whereas it turns out to be undecidable in PEP. Hence, there exist no encoding
of PEP in MBD that preserves the existence of a divergent computation.

Regarding the MBD calculus, the decidability of universal termination (3)
does not tell anything about the decidability of existential termination, and
about the possibility to define a weaker, nondeterministic encoding of RAMs in
MBD, that preserves existential termination (i.e., the encoding has a terminating
computation if and only if the RAM terminates). This topic has been investigated
in [I], where a nondeterministic encoding of RAMs in MBD, which preserves
existential termination, is provided. As a consequence of this result, we obtain
the undecidability of the existential termination property for MBD.

The comparison of a (nondeterministic) model with its deterministic fragment
is an interesting topic in automata theory, that has recently attracted the interest
of the research community working on membrane computing (see, e.g., [I1] and
the references therein). From the results presented in this paper and in [I], we
deduce the following;:

— The deterministic fragment of PEP is as powerful as the full (nondetermin-
istic) PEP calculus w.r.t. the ability to encode RAMs;
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— There exists a gap between the deterministic fragment and the full MBD
calculus, as there exists a weak, existential termination preserving encoding
of RAMs in MBD [I], but there exist no such encoding in the deterministic
fragment of MBD (this is a consequence of the decidability of universal
termination on MBD, and of the equivalence of universal and existential
termination on deterministic systems).

The results presented in this paper hold for the interleaving semantics, ac-
cording to which a single interaction is executed at each computational step.
While interleaving semantics is the classical semantics for process calculi, the
usual semantics in membrane computing is based on maximal parallelism: at
each computational step, a maximal set of independent interactions must be
executed simultaneously. As for many variants of P systems the computational
power decreases when moving from the maximal parallelism to the interleav-
ing semantics (see [9]), it seems worthwhile to investigate if the decidability
of universal termination for MBD with the interleaving semantics also holds
when moving to the maximal parallelism semantics. Concerning MBD with the
maximal parallelism semantics, in [I] we provided a deterministic encoding of
RAMs. Hence, both the universal and existential termination properties turn
out to be undecidable in MBD with the maximal parallelism semantics. From
the decidability of universal termination in MBD with interleaving semantics
(3), we obtain an expressiveness gap between MBD with the interleaving and
with the maximal parallelism semantics, thus confirming the intuition emerging
from [9] for P systems: in most cases the computational power increases when
moving from interleaving to maximal parallelism. Note that the undecidability
of universal termination for MBD with maximal parallelism semantics does not
contradict the decidability of universal termination for MBD with interleaving
semantics provided in the present paper, as the well-quasi-ordering on systems
=sys defined in Section 4 is not compatible with the maximal parallelism reduc-
tion semantics. Consider, e.g., the systems Py = mate, (]) omate;: () o maten()
and P, = Py o mate}, (). We have that P; <;,s P»; the only reduction step that
Py can perform is the fusion of the two membranes mate, (| and mate;: (| )); thus,
according to the maximal parallelism semantics, P = mate,,( ). On the other
hand, two independent fusions can be performed by P; thus, according to the
maximal parallelism semantics, both fusions must be performed, and the only
computational step for P, is P» = ©. Thus, Pi =<y P> and P, = maten( ),
but there exist no system Pj such that P» = P5 and matey,( ) <sys P, thus
preventing the compatibility of <,,s with = to hold.

In [6] a variant of P systems, inspired by the interaction primitives of the
Brane Calculi, has been proposed and investigated. Quite surprisingly, it is shown
that the class of P systems containing only the mate and drip operations is
Turing powerful. A deep comparison of Brane Calculi and the class of P systems
proposed in [6] deserves further investigation. At a first sight, it seems that
the interaction primitives used in P systems are more powerful than the MBD
primitives. Some other, evident differences are the following: Brane Calculi are
equipped with an interleaving semantics, whereas P systems have a maximal
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parallelism semantics; in [6] only a finite number of membranes is sufficient
to achieve Turing completeness, whereas in the present paper (and in [I]) an
unbounded number of membranes is required.

In the present paper we showed that universal termination is a decidable prop-
erty for MBD. The technique employed to prove the decidability of universal
termination is based on the theory of well-structured transition systems: besides
universal termination, such a theory permits to analyse other interesting proper-
ties, such as, e.g., coverability, boundedness, and eventuality properties [§]. We
plan to investigate the possibility to use this theory for the analysis of biologically
relevant properties.

We also plan to extend our investigation to recent refinements of Brane Cal-
culi, such as, e.g., the Projective Brane Calculus [7], as well as to quantitative
variants of Brane Calculi, along the lines of, e.g., [15].
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Abstract. We describe a quantitative modelling and analysis approach
for signal transduction networks.

We illustrate the approach with an example, the RKIP inhibited ERK
pathway |[CSK™03]. Our models are high level descriptions of continu-
ous time Markov chains: proteins are modelled by synchronous processes
and reactions by transitions. Concentrations are modelled by discrete,
abstract quantities. The main advantage of our approach is that using a
(continuous time) stochastic logic and the PRISM model checker, we can
perform quantitative analysis such as what is the probability that if a con-
centration reaches a certain level, it will remain at that level thereafter?
or how does varying a given reaction rate affect that probability? We also
perform standard simulations and compare our results with a traditional
ordinary differential equation model. An interesting result is that for the
example pathway, only a small number of discrete data values is required
to render the simulations practically indistinguishable.

Keywords: signalling pathways; stochastic processes; continuous time
Markov chains; model checking; continuous stochastic logic.

1 Introduction

Signal transduction pathways allow cells to sense an environment and make
suitable responses. External signals detected by cell membrane receptors activate
a sequence of reactions, allowing the cell to recognise the signal and pass it into
the nucleus. The cellular response is then activated inside the nucleus. This
signalling mechanism is involved in a number of important processes, such as
proliferation, cell growth, movement, apoptosis, and cell communication. The
pathways include feedback and may be embedded in more complex networks,
some form of automated analysis required.

Our aim is to develop quantitative techniques for signal transduction pathwa
modelling and analysis, based on continuous time and semiquantitative data. Our
models are distinctive in two ways. First, we model populations (rather than indi-
viduals), that is we model molar concentrations (rather than molecules). Second,
we model semiquantitative data. Contemporary methods for biochemical exper-
iments do not, in general, permit the measurement of absolute or continuous

! In this paper we use the terms pathway and network synonymously.
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values of concentrations. Consequently, some quantitative models are over con-
strained. We avoid this by considering discrete, abstract concentrations. Thus
our treatment of time is continuous, but concentrations are discrete. Our analysis
is (model) checking for quantitative, temporal, biological queries.

Our modelling approach is motivated by the observation that signalling path-
ways have stochastic, computational and concurrent behaviour. Our models are
continuous time Markov chains (CTMCs). They are defined, in a natural way,
by high level descriptions of concurrent processes: the processes correspond to
proteins (the reactants in the pathway) and the transitions to reactions. Con-
centrations are modelled by discrete, abstract quantities. We use a continuous
stochastic logic and the probabilistic symbolic model checker PRISM [KNP02]
to express and check a variety of temporal queries for both transient behaviours
and steady state behaviours. We can also perform standard simulations and so
we compare our results with a traditional ordinary differential equation model.
Throughout, we illustrate our approach with an example pathway: the RKIP
inhibited ERK pathway |[CSKT03].

The paper is organised as follows. In section 2] we present the example path-
way. The CTMC model is developed in section [8 In the following section, we
discuss analysis by model checking, we present four types of probabilistic, tem-
poral query and give instances for the example pathway. We express the queries
in the continuous stochastic logic CSL [BHHKO0, [ASSB00], and check their va-
lidity. In section [B] we discuss how simulations in the stochastic setting compare
with simulations in the deterministic setting: in a MATLAB implementation of
ordinary differential equations. In section [l we discuss our results and we review
related work in section [fl We conclude in section [§

2 RKIP and the ERK Pathway

The example system we consider is the RKIP inhibited ERK pathway. We give
only a brief overview, further details are presented in |[CSK™03| [CGH04].

The ERK pathway (also called Ras/Raf, or Raf-1/MEK/ERK pathway) is
a ubiquitous pathway that conveys mitogenic and differentiation signals from
the cell membrane to the nucleus. The kinase inhibitor protein RKIP inhibits
activation of Raf and thus can “dampen” down the ERK pathway.

We consider the pathway as given in the graphical representation of Fig-
ure [II This figure is taken from |[CSKT03], where a number of nonlinear ordi-
nary differential equations (ODEs) representing the kinetics are given. We take
Figure[Il as our starting point, and explain informally, its meaning. Each node is
labelled by a protein (or species). For example, Raf-1* RKIP and Raf-1* /RKIP
are proteins, the last being a complex built up from the first two. A suffix -P
or -PP denotes a (single or double, resp.) phosphorylated protein, for example
MEK-PP and ERK-PP. Each protein has an associated concentration, given by
ml, m2 etc. Reactions define how proteins are built up and broken down. In
Figure [[l bi-directional arrows correspond to both forward and backward re-
actions; uni-directional arrows to forward reactions. Each reaction has a rate
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Fig. 1. RKIP inhibited ERK pathway

given by the rate constants k1, k2, etc. These are given in the rectangles, with
kn/kn + 1 denoting that kn is the forward rate and kn + 1 the backward rate.
Initially, all concentrations are unobservable, except for my, msa, mrz, mg, and
mio [CSKF03|.

The dynamic behaviour of the pathway is quite complex, because proteins
are involved in more than one reaction and there are several feedbacks. In the
next section we develop a model which captures that dynamic behaviour. We
note that the example system is part of a larger pathway which can be found

elsewhere [KDMH99, [SEJGMO02].

3 Modelling Signalling Networks by CTMCs

In this section we describe how we model concentrations of proteins by discrete
variables, and the dynamic behaviour of proteins by computational processes.

3.1 Discrete Concentrations

Each protein defined in a network has a molar concentration which changes with
time, i.e. m = f(t), where m is a concentration of the protein and ¢ is time. As
we have indicated earlier, there is a difficulty in obtaining precise and/or con-
tinuous concentration values using the methods of contemporary biochemistry.
We therefore make discrete abstractions as follows. When the maximum molar
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concentration is M, then for a given IV, the abstract values 0... N represent the
concentration intervals [0,1% M/N),[1% M/N,2+« M/N),...[N — 1% M/N,N x
M/N]. We refer to 0... N as levels of concentration.

We note that we could define a different N for each protein (depending on ex-
perimental accuracy for that species) but in this paper, without loss of generality,
we assume the same N, for all proteins.

3.2 Proteins as Processes

We associate a concurrent, computational process with each of the proteins in
the network and define these processes using the PRISM modelling language.
This language allows the definition of systems of concurrent processes which
when synchronised, denote continuous time Markov chains (CTMCs). In sec-
tions 3.3 and [3:4] we discuss in detail how CTMCs provide a natural semantics
for signalling networks; in this section we focus on the way in which the proteins
are represented by PRISM processes (modules) and reactions are represented by
transitions.

Below, we give a brief overview of the language, illustrating each concept with
a simple example; the reader is directed to [KNP0O2] for further details of PRISM.

Transitions are labelled with performance rates and (optional) names. For
each transition, the performance rate is defined as the parameter A of an expo-
nential distribution of the transition duration. A key feature is synchronisation:
concurrent processes are synchronised on transitions with common names (i.e.
the transitions occur simultaneously). Transitions with distinct names are not
synchronised. The performance rate for the synchronised transition is the prod-
uct of the performance rates of the synchronising transitions. For example, if
process A performs a with rate A1, and process B performs « with rate Az, then
the performance rate of @ when A is synchronised with B is A1 - As.

As an example, consider the simple single reaction of Figure 2lwhich describes
the binding of (active) Raf-1*, called RAF1 henceforth, and RKIP. Call this

reaction r1.

RAF1/RKIP

Fig. 2. Simple biochemical reaction r1
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The PRISM model for this system is listed as Model [II The model begins
with the keyword stochastic and consists of some preliminary constants (N and
R), four modules: RAF1, RKIP, RAF1/RKIP, and Constants, and a system
description which states that the four modules should be run concurrently. The
constant N defines the concentration levels, as discussed in section BI} R is
simply an abbreviation for N ~!. Consider the first three modules which represent
the proteins RAF1, RKIP etc. Each module has the form: a state variable
which denotes the protein concentration (we use the same name for process and
variable, the type can be deduced from context) followed by a single transition
named r1. The transition has the form precondition — rate: assignment, meaning
when the precondition is true, then perform the assignment at the given rate. The
rate for transitions of the first two modules is protein concentration multiplied
by R, the rate for the third is 1. The assignments in the first two modules
decrease the protein level by 1; the level is increased by 1 in the third module.
These correspond to the fact that the rate of the reaction is determined by the
concentrations of the reactants, and the reactants are consumed in the reaction
to produce RAF1/RKIP. But, we must not forget that there is a fourth module,
Constants; this simply defines the constants for reaction kinetics. In this case the
module contains a “dummy” state variable called z, and one (always) enabled
transition named r1 which defines the rate (i.e. 0.8/R) for the transition r1.
For readabilty, our variable and process names include the character /’, strictly
speaking, this is not allowed in PRISM.

Since all four transitions have the same name, they will all synchronise, and
when they do, the resulting transition has rate ~ # %08 = 2.4 ( RAF1 and
RKIP are initialised to N, RAF1/RKIP is initialised to 0, N = 3and R = 1/3).

In this simple PRISM model, all the proteins are involved in only one reac-
tion. The reaction can occur three times, until all the RAF1 and RKIP has
been consumed. Thus in the underlying CTMC, there are 3 transitions (plus a
loop) over 4 states, as indicated in Figure Bl The states are labelled by tuples
representing the (molar) concentrations of RAF1, RKIP and RAF1/RKIP,
respectively. The edges are labelled with the transition rates.

1.000

Fig. 3. CTMC for Model 1

In the RKIP inhibited ERK pathway, each protein is involved in several reac-
tions. We model this quite easily by introducing different names (r1,r2,...) for
each reaction (and the corresponding transitions). We use the convention that
reaction rx has rate parameter kx.

Notice that we can describe all the transitions of the processes independently of
the number of concentration levels: we simply make the appropriate comparison
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Model 1. RAF1 binding to RKIP

stochastic

const int N = 3;
const double R = 1/N;

module RAF1
RAF1: [0..N] init N;
[r1] (RAF1>0) -> RAF1*R:
(RAF1’ = RAF1 - 1);
endmodule

module RKIP
RKIP: [0..N] init N;
[r1] (RKIP>0) -> RKIP#*R:
(RKIP’ = RKIP - 1);
endmodule

module RAF1/RKIP
RAF1/RKIP: [0..N] init O;
[r1] (RAF1/RKIP < N) -> 1:
(RAF1/RKIP’ = RAF1/RKIP + 1);
endmodule

module Constants
x: bool init true;
[r1] (x=true) -> 0.8/R:

(x’=true);
endmodule
system
RAF1 || RKIP || RAF1/RKIP || Constants
endsystem

(in the precondition). The size of the complete underlying CTMC depends on N,
some examples are:

e when N = 3 there are 273 states and 1, 316 transitions;
e when N =5 there are 1,974 states and 12,236 transitions;
e when N =9 there are 28,171 states and 216, 282 transitions.

The full PRISM model for the RKIP inhibited pathway is given in Appendix[A_1l
In the full model, R is calibrated by the initial concentration(s), i.e. R = 2.5/N.

3.3 Continuous Time Markov Chains as Models

The PRISM description allows us to focus on the overall structure of the stochas-
tic system, whilst saving us from the detail of defining the large and complex
underlying CTMC.
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In this section, we give more detail of the underlying CTMCs and why they
provide good, sound models for signalling networks. We assume some familiarity
with Markov chains, for completeness we give the following definition of a CTMC.

Definition. Given a finite set of atomic propositions AP, a continuous time
Markov chain (CTMC) is a triple (S,R,L) where

e S is a finite set of states
e L: S — 247 is labelling of states
o R: S x 8 — R>g is a rate matrix.

For a given state s, when R(s,s’) > 0 for more than one s’, then there is a
race between the outgoing transitions from s. The rates determine probabilities
according to the “memoryless” negative exponential: when R(s,s’) = A, then
the probability that transition from s to s’ completes within time ¢ is 1 — e~ .

A path through a CTMC is an alternating sequence o = sptgsity . .. such that
(si, 8i+1) € R and each time stamp ¢; denotes the time spent in state s;, Vi.

In the case of PRISM system descriptions, the atomic propositions refer to
PRISM variables, for example atomic propositions include RAF1 =0, RKIP =
1, etc. CTMCs are often presented using a graphical notation, as in Figure [3

3.4 Soundness of Stochastic Model

In this section we explain why the underlying CTMCs are sound models for sig-
nalling networks; in particular, we show how the rates associated with transitions
relate to mass action kinetics.

By way of illustration, consider the simple reaction in Figure[ 2l Recall that for
each reaction, a protein is either a producer or a consumer; thus in the PRISM
representation, producers have their concentrations decreased, and consumers
have their concentrations increased. Now consider the equations for standard
reaction (mass action) kinetics, given by the following:

dml——k mi-m
dt - 1 2
d
Z/tLQ:—kWﬂl'?W,Q
d
223:k~m1~m2

where mq,mq, and m3 are the concentrations of RAF1, RKIP, and RAF1/RKIP
respectively.

In the CTMC denoted by the PRISM model (Model[l), from the initial state,
the first transition is the synchronisation of four processes (RAF1, RKIP,
RAF/RKIP and Constants). Recall the rates for synchronising actions in
PRISM are multiplied, so the first transition has rate

(RAF1-R)-(RKIP-R)-(k-N) (1)

where k& = 0.8. The crucial question is is how does this rate compare with, or
relate to, the standard mass action semantics?
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First, consider how the concentration variables relate to each other: the ODEs
above refer to continuous concentrations, whereas our model has discrete natural

number levels. Let m be a continuous variable and let m? be the corresponding
PRISM variable (e.g. RAF1, RAF/RKIP). Then

1
m=m®-R=m N (2)

Second, derive a rate expressed in terms of the PRISM variables. From the
continuous rate:

dm3

dt

the simplest way to derive a new concentration mj from msg is by Euler’s
method thus:

:k-ml-mg (3)

ms =mgz+ (k- mq -ma - At) (4)

But the abstract (PRISM) concentrations can only increase in units of 1 level

of molar concentration, or ]{, molars, so

1

At =
k~m1~m2~N

()

PRISM implements rates as the “memoryless” negative exponential, that is
for a given rate A, P(t) = 1 — e~ is the probability that the action will be
completed before time ¢. Taking A\ as Al ,» in this example we have

A=k-mi-mg-N (6)
Replacing the continuous variables by their abstract forms, we have
A=k-(m{ R)-(m3-R)-N (7)
or
A=k -(RAF1-R)-(RKIP-R)-N (8)

which is exactly the rate given in () above.

We can generalise this to arbitrary reactions as follows. In the PRISM descrip-
tion, for a given reaction 7, let C% and P? be the set of variables representing
consumers and producers, respectively. There is a r-named transition defined for
each member of C% and P?; together they synchronise as a single r-named tran-
sition in the underlying CTMC. Let the transition representing that reaction be
described by A : A P, where P is the set of the atomic propositions holding in
the target state. Assume A is defined as described above. The underlying CTMC
is given by:

Ve, € Cp. Vp € P /\(cl >0)=A: /\(c{ =c —1) /\(p; =p+1) (9)
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Note the use of = (logical implication), as opposed to — in the PRISM

description of a transition. Note also that in the PRISM model, we include the
rate factor (-N) in the Constants module, and multiply the concentrations by

R in the protein processes.
In the next section we give a more detailed example.

3.5 A More Complex Example
Consider the network given in Figure [ this is more complex than the single

reaction given in Figure 2l in particular, some of the arrows are bidirectional.

k1/k2

Fig. 4. Network with three reactions, 5 proteins

Assume N = 2. The CTMC model for this network is given in Figure [A]

tuples of concentration (m; mo ms my ms) label the states. Since one reaction
is reversible, there are simple loops in this topology. (More complicated pathway

topologies can produce more nontrivial loops.)

Fig.5. CTMC for network in Figure [

0.02, and k3 = 0.31 and initial
M5(0) = 0. The

2 and m4(0)

Assume rate constants k1 = 0.57, k2
concentrations m1(0) = mo(0) = m3(0) =
performance rates for the transitions are calculated as follows:
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k- ml_m2 k-
N

¢ (22200) — (11210): A
N
¢ (11210) —(22200): A= "% — ™3 1, —0.02
A

N 2

©(22200) — (21101): A= RN kit _o k.~ 062
N 2

Other performance rates can be calculated exactly in the same way, the results
are given in Figure

In conclusion, we propose that CTMCs are good models for networks because
they allow us to model performance and nondeterminism explicitly; however,
it would be unrealistic to construct a CTMC model manually. The high level
modelling abstractions of PRISM allow us to separate system structure from
performance and to generate the appropriate underlying rates automatically.
Moreover, we can model check stochastic properties of CTMCs, a more pow-
erful reasoning mechanism than (stochastic) simulation. For example, consider
evaluation of the probability that the state (2 0 0 0 2) is reachable. We cannot
determine this probability by simulation, since there are an infinite number of
paths leading to this state. However, the PRISM model checking algorithms can
compute the probabilities (e.g. in the steady state) automatically, as we will
consider in the next section.

4 Analysis

Temporal logics are powerful tools for expressing temporal queries which may be
generic (e.g. state reachability, deadlock) or application specific (e.g. referring to
variables representing application characteristics). For example, we can express
queries such as what is the probability that a protein concentration reaches a
certain level, and then remains at that level thereafter?, or if we vary the rate of
a particular reaction, how does this impact that probability? Whereas simulation
is the exploration of a single behaviour over a given time interval, model check-
ing allows us to investigate the truth (or otherwise) of temporal queries over
(possibly infinite) sets of behaviours over (possibly) unbounded time intervals.
Since we have a stochastic model, we employ the logic CSL (Continuous
Stochastic Logic) [BHHKO0, [ASSB00], and the symbolic probabilistic model
checker PRISM [PNKO04] to compute validity. We can not only check validity
of logical properties, but using PRISM we can analyse open formulae, i.e. we
can perform experiments as we vary instances of variables in a formula express-
ing a property. Typically, we will vary reaction rates or concentration levels.
CSL is a continuous time logic that allows one to express a probability measure
that a temporal property is satisfied, in either transient behaviours or in steady
state behaviours. We assume a basic familiarity with the logic, it is based upon
the computational tree logic CTL. The operators of CSL are given in Table [T
for more details see [PNKO04]. The Puq,[¢] properties are transient, that is, they
depend on time; Swp[¢| properties are steady state, that is they hold in the
long run. To check the latter properties, we use a linear algebra package in
PRISM to generate the steady state solution. Note that in this context steady
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state solutions are not (generally) single states, rather a network of states (with
cycles) which define the probability distributions in the long run.

> p specifies a bound, for example Pyqp,[¢] is true in a state s if the probability
that ¢ is satisfied by the paths from state s meets the bound > p. Examples of
bounds are > 0.99 and < 0.01. A special case of i p is no bound, in which case
we calculate a probability. We write P—[¢)] which returns the probability, from
the initial state, of 9. If we don’t want to start at the initial state, we can apply a
filter thus: P_+[1){¢}], which returns the probability, from the state satisfying ¢,
of 9. (Note: if more than one state satisfies ¢ then the first one in a lexicographic
ordering is chosen.)

Table 1. Continuous Stochastic Logic operators

Operator CSL Syntax
True true

False false
Conjunction SN
Disjunction ¢V P
Negation —¢
Implication b= ¢

Next Pop [ X )

[
Unbounded Until Pup[¢pUg]
Bounded Until — Pap [¢USt ]
Bounded Until — Pu, [¢pUZ ]
Bounded Until — Pu,[¢pU1:t2] 4]
Steady-State Seap @]

In the next section we use CSL and PRISM to formulate and check a number
of biological queries against our model for the RKIP inhibited ERK pathway.
We consider four different kinds of temporal property:

1. steady state analysis of stability of a protein, i.e. a protein reaches a level
and then remains there, within certain bounds,

2. transient analysis of monotonic decrease of a protein, i.e. the levels of a
protein only decrease,

3. steady state analysis of protein stability when varying reaction rates, i.e. a
protein is more likely to be stable for certain reaction rates,

4. transient analysis of protein activation sequence, i.e. concentration peak or-
dering.

4.1 Stability of Protein in Steady State

This type of property is particularly applicable to the analysis of networks where
transient and sustained signal responses can produce markedly different cellular
outcomes. For example, a transient signal could lead to cell proliferation, whereas
a sustained signal would result in differentiation.
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Level

Fig. 6. Stability of RAF'1 wrt C in steady state

Consider the concentration of RAF'1. Stability for this protein (within bounds
C —1,C+1) is expressed by the CSL formula:

S_s[(RAF1 > C — 1) A (RAF1 < C +1)] (10)

In other words, the level of RAF'1 is at most 1 increment/decrement away
from C'. The results are given Figure [0l with C ranging over 0...9 (N = 9).
They illustrate that RAF'1 is most likely to be stable at level 1, with a relatively
high probability of stability at levels 0 and 2. It is unlikely to be stable at levels
3 or more.

4.2 Monotonic Decrease of Protein

This type of property expresses the notion that the system does not allow an accu-
mulation of a protein. To decide it, consider two properties. The first property is:

P> [(true)U((Protein = C) A (P>¢.95[X(Protein = C — 1)]))] (11)

This property expresses “Is it possible to reach a state in which Protein
concentration is at level C' and after the next step this concentration is C' — 1
with the probability > 95%7”. Figure [ illustrates evaluating this property for
RAF1, with N =9 and C ranging over 1...9: the result is false for levels 1 to
4 and true for levels 5 to 9.

The second property evaluates the probability of accumulating a protein (as-
sume RAF1) within 120 seconds, but only once RAF'1 has reached a given level
of (lower) concentration. The property is defined by :

P_:[(true)US?Y(RAF1 > O){(RAF1 = C)}] (12)
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true

5 6 7 8 9

Fig.7. RAF1 decreases with probability 95%

0o 1 2 3 4 5 6 7 8 9
Level

Fig.8. RAF'1 increases from a given concentration level

This property expresses “What is the probability of reaching a state with a
higher level of RAF'1 from the state where the concentration level is C?” The
result is given in Figure B with C ranging over 0...9.

Note that the first property concerns the probability of protein decrease, from
a given level; the second property concerns the probability of exceeding a given
level, within a given time. From the combined results of the two experiments,
we conclude there is a low probability of accumulating RAF'1, when the concen-
tration is between levels 5 and 9.

4.3 Protein Stability in Steady State While Varying Rates

This type of property is particularly useful during model fitting, i.e. fitting the
model to experimental data. As an example, consider evaluating the probability
that RAF1 is stable at level 2 or level 3 (in the steady state), whilst varying
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the performance of the reaction 1 (the reaction which binds RAF1 and RKIP).
We vary the parameter k; (which determines the rate of r1) over the interval
[0...1]. The stability property is expressed by:

S_s[(RAF1 > 2) A (RAF1 < 3)] (13)

Consider also the probability that RAF'1 is stable at levels 0 and 1; the formula
for this is:
S_2[(RAF1 > 0) A (RAF1 < 1)] (14)

Figure[@ gives results for both these properties, when N = 5. The likelihood of
property (13) (solid line) peaks at k1 = 0.03 and then decreases; the likelihood
of property (14) (dashed line) increases dramatically, becoming very likely when
k1> 0.4.

O l'I 1 1 1 1
0 0.2 0.4 06 0.8 1
ki

Fig. 9. Stability of RAF'1 at levels {2,3} and {0,1}

4.4 Activation Sequence Analysis

The last example illustrates queries over several proteins: sequences of protein ac-
tivations. Consider two proteins: RAF1/RKIP and RAF1/RKIP/ERK — PP.
Is it possible that the (concentration of the) former “peaks” before the latter?
Let M be the peak level.

The formula for this property is:
P_+[(RAF1/RKIP/ERK — PP < M)U(RAF1/RKIP = ()] (15)

This property expresses “What is the probability that the concentration of
RAF1/RKIP/ERK — PP is less than level M, until RAF1/RKIP reaches
concentration level C'?” The results of this query, for C' ranging over 0, 1,2 and M
ranging over 1...5 are given in Figure[I(} the line with steepest slope represents
M =1, the line which is nearly horizontal is M = 5. For example, the probability
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Fig. 10. Activation sequence

RAF1/RKIP reaches concentration level 2 before RAF1/RKIP/ERK — PP
reaches concentration level 5 is more than 99%, the probability RAF1/RKIP
reaches concentration level 2 before
RAF1/RKIP/ERK — PP reaches concentration level 2 is almost 96%.

To confirm these results, we conducted the inverse experiment — check if it
is possible for RAF1/RKIP/ERK — PP to reach concentration level 5 before
RAF1/RKIP reaches concentration level 2. The property is:

P_3[(RAF1/RKIP < C)U(RAF1/RKIP/ERK — PP = M)| (16)

This property expresses “What is the probability that the concentration of RAF'1/
RKIP isless thanlevel C until RAF1/RKIP/ERK — PP reaches concentration
level M?” The results are given in Figure [Tl which is symmetric to Figure[IQ for
example, the probability RAF1/RKIP/ERK — PP reaches concentration level
5 before RAF1/RKIP reaches concentration level 2 is less than 0.14%.

This concludes our analysis of temporal queries, we now consider using our
stochastic model for simulations, and relating those simulations to (determinis-
tic) ODE simulations.

5 Comparison with ODE Simulations

While our primary motivation is analysis with respect to temporal logic proper-
ties, it is interesting to consider simulation as well. Our stochastic models permit
simulation, in PRISM, using the concept of state rewards [Pri]. For comparison,



Analysis of Signalling Pathways Using Continuous Time Markov Chains 59

0.2

zzz=zZ]
wwnonn
—“DwhHo

0.15

0.05

C

Fig. 11. Inverse activation sequence

we also implemented a standard deterministic model, given by a set of ODEs,
in the MATLAB toolset. The ODEs are given in Appendix [A.2

To compare simulation results between the two types of model (i.e. stochas-
tic and deterministic), consider the concentration of phosphorylated M EK,
MEK — PP, over the time interval [0...100]. Concentration is the vertical
axis. Figure [[2 plots the results, using the ODE model and two instances of our
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Fig. 12. Comparison ODE and Stochastic models: MEK-PP simulation
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stochastic model, with N = 3 and N = 7. The “upper” curve is the ODE simu-
lation, the “lower” curve is the stochastic simulation, when N = 3; the curve in
between the two is the stochastic behaviour when N = 7. As N increases, the
closer the plots; with N = 7 the difference is barely discernable.

We make the comparison more precise by defining the distance between the
stochastic and deterministic models:

where z is the number of proteins, 0. .. IV are concentrations levels in the stochas-
tic model, m; is the concentration of i*" protein in the deterministic model, and
m; N is the concentration of the i'" protein in the stochastic model. [0...y] is
the time interval for the comparison. As N increases, the stochastic and deter-
ministic models converge, namely

lim A=0.
N—oo

Convergence is surpisingly quick. For example Table [2] gives the number of
cumulative error metrics over 200 data points, in the time interval [0..100], of
the protein RAF'1/RKIP (which exhibits the maximum error in this pathway).

Table 2. Error measurements

N €a €r Ceg, Ceg
3 0.126 mM  0.28  21.557 mM  2.58
4 0.103 mM  0.217  17.569 mM  1.727
5 0.086 mM 0.176 14.582 mM 1.191
7 0.061 mM  0.122  10.402 mM  0.605
11 0036 mM 0071  6.042mM  0.204

The metrics are:

e Maximal absolute error of simulation ¢,,

e Maximal relative error of simulation e,.,

e Cumulative absolute error of simulation Ce,,
e Cumulative square error of simulation C'e2.

We conclude that in this network, N = 7 is quite sufficient to make the
two models indistinguishable, for all practical purposes. This was a surprising
and very useful result, since computation with small N is tractable on a single
processor. This means that for the example network, our stochastic approach
offers a new, practical analysis and simulation technique.

6 Discussion

A number of interesting (generic) temporal biological properties were proposed
in [CFO03], but we have not repeated that analysis here. Rather, we have con-
centrated on further properties which are specific to signalling networks and
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population based models. Mainly, we have found steady-state analysis most use-
ful, but we have also illustrated the use of transient properties.

PRISM has been a useful tool for model checking, experimentation, and even
simulation. All computations have been tractable on a single standard processor
(the times are trivial and have been omitted).

We have assumed that the duration of a reaction is exponentially distributed.
We choose the negative exponential because this is the only “memoryless” distri-
bution. Our underlying assumption is that reactions are independent of history,
that is they depend only on the current concentration of each reagent. Mass
action kinetics are based on a similar assumption. It would be interesting to
consider whether other distributions have a physical interpretation, and if so, to
investigate how they relate to experimental and statistical results.

In Section B4 we showed that our PRISM model relates to mass action kinet-
ics. While simulation is not the primary goal of our approach, in Section [bl we
demonstrated that with small N, our model provides (more than) sufficient sim-
ulation accuracy, for the example system. This is because the example pathway
has reactions which are all on a similar scale. If we were to apply our approach
to a pathway where the changes of concentrations are on different scales, i.e. the
corresponding ODE model is a set of stiff equations, then we could still reason
about the stochastic model using temporal logic queries. However, simulations
would not be as accurate, for small N. If more accuracy of simulation was re-
quired, then we would have to either increase N, or encode a more sophisticated
solver within the PRISM representation (at the expense of transparency).

7 Related Work

The standard models of functional dynamics are ordinary differential equations
(ODEs) for population dynamics [Voi00, (CSK™03|, or stochastic simulations for
individual dynamics [Gil77].

The recent work of Regev et al on m-calculus models [RSS01l [PRSS01] has
been deeply influential. In this work, a correspondence is made between molecules
and processes. Here we have proposed a more abstract correspondence between
species (i.e. concentrations) and processes. Whereas the emphasis of Regev et
al is on simulation, we have concentrated on temporal properties expressed in
CSL. More closely related work is presented in [CGHO4] where the stochastic
process algebra PEPA is used to model the same example pathway. The main
advantage is that using the algebra, different formulations of the model can be
compared (by bisimulation). One formulation relates clearly to the approach here
(proteins as processes) whereas another permits abstraction over sub-pathways.
Throughput analysis is main form of qualitative reasoning, though it is possible
to “translate” the algebraic models into PRISM and then model check. The
algebraic models cannot be used directly for simulation.

Petri nets provide an alternative to Markov chains [PWMO03, [KH04], with time,
hybrid and stochastic extensions [PZHK04, [MDNMO00, [GP98]. However, there are
no appropriate model checkers for quantitative analysis (e.g. for stochastic Petri
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nets), or there are difficulties encoding our nonlinear dynamics (e.g. in time Petri
nets), thus we cannot directly compare approaches.

The BIOCHAM workbench [CEF03, ICRCD™04] provides an interface to the
symbolic model checker NuSMV; the interface is based on a simple language for
representing biochemical networks. The workbench provides mechanisms to rea-
son about reachability, existence of partially described stable states, and some
types of temporal behaviour. However, quantitative model checking is not sup-
ported, only qualitative queries can be verified.

8 Conclusions

We have described a new quantitative modelling and analysis approach for sig-
nal transduction networks. We model the dynamics of networks by continuous
time Markov chains, making discrete approximations to protein molar concen-
trations. We describe the models in a high level language, using the PRISM
modelling language: proteins are synchronous processes and concentrations are
discrete, abstract quantities. Throughout, we have illustrated our approach with
an example, the RKIP inhibited ERK pathway |[CSK™03].

The main advantage of our approach is that using a (continuous time) stochas-
tic logic and the PRISM model checker, we can perform quantitative analysis
such as what is the probability that a protein concentration reaches a certain
level and remains at that level thereafter? and how does varying a reaction rate
affect that probability? The approach offers considerably more expressive power
than simulation or qualitative analysis. We can also perform standard simula-
tions and we have compared our results with traditional ordinary differential
equation-based (simulation) methods, as implemented in MATLAB. An inter-
esting and useful result is that in the example pathway, only a small number
of discrete data values is required to render the simulations practically indis-
tinguishable. Future work will include the addition of spatial dimensions (e.g.
scaffolds) to our models.
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A  Models

A.1 PRISM

The PRISM model is defined by the following; the system description is omitted
- it simply runs all modules concurrently.

stochastic

const int N = 7;
const double R = 2.5/N;

module RAF1
RAF1: [0..N] init N;

[r1] (RAF1 > 0) -> RAF1*R: (RAF1’ = RAF1 - 1);
[r2] (RAF1 < N) -> 1: (RAF1’ = RAF1 + 1);

[r5] (RAF1 < N) -> 1: (RAF1’ = RAF1 + 1);
endmodule

module RKIP
RKIP: [0..N] init N;

[r1] (RKIP > 0) -> RKIP*R: (RKIP’ = RKIP - 1);
[r2] (RKIP < N) -> 1: (RKIP’ = RKIP + 1);
[r11] (RKIP < N) -> 1: (RKIP’ = RKIP + 1);
endmodule

module RAF1/RKIP
RAF1/RKIP: [0..N] init O;

[r1] (RAF1/RKIP < N) -> 1: (RAF1/RKIP’ = RAF1/RKIP + 1);
[r2] (RAF1/RKIP > 0) -> RAF1/RKIP*R:

(RAF1/RKIP’ = RAF1/RKIP - 1);
[r3] (RAF1/RKIP > 0) -> RAF1/RKIP*R:

(RAF1/RKIP’ = RAF1/RKIP - 1);
[r4] (RAF1/RKIP < N) -> 1: (RAF1/RKIP’ = RAF1/RKIP + 1);
endmodule

module ERK-PP
ERK-PP: [0..N] init N;

[r3] (ERK-PP > 0) -> ERK-PP*R: (ERK-PP’ = ERK-PP - 1);
[r4] (ERK-PP < N) -> 1: (ERK-PP’ = ERK-PP + 1);

[r8] (ERK-PP < N) -> 1: (ERK-PP’ = ERK-PP + 1);
endmodule
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module RAF1/RKIP/ERK-PP
RAF1/RKIP/ERK-PP: [0..N] init O;

[r3] (RAF1/RKIP/ERK-PP < N) -> 1:
(RAF1/RKIP/ERK-PP’ = RAF1/RKIP/ERK-PP + 1);
[r4] (RAF1/RKIP/ERK-PP > 0) ->
RAF1/RKIP/ERK-PP#*R:

(RAF1/RKIP/ERK-PP’ = RAF1/RKIP/ERK-PP - 1);
[r5] (RAF1/RKIP/ERK-PP > 0) ->
RAF1/RKIP/ERK-PP#*R:

(RAF1/RKIP/ERK-PP’ = RAF1/RKIP/ERK-PP - 1);
endmodule

module ERK
ERK: [0..N] init O;

[r5] (ERK < N) -> 1: (ERK’ = ERK + 1);
[r6] (ERK > 0) —-> ERK*R: (ERK’ = ERK - 1);
[r7] (ERK < N) -> 1: (ERK’ = ERK + 1);
endmodule

module RKIP-P
RKIP-P: [0..N] init O;

[r5] (RKIP-P < N) -> 1: (RKIP-P’ =RKIP-P + 1);

[r9] (RKIP-P > 0) -> RKIP-P*R: (RKIP-P’ =RKIP-P - 1);
[r10] (RKIP-P < N) -> 1: (RKIP-P’ =RKIP-P + 1);
endmodule

module RP
RP: [0..N] init N;

[r9] (RP > 0) -> RP*R: (RP’ = RP - 1);
[r10] (RP < N) —> 1: (RP’ = RP + 1);
[r11] (RP < N) -> 1: (RP’ = RP + 1);
endmodule

module MEK-PP
MEK-PP: [0..N] init N;

[r6] (MEK-PP > 0) -> MEK-PP*R: (MEK-PP’ = MEK-PP - 1);
[r7] (MEK-PP < N) -> 1: (MEK-PP’ = MEK-PP + 1);

[r8] (MEK-PP < N) -> 1: (MEK-PP’ MEK-PP + 1);
endmodule

65
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module MEK-PP/ERK
MEKPPERK: [0..N] init O;

[r6] (MEK-PP/ERK < N) -> 1: (MEK-PP/ERK’ = MEK-PP/ERK + 1);
[r7] (MEK-PP/ERK > 0) -> MEK-PP/ERK*R:
(MEK-PP/ERK’ = MEK-PP/ERK - 1);
[r8] (MEK-PP/ERK > 0) -> MEK-PP/ERK*R:
(MEK-PP/ERK’ = MEK-PP/ERK - 1);
endmodule

module RKIP-P/RP
RKIP-P/RP: [0..N] init O;

[r9] (RKIP-P/RP < N) -> 1: (RKIP-P/RP’ = RKIP-P/RP + 1);
[r10] (RKIP-P/RP > 0) -> RKIP-P/RP*R:
(RKIP-P/RP’ = RKIP-P/RP - 1);
[r11] (RKIP-P/RP > 0) -> RKIP-P/RP*R:
(RKIP-P/RP’ = RKIP-P/RP - 1);
endmodule

module Constants
Xx: bool init true;

[r1] (x) -> 0.53/R: (x’ = true);
[r2] (x) -> 0.0072/R: (x’ = true);
[r3] (x) -> 0.625/R: (x’ = true);
[r4] (x) -> 0.00245/R: (x’ = true);
[r5] (x) -> 0.0315/R: (x’ = true);
[r6] (x) -> 0.8/R: (x’ = true);
[r7] (x) -> 0.0075/R: (x’ = true);
[r8] (x) -> 0.071/R: (x’ = true);
[r9] (x) -> 0.92/R: (x’ = true);

[r10] (x) -> 0.00122/R: (x’ = true);
[r11] (x) -> 0.87/R: (x’ = true);

endmodule

A.2 ODE Model

The ODE based model, given by the following reactions, is implemented in MAT-
LAB toolset. The kinetics are taken from [CSKT03].

1. RAF1 + RKIP — RAF1/RKIP
@ —0.53- RAF1-RKIP

2. RAF1/RKIP — RAF1 + RKIP
@ —0.0072- RAF1/RKIP
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RAF1/RKIP + ERK-PP — RAF1/RKIP/ERK-PP
@ —0.625- RAF1/RKIP - ERK — PP

. RAF1/RKIP/ERK-PP — RAF1/RKIP + ERK-PP

@ =0.00245 - RAF1/RKIP/ERK — PP
RAF1/RKIP/ERK-PP — ERK +RKIP-P + RAF1
% =0.0315- RAF1/RKIP/ERK — PP
MEK-PP + ERK — MEK-PP/ERK

@ —0.8- MEK — PP-ERK
MEK-PP/ERK — MEK-PP + ERK

% =0.0075- MEK — PP/ERK
MEK-PP/ERK — MEK-PP + ERK-PP
@ =0.071- MEK — PP/ERK

RKIP-P + RP —RKIP-P/RP

@ —0.92-RKIP—P-RP

RKIP-P/RP —RKIP-P + RP

@ =0.00122- RKIP — P/RP
RKIP-P/RP — RKIP + RP

4 =0.87- RKIP — P/RP

PP = RP = 2.5 Molar; all other proteins are 0.

67

The initial concentrations are: RAF1 = RKIP = FRK — PP = MEK —
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Abstract. One central issue in systems biology is the definition of for-
mal languages for describing complex biochemical systems and their be-
havior at different levels. The biochemical abstract machine BIOCHAM
is based on two formal languages, one rule-based language used for mod-
eling biochemical networks, at three abstraction levels corresponding to
three semantics: boolean, concentration and population; and one tem-
poral logic language used for formalizing the biological properties of the
system. In this paper, we show how the temporal logic language can
be turned into a specification language. We describe two algorithms for
inferring reaction rules and kinetic parameter values from a temporal
specification formalizing the biological data. Then, with an example of
the cell cycle control, we illustrate how these machine learning techniques
may be useful to the modeler.

1 Introduction

One promise of systems biology is to model biochemical processes at a sufficiently
large scale so that the behavior of a complex system can be predicted under
various conditions. The language approach to systems biology aims at designing
formal languages for describing biochemical mechanisms, processes and systems
at different levels of abstraction. The pioneering use in [I] of the m-calculus
process algebra for modeling cell signalling pathways, has been the source of
inspiration of numerous works in the line of process calculi [2I3/4] and their
stochastic extensions [5].

Recently, the question of formalizing the biological properties of the system
has also been raised, and formal languages have been proposed for this task,
most notably using temporal logics in either boolean [6/7], discrete [SJ9JI0] or
continuous models [ITIT2].

The biochemical abstract machine BIOCHAM [13/T4] has been designed as
a simplification of the process calculi approach using a language of reaction
rules that is both more natural to the biologists and well suited to apply model-
checking techniques [15)]. The rule-based language is used for modeling biochemi-
cal networks at three abstraction levels corresponding to three formal semantics:

C. Priami and G. Plotkin (Eds.): Trans. on Comput. Syst. Biol. VI, LNBI 4220, pp. 68-[34] 2006.
© Springer-Verlag Berlin Heidelberg 2006



Machine Learning Biochemical Networks from Temporal Logic Properties 69

boolean, concentration and population. In the boolean case, where one reasons
only about the presence or absence of molecules, the reaction rules are highly
non-deterministic rewriting rules. This setting is similar to Pathway Logic [0]
and Petri nets. In the concentration (resp. population) semantics, the rules are
equipped with kinetic expressions which provide a continuous dynamics with
Ordinary Differential Equations (ODEs) (resp. continuous time Markov chains),
somewhat similarly to the bio-calculus [I6JI7]. One striking feature of this multi-
level approach is that in the three cases, temporal logic can be used to formalize
the biological properties of the system, and verify them by model-checking tech-
niques.

Turning the temporal logic language into a specification language for
expressing the observed behavior of the system opens the way to the use of
machine learning techniques for completing or correcting such formal models
semi-automatically. There has been work on the use of machine learning tech-
niques, such as inductive logic programming [I8|, to infer gene functions [19],
metabolic pathway descriptions [20021] or gene interactions [8]. However learn-
ing biochemical reactions from temporal properties is quite new, both from the
machine learning perspective and from the systems biology perspective.

In this paper, we first describe the basic BIOCHAM language of biochemical
processes with its three semantical levels, and the temporal logic language used
for formalizing the biological properties of the system. We then present a struc-
tural learning algorithm for inferring reaction rules, or more generally model
revisions, from a temporal specification of the system at the boolean abstraction
level. Next, we detail a similar algorithm for finding kinetic parameter values
from a temporal specification at the concentration abstraction level. These al-
gorithms and their implementation in BIOCHAM] are illustrated in Sect. [ on
a model of the cell cycle control after Qu et al. [22], with examples of model
revision, refinement and parameter search. Finally, we conclude on the merits of
this approach, its limits and on some perspectives for future work.

2 BIOCHAM’s Description Language of Biochemical
Processes

2.1 Syntax

BIOCHAM rules represent biomolecular reactions between chemical or biochem-
ical compounds, ranging from small molecules to proteins and genes. The syntax
of the formal objects involved, and their reactions, is given by the following (sim-
plified) grammar:

I BIOCHAM is a free software implemented in Prolog and dis-
tributed under the GPL license. It is downloadable on the web at
http://contraintes.inria.fr/BIOCHAM. The data used in this paper are available
at http://contraintes.inria.fr/BiochamLearning/TCSB
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object = molecule | molecule :: location

molecule = name | molecule-molecule |molecule~{name,. .. name}
reaction = solution => solution | kinetics for solution => solution
solution = | object | number*object | solution + solution

“on

The basic object is a molecular compound. Thanks to the “::” operator, it can
be given a precise location, which is a simple name representing a (fixed) com-
partment, such as the nucleus, the cytoplasm, the membrane, etc. The binding
operator “—" is used to represent complexations and other forms of intermolec-
ular bindings. The alteration operator “~” makes it possible to attach to a
compound a set of modifications, such as the set of phosphorylated sites of a
protein. For instance, A~{p} denotes a phosphorylated form of the compound 4,
and A”{p}-B denotes its complexation with B.

Reaction rules transform one formal solution into another one. The following
abbreviations are used: A =[C]=> B for the catalyzed reaction A+C => C+B, and
A <=> B for the reversible reaction equivalent to the two symmetrical reactions
A => B and B => A. The constant “ ” represents the empty solution. It is used
for instance in protein degradation rules, like A => | and in synthesis rules,
like =[G]=> A for the synthesis of A by the (activated gene) catalyst G. The
other main rule schemas are (de)complezation rules, like A + B => A-B for the
complexation of A and B, (de)phosphorylation rules, like A =[B]=> A~{p} for
the phosphorylation of A catalyzed by the kinase B, and transport rules, like
A::nucleus => A::cytoplasm for the transport of A from the nucleus to the
cytoplasm.

Reactions can be given kinetic expressions. For instance,

k*[A]*[B] for A=[B]=>A"{p} specifies a mass action law kinetics with param-
eter k for the reaction. These expressions can be written explicitly, allowing any
kinetics, or using shortcuts like MA (k) for a Mass Action law with parameter &,
or MM(Vm,Km) for a Michaelian kinetics.

For an example of a complete model, we refer to the Appendix [Al which
contains a transcription of the model of the cell cycle control of Qu et al. [22],
explained in Sect.

BIOCHAM also offers a rich language of patterns and constraints [23] used
to denote sets of objects or reaction rules, in a concise manner. A rule pat-
tern basically replaces, in a rule expression, some objects by variables, written
$A, $B, and adds constraints on the values these variables can take. For in-
stance, the constraint $A diff $B imposes that the two molecules are different,
or $A more_phos_than $B imposes that $A is more phosphorylated than $B. The
precise description of patterns is however beyond the scope of this article, and
we refer to [14] for details. Patterns are used to write large models in a concise
manner, and to specify the kinds of rules to learn as explained in Sect. [l

2.2 Boolean Semantics

The most abstract semantics of BIOCHAM rules is the boolean one. In that
semantics, one associates to each BIOCHAM object a boolean variable repre-
senting its presence or absence in the system. Reaction rules are then interpreted
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as an asynchronous transition system over states defined by the vector of boolean
variables. A rule such as A+B=>C+D defines four possible transitions correspond-
ing to the complete or incomplete consumption of the reactants A and B. Such
a rule can only be applied when both A and B are present in the current state.
In the next state, C and D are then present, while A and B can either be present
(partial consumption) or absent (complete consumption). This choice is made
in a non-deterministic fashion, in order to over-approzimate all the possible be-
haviors of the system. The transition system is asynchronous, only one rule is
applied at a given time, in order to represent the basic biological phenomena such
as competitive inhibition, where a reaction “hides” another one. On the other
hand, the hypothesis of synchrony (i.e. all rules that can be fired in a given state
are fired simultaneously) would not faithfully represent the competition between
reactions.

The boolean semantics is thus highly non-deterministic. The temporal evo-
lution of the system is modeled by the succession of states in a path, and the
different possible behaviors by the non-deterministic choice of a transition at
each step.

The Appendix [Bl shows a standard graphical representation of the model in
Appendix [A] where the degree of non-determinism can be roughly estimated
visually by the number of edges outgoing from the circular nodes representing
the molecules.

Formally, the boolean semantics of BIOCHAM rules is defined via a Kripke
structure K = (S, R) where S is the set of states defined by the vector of boolean
variables, and R C S x S is the transition relation between states, supposed to be
total (i.e. Vs € S,3s" € S s.t. (s,8') € R). When the transition relation defined
by the reaction rules of a BIOCHAM model is not total, it is automatically
completed by loops on states having no successor. A path in K, starting from
state so is an infinite sequence of states m = sq, s1, - - such that (s;,s;,41) € R
for all 4 > 0. In the following, we will denote by 7* the path sy, Skly

2.3 Concentration Semantics

The concentration semantics is a more concrete semantics, where one associates
to each BIOCHAM object a real number representing its concentration. Reaction
rules are interpreted with their kinetic expressions by a set of nonlinear ordinary
differential equations (ODEE. Formally, to a set of BIOCHAM reaction rules
E = {e; for S; => S!},=1,..n with variables {x1,..., 2}, one associates the
system of ODEs :

n

dxy/dt = Zh‘(%k) *e; — le(mk) * €5

i=1 j=1

2 The kinetic expressions in BIOCHAM can actually contain conditional expressions,
in which case the reaction rules are interpreted by a deterministic hybrid automaton.
For the sake of simplicity, we shall not detail this more general setting here.
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where r;(x) (resp. l;) is the stoichiometric coefficient of x in the right (resp.
left) member of rule 1.

Given an initial state, i.e. initial concentrations for each of the objects, the
evolution of the system is deterministic, and numerical integration algorithms
compute a time series describing the temporal evolution of the system variables.
The integration methods actually implemented in BIOCHAM are the adaptive
step-size Runge-Kutta method and the Rosenbrock implicit method for stiff
systems, which both produce simulation traces with variable time steps.

Figures [l 2 and B in Sect. [6 show graphical views of the result of such com-
putations in the model of Qu et al. with different parameter values.

2.4 Population Semantics

The population semantics is the most realistic semantics but also the most diffi-
cult to compute. This semantics associates to each BIOCHAM object an integer
representing the number of molecules in the system. Rules are interpreted as a
continuous time Markov chain where transition probabilities are defined by the
kinetic expressions of BIOCHAM reaction rules.

Stochastic simulation techniques [24] compute realizations of the process. The
results are generally noisy versions of those obtained with the concentration
semantics. However, in models with, for instance, very few molecules of some
kind, qualitatively different behaviors may appear in the stochastic simulation,
and thus justify the recourse to that semantics in such cases. A classical example
is the model of the lambda phage virus [25] in which a small number of molecules,
promotion factors of two genes, can generate an explosive multiplication (lysis)
after a more or less long period of passive wait (lysogeny).

In the population semantics, for a given volume V; of the location where
the reaction occurs, a concentration C is translated into a number of molecules
N = CxV;x K, where K is Avogadro’s number. The kinetic expression e; for the
reaction 4 is converted into a transition rate 7; (giving a transition probability
after normalization) as follows [25]:

7= x (V; x K)Um2ima i) o TT (1 ()
k=1

where [; is the stoichiometric coefficient of the reactant x; in the reaction rule
1. In particular we have:

— 1; = e; for reactions of the form A =>. ..,
— % for reactions of the form A+B=>...,

Ti = vixK
-1, =2 VinK for reactions of the form A+A=>. ..,
— etc.

3 BIOCHAM'’s Description Language of Biological
Properties

A second language based on temporal logic is used in BIOCHAM to formalize the
biological properties of a system. The temporal logics CTL (Computation Tree
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Logic), LTL (Linear Time Logic) and PLTL (Probabilistic LTL) with numerical
constraints are used in the three semantics respectively. They are used to express
in a formal manner the biological properties of the system that the model is
supposed to capture. These properties correspond to the biological experiments
(observations and measures done in wild-life or mutated organisms, etc.) that
are used to build and validate the model.

Their formalization makes it possible to consider these properties as a spec-
ification to be preserved through operations of model correction, refinement,
simplification or composition. The possibility to verify automatically such a
specification with model-checking techniques opens the way to the curation,
comparison and re-use of different models in a much more systematic fashion
than what the current state-of-the-art permits.

3.1 CTL for the Boolean Semantics

The Computation Tree Logic CTL* [15] is an extension of classical logic that
allows reasoning about an infinite tree of state transitions. It uses operators
about branches (non-deterministic choices) and time (state transitions). Two
path quantifiers A and F are thus introduced to handle non-determinism: A¢
meaning that ¢ is true on all branches, and E¢ that it is true on at least one
branch. The time operators are F, G, X,U and W; X ¢ meaning ¢ is true at the
next transition, G¢ that ¢ is always true, F¢ that ¢ is eventually true, ¢ U ¥
meaning ¢ is always true until ¥ becomes true, and ¢ W ¢ meaning ¢ is always
true until ¥ might become true. In this logic, F'¢ is equivalent to true U ¢, ¢ W
to (¢ U 9)|G¢, and the following duality properties hold: (EF(¢)) = AG(1¢),
WE ¢ U ) = Al W 1¢) and (E¢ W ) = Al U !¢), where ! denotes
negation.

In the CTL fragment of CTL* used in BIOCHAM for implementation reasons,
each temporal operator must be preceded by a path operator, and each path
operator has to be immediately followed by a temporal operator. Table [Il defines
the truth value of a formula in a Kripke structure where states are defined by
boolean variables.

A BIOCHAM model M is defined by a set of rules and a set of possible initial
states. The rules of M define the Kripke structure K associated to the model.
As the initial state may not be completely defined, we distinguish between the
truth of a formula ¢ in all initial states of M, noted M = Ai ¢ (or simply
M E ¢), and the truth of ¢ in some initial state of M, noted M = Ei ¢.

We refer to [TI26/13123], Sect. 6.3 and to Appendix[Alfor examples of biological
properties of a system expressed by CTL formulae. Some of the most used CTL
formulae are abbreviated in BIOCHAM as follows:

— reachable(P) stands for EF(P);

— steady(P) stands for EG(P);

— stable(P) stands for AG(P);

— checkpoint (Q,P) stands for !E(1Q U P);

— oscil(P) stands for AG((P = EF |P)A (1P = EF P)).
— loop(P,Q) stands for AG((P = EF Q) A (Q = EF P)).
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Table 1. Inductive definition of the truth value of a CTL* formula in a given state s
or path 7, for a Kripke structure K

skEa iff v is a propositional formula true in the state s,
s = Ey iff there exists a path 7 starting from s s.t. © = 1,
s = Ay iff for all paths 7 starting from s, 7 = ¥,

sEW  iffs i,

sEY &Y iff sk and s Y,

" iff sk or s

iff sf=4 or s £,

iff s = ¢ where s is the first state of ,

iff there exists k > 0 s.t. 7% |= 1,

iff for all k > 0, ©* |= ¥,

iff there exists k > 0 s.t. 7 = ¢’ and 77 }= ¢ for all 0 < j < k.

iff either there exists k > 0 s.t. 7° =9’ and @7 | ¢) for all 0 < j < k,
or for all k>0, 7" = .

iff T =9 and m =9,

iff r Evyorm Y,

iff =9 or w £,

» »
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e\@
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©
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Without strong fairness assumption, it is worth noting that the last two ab-
breviations are actually necessary but not sufficient conditions for oscillations.
The correct formula for oscillations is indeed a CTL* formula that cannot be
expressed in CTL: EG((P = F |P)A (1P = F P)) [27].

The abbreviations can be used inside CTL formulae. For instance, the formula
reachable(steady(P)) expresses that the steady state denoted by formula P
is reachable, or the formula AG(!P -> checkpoint(Q,P)) expresses that @ is a
checkpoint for P not only in the initial state but in all reachable states.

3.2 LTL with Numerical Constraints for the Concentration
Semantics

The Linear Time Logic, LTL is the fragment of CTL* that uses only temporal
operators. A first-order version of LTL is used to express temporal properties
about the molecular concentrations in the simulation trace. A similar approach
is used in the DARPA BioSpice project [I1]. The choice of LTL is motivated by
the fact that the concentration semantics given by ODEs is deterministic, and
there is thus no point in considering path quantifiers.

The version of LTL with arithmetic constraints we use, considers first-order
atomic formulae with equality, inequality and arithmetic operators ranging over
real values of concentrations and of their derivatives. For instance F([A]>10)
expresses that the concentration of A eventually gets above the threshold value
10. G([A]+[B]<[C]) expresses that the concentration of C' is always greater than
the sum of the concentrations of A and B. Oscillation properties, abbreviated
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as oscil(M,K), are defined as a change of sign of the derivative of M at least
K times:

F((d[M]/dt > 0) & F((d[M]/dt < 0) & F((d[MI/dt > 0)...))). The abb-
reviated formula oscil(M,X,V) adds the constraint that the maximum concen-
tration of M must be above the threshold V in at least K oscillations.

For practical purposes, some limited forms of quantified first-order LTL formu-
lae are also allowed. As an example of this, constraints on the periods of oscillations
can be expressed with a formula such as period(A,75),defined as 3¢t Jv F'(Time =
t& [A] = v & d([A])/dt > 0 & X (d([A])/dt < 0) & F(Time =t + 75 & [A] =
v & d([A])/dt > 0 & X (d([A])/dt < 0))) where Time is the time variable.

Note that the notion of next state (operator X) refers to the state of the
following time point computed by the (variable step-size) simulation, and thus
does not necessarily imply real-time neighborhood. Nevertheless, for computing
for instance local maxima as in the formula above, the numerical integration
methods do compute the relevant time points with a good accuracy.

3.3 PLTL with Integer Constraints for the Population Semantics

For the stochastic semantics, it is natural to consider the PCTL logic [28] which
basically replaces the path operators of CTL, E and A, by the operator Fu, which
represents a constraint b, on the probability that the formula under P, is true.
For instance, A(y U ¢') becomes P>1(1p U ¢'), i.e. the probability that ¢ U ¢’
is realized is 1. The atomic formulae considered here are first-order formulae with
arithmetic constraints, ranging on integers representing numbers of molecules.

However, for efficiency reasons explained in Sect. B3] a fragment of PCTL
formulae, called PLTL, in which the P, operator can only appear once as head
of the formula, is actually considered in BIOCHAM.

4 Learning Reaction Rules from CTL Properties

The description language of biological properties based on temporal logic can be
used to specify the expected behavior of a system, and to let a machine learning
algorithm automatically search for possible model revisions. In BIOCHAM, the
structural learning of reaction rules relies on the boolean semantics. A CTL
specification is thus used to formalize the expected temporal properties of the
model, in the process of learning rules.

4.1 Symbolic Model-Checking Algorithm

The learning algorithm necessitates to check the truth of CTL formulae, and makes
use of counter-examples to direct the search of corrections to the model. In
BIOCHAM, the CTL formulae are evaluated through an interface to the symbolic
model-checker NuSMV [29]. NuSMV also computes counter-examples in the form
of pathways, which is used, for instance, in the search process to revise the model.
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The performances obtained on a large model of the cell cycle control after Kohn’s
map [30], involving 800 rules and 500 variables, have been shown to be of the order
of a few tenths of seconds to compile the model, and check simple CTL formulae
[26]. These performances are nevertheless far below those obtained classically with
NuSMV on much more strongly structured models of circuits or programs. One
characteristic of the boolean models of BIOCHAM is their very high degree of non-
determinism. This may lead to performance problems on small size models having
a high number of parallel pathways, which is the case for instance in the MAPK
model of [3T]. These difficulties are recognized in the symbolic model-checking
community [32] and biochemical networks provide interesting examples of prob-
lems with a high circuit width [33]. On the other hand, the most efficient model-
checking tools based on a representation with Petri nets assume a 1-boundedness
condition stating that at most one token can be present in a place [34], which is
generally not satisfied in biochemical networks.

4.2 Learning One Rule

The boolean semantics of BIOCHAM can be used straightforwardly to search for
one rule to add to, or suppress from, a model in order to satisfy a CTL specifi-
cation. The search can be restricted by providing rule patterns with constraints.

The command learn_one_addition(reaction_pattern,spec_CTL) enumer-
ates each instance of the rule pattern provided as first argument, that, when added
to the model, is sufficient to satisfy the CTL specification given as second argument
(or given implicitly by the command add spec if thereis no second argument). The
time complexity grows linearly in the number of instances of the rule pattern, which
is thus the main complexity factor added to the checking of the CTL specification.

The command learn_one_deletion(reaction_pattern,spec_CTL) enumer-
ates each instance of the rule pattern that is sufficient to delete from the model to
satisfy the CTL specification. Here, the time complexity added to the checking of
the CTL specification is linear in the number of rules in the model.

It is worth noting that, by iterating the search of rules that can be deleted in
a model while preserving its specification, one can easily implement a command
reduce_model (spec_CTL) to compute a minimal subset of rules satisfying a
given specification.

4.3 Learning Several Rules

In order to guide the automatic search for the addition and deletion of several
rules, the CTL formulae can be divided into three classes. The ECTL class
regroups CTL formulae that do not contain the A operator (i.e. no positive
occurrence of A or negative occurrence of E). The ACTL class regroups CTL
formulae that do not contain the F operator. The other formulae are regrouped
in the UCTL class. The reason for this classification is that, in order to satisfy
a false ACTL formula it is necessary to delete rules from the model, whereas to
satisfy a false ECTL formula, it is necessary to add rules to the model:
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Proposition 1. Let K = (S, R) and K' = (S, R') be two Kripke structures such
that R C R'. For any ECTL formula ¢, if s k' ¢ then s ek ¢. For any ACTL

formula &, if s ek & then s ki @.

Proof. Let us prove the proposition for ECTL formulae by contrapositive, i.e.
if s Ex ¢ then s Eg/ ¢. The proof is done by induction on the size of the
proof of s Ex ¢, with ¢ supposed to be in negation-free form, except inside
propositional formulae, and using only the temporal operators X, G and U,
thanks to the equivalences and duality properties given in section B.11

If ¢ = « is propositional, we have « is true in the state s, and since s is also
a state of K’ we get s Ex ¢.

If ¢ = 9p1 & 1o (resp. 11 | 1)) then we have by definition s Ex 11 and (resp.
or) s =k 19, by induction hypothesis we get s Ex+ 11 and (resp. or) s Ex/ 19
and we can conclude that s Ex ¢.

The only remaining case is when ¢ = Et with ¢ starting with a temporal
operator. We know that there exists a path 7 of K such that m =k 1. Note that
since R C R/, m is also a path in the structure K’. Now,

— if ¢ = X9/, we have ©! |=x ', by induction hypothesis, 7! =g 9’ and
since 7 is a path of K’ we get 7 Exr X', q.e.d.

— if ¢ = G, we have " =g ¢’ for all n > 0, by applying the induction
hypothesis to all states 7", we get 7™ =g~ ¢’ for all n > 0, and since 7 is a
path of K’ we get m Ex/ G/, q.e.d.

— if¢p =o' U 9", we have n" =g ¢” for some n > 0 and 7™ =g ¢’ for all
0 < m < n, by applying the induction hypothesis to all 7™ for 0 < m < n
we get, 7" g ", and 7™ g ¢ for all 0 < m < n, thus 7 g ' U 9",
q.e.d.

For an ACTL formula ¢, we once again prove the proposition by contrapositive
and induction on the proof of s =k ¢. The only difference with the above proof
is when we get to the case ¢ = A1), we have to prove that m =k ¥ for all paths 7
starting from s in K but since they are all paths of K’ we can apply the induction
hypothesis and the same reasoning as above applies. We get s =k ¢, q.e.d. a

Following this proposition, model revision algorithms allowing to add and delete
several rules in a model, can be defined by fixing strategies for choosing the next
CTL formula to satisfy, and for searching the rules to add to, or delete from the
the model, according to the class of the formula.

In BIOCHAM, the command

revise_model(reaction_pattern, spec_CTL)

implements such a model revision algorithm. It enumerates sets of rule additions
and deletions that are sufficient to satisfy the specification. The CTL specifica-
tion, as well as a reaction pattern for the rules allowed to be added or deleted,
can be provided as arguments in the command.

To satisfy an unsatisfied ECTL formula, the algorithm tries to add one rule
among the instances of the pattern, and checks it by model-checking. To satisfy an
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unsatisfied ACTL formula, the algorithm searches for rule deletions only, among
the pattern instances that are in the set of the rules provided by the model-checker
as a counter-example. To satisfy an unsatisfied UCTL formula, the algorithm tries
both adding and removing rules, as described formally below. More than one set of
additions/deletions being possible at each step, the algorithm implements a back-
tracking procedure to explore all choices.

ECTL formulae are treated first, UCTL second and then ACTL. However,
the deletions necessary to satisfy an ACTL formula are allowed to dissatisfy
some ECTL or UCTL formulae, in which case they are treated again with the
constraint not to dissatisfy the ACTL formulae already satisfied.

Formally, we present the model revision algorithm by a non-deterministic tran-
sition system over configurations of the form [Q:, @, R] where:

— R is the current set of reaction rules.

— Q= (Fy, Uy, Ay) is the set of treated CTL formulae that are true in R. These
formulae are sorted in three groups: the set E; of ECTL formulae, the set
Uy of unclassified (UCTL) formulae, and the set A; of ACTL formulae.

— Q= (E,U, A) is the set of untreated CTL formulae, sorted similarly in three
groups of ECTL, UCTL and ACTL formulae.

By a slight abuse of notation, we write R |= ¢ if the rule set R satisfies the CTL
formula ¢. The rules considered for addition (noted r in the transitions E’ and
U’ below) are instances of the rule pattern. The rule sets considered for deletion
(noted Re in transitions U” and A’ below) are chosen among the rules computed
by the model-checker as a counter-example to the formula.

The initial configuration is the configuration [(0,0,0), (E,U, A), R], that is,
we start with a model R and an untreated CTL specification. The model revision
algorithm performs the following transitions:

E: [(EtvUtht)v (EU {e}vUv A)7 R] - [(Et U {e}uUtht)u (Ev U7 A)u R]
ifRiEe

E’: [(EtaUt7At)7 (EU {e}aUa A)7 R} - [(Et U {e}’Ut?At)’ (E7 U7 A)’ RU {T}]
ifRiFeandVfe{e]UE,UU;UA; RU{r} Ef

U: [(Et’UhAt)v (Q)aUU {U},A), R] - [(EtvUt U {u}’At)v (@, U, A)7 R]
ifREu

U’ [(Et7Ut’At)a (®7UU {U},A)7 R} - [(Et7Ut U {u}’At)7 (Q)a Ua A)7 RU {T}]
1beéuande6 {U}UEtUUtUAt RU{T} ):f

U”: [(Et,Ut,At), (@,UU {U},A), RU Re] — [(Et,Ut U {u},1415)7 (@, U, A), R}
if RUR, béuandeE {U}UEtUUtUAt R):f

A: [(EtvUtaAt)a (®7®7AU {a})v R] - [(EtvUtht U {a})v (Evava)v R]
ifREa

A’: [(E:UE' U UU', Ay), (0,0, Au{a}), RURe] — [(Et, Ui, AtU{a}), (E',U’, A),
R]
if RURela,Vfe{a)UE,UU;UA; RE fandVge E'UU' R g.

Proposition 2 (termination and correctness). Given a CTL specification

(E,U, A), the model revision algorithm terminates in at most |A|*|EUU| transi-
tions. Moreover, if the terminal configuration is of the form [(Ey, Uy, Ay), (0,0, 0),
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R] then the revised model R satisfies the specification (Ey, Uy, Ay) which is equiv-
alent to the initial specification (E,U, A).

Proof. The correctness of the algorithm comes from the fact that each transition
maintains only true formulae in the satisfied set, which can be trivially checked
for each transition. Moreover, the rules merely exchange formulae between the
untreated and satisfied parts. The complete CTL specification is thus preserved
in the union of the satisfied and untreated sets. Therefore if the algorithm termi-
nates in a configuration containing no untreated formulas, [(E:, Uy, A¢), (0,0,0),
R], its rule set R satisfies the specification (Ey, Uy, A;) that is equivalent to the
original specification.

The termination of the algorithm is proved by considering the lexicographic
ordering over the couple < a,n > where a is the number of untreated ACTL
formulae, and n is the number of untreated ECTL and UCTL formulae. The
transitions E, E’, U, U’, and U” do not change a but strictly decrease n. The
transition A strictly decreases a (and does not change n) while the transition
A’ strictly decreases a. Hence, the complexity measure strictly decreases at each
transition, and, as n is bounded by the initial number of ECTL and UCTL
formulae, there is at most a * n transitions. O

This algorithm thus finitely enumerates model revisions that satisfy a given
specification. However, this algorithm is incomplete for two reasons. First, the
satisfaction of an ECTL or an UCTL formula is searched by adding only one rule
to the model (transition E’ and U’), whereas several rules might be needed. If this
is the case for all ECTL and UCTL formulae, the algorithm terminates in a failed
configuration containing unsatisfied formulae. Second, in the Kripke structure
associated to the BIOCHAM model, the accessibility relation is completed into a
total relation (which is necessary for the definition of Kripke structures). When
a rule is deleted, another rule (loop) may thus be automatically added, thereby
invalidating the assumptions of proposition [

This algorithm is therefore a heuristic algorithm which may fail in cases where
the CTL specification is satisfiable. It is nevertheless usable in practice as illus-
trated in Sect. [6 and has been actually designed from our practical experience.

The search for model revisions is obviously a very computation intensive pro-
cess that can be controlled here with the patterns given for the rules allowed
to be added or deleted. These patterns limit the branching factor of the search
tree explored by the algorithm, while the depth is bounded by the product of the
number of ACTL formulae and the number of other formulae in the specification.

5 Learning Parameter Values from Constraint LTL
Properties

In the same manner as for CTL, one can consider the LTL formulae in the
concentration semantics as a specification of the expected behavior of a numerical
model. Using constraint model-checking techniques, this specification can be
checked for correctness. When it is not satisfied, a search algorithm can be used
to revise the parameter values.
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5.1 Constraint LTL Model-Checking Algorithm

Under the hypothesis that the initial state is completely defined, numerical inte-
gration methods (such as Runge-Kutta or Rosenbrock methods) provide a dis-
crete simulation trace. This trace constitutes a linear Kripke structure in which
LTL formulae can be interpreted. Since constraints refer not only to concentra-
tions, but also to their derivatives, we consider traces of the form

(< to,%md%o/dt >, < t1,$1,d1‘1/dt >, )

At each time point, ¢;, the trace associates the concentration values of the x;’s
and the values of their derivatives dx;/dt. It is worth noting that in variable step
size integration methods, the step size t;+1 —¢; is not constant and is computed
following an estimation of the error made by the discretization.

To verify a temporal property ¢ within a finite time horizon, one can thus use
the following trace-based constraint model-checking algorithm:

1. compute a finite simulation trace;

2. label each trace point by the atomic sub-formulae of ¢ that are true at this
point;

3. add sub-formulae of the form F¢ (resp. X¢) to the predecessors (resp. im-
mediate predecessor) of a point labeled with ¢;

4. add sub-formulae of the form ¢; U ¢2 to the points preceding a point labeled
with ¢2 as long as ¢, holds;

5. add sub-formulae of the form G¢ to the last state if it is labeled by ¢, and
to the predecessors of the points labeled by G¢ as long as ¢ holds.

Being limited to finite simulation traces, and since G¢ =!F(!¢), we choose to
label by G¢ the last state if it satisfies ¢.

The rationale of this algorithm is that the numerical trace contains enough
relevant points, and in particular those where the derivative changes abruptly,
to correctly evaluate temporal logic formulae. This has been very well verified
in practice with various examples of published mathematical models.

5.2 Parameter Search

One can use constraint LTL model-checking to design a generate and test algo-
rithm for finding parameter values such that a given LTL specification is satisfied.

A set of parameters, together with intervals of possible values and a precision
parameter, are input to an enumeration algorithm. All value combinations are
then scanned with a step size corresponding to the given precision, until the
specification is satisfied. The syntax of the command is:

learn_parameter (parameters, ranges, precision, spec_LTL, time)

where the last argument is the time horizon of the simulation.
This search procedure actually replicates and automates part of what the mod-
eler currently does by hand: trying different parameter values, between bounds
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that are thought reasonable, or computed by other methods such as bifurca-
tion diagrams, in order to obtain behaviors in accordance with the experimental
knowledge. BIOCHAM provides a way to explore much faster this parameter
space, once the effort for formalizing the expected behavior in LTL is done.

The main novel feature of this method is its capability to express and combine
in LTL both qualitative and quantitative constraints on the expected behavior of
the model. Section shows an example where this algorithm already provides
interesting solutions for a two-parameter search.

The computational complexity grows linearly in the number of combinations
of parameter values to try, that is in O(d"™) where n is the number of parameter
values to find and d the number of values to try for each parameter. The difficulty
to use better search algorithms than generate-and-test (such as local search or
simulated annealing for instance) comes from the criterion of satisfaction of LTL
formulae which is naturally boolean and for which a multi-valued measure of
satisfaction can hardly be defined.

5.3 Constraint PLTL Model-Checking Algorithm

The existing probabilistic model-checking tools, like that of PRISM [35], do not
handle well highly non-deterministic examples, nor those where variables have
a large domain as it is the case in BIOCHAM’s population semantics. This led
us to actually consider the PLTL fragment of PCTL formulae in which the B,
operator can only appear once as head of the formula, and to use a Monte-Carlo
method as done in the APMC system [36].

To evaluate the probability of realization of the underlying LTL formula,
BIOCHAM samples a certain number of stochastic simulations using standard
algorithms like that of Gillespie [24] or of Gibson [37]. The outer probability is
then estimated by counting. It is worth noting that this method provides a real
estimate of realization of the LTL formula, whereas PCTL expresses the boolean
satisfaction of a probability constraint (,) over the formula.

In principle, the Monte-Carlo algorithm can thus be used for model-checking
and learning along the same lines as in the concentration semantics. However,
both the stochastic simulation process and the model-checking process are com-
putationally more expensive than in the concentration semantics by several or-
ders of magnitude. For this reason, our machine learning approach is currently
not practical in the stochastic population semantics.

6 Example of the Cell Cycle Control

In this section, we illustrate the use of our machine learning techniques based
on temporal logic specifications, through an example of the cell cycle control
developed by Qu et al. ([22]).

6.1 The Model of Qu et al. Transcribed in BIOCHAM

The model of Qu et al. describes the transitions between the different phases of
the cell cycle. The cell cycle of somatic cells is usually composed of two alternate
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phases: the DNA synthesis (S phase) and the chromosome segregation and mitosis
(M phase). These phases are separated by gap phases (G1 and G2) that ensure
that one phase is finished before the other one starts.

The model of Qu presents the dynamics of one transition, either G1/S or
G2/M, depending on the type of cyclin used in the model, i.e. CycE or CycB
respectively. Here we choose to deal with the G2/M transition and thus with the
B-type cyclin.

In this model, the cyclin is continuously synthesized and degraded, according
to the following rules:

k1 for _=>CycB.
k2% [CycB] for CycB=>_.
k2u* [APC] * [CycB] for CycB=[APC]=>_.

The cyclin associates with a cyclin-dependent kinase called CDK to form a
complex which plays a major role in the control of the transition.

(k3% [CDK]* [CycB] ,k4* [CDK-CycB~{p1,p2}]) for CDK+CycB<=>CDK-CycB~{p1,p2}.

Qu’s model details the network of proteins that regulates the activity of the
complex. This activity depends on the phosphorylation state of the complex, the
presence of an inhibitor and the availability of the cyclin component. For that
reason, Qu considered three positive (1-3) and one negative (4) feedback loops :

1. the active form CycB-CDK~{p1} is inactivated by the Weel kinase, itself in-
activated by CycB-CDK~{p1};

[Wee1]* [CycB-CDK~{p1}] for CycB-CDK"{p1}=[Weell=>CycB-CDK~{pl,p2}.
cwx [CycB-CDK~{p1}]*[Weel]l for Weel=[CycB-CDK~{p1}]=>Weel~{p1}.

2. similarly, the Cdc25 phosphatase (C25~{p1,p2}) activates CycB-CDK~{p1}
which in turn activates Cdc25;

kbux* [C257{p1,p2}]* [CycB-CDK"{p1,p2}]

for CycB-CDK"{pl,p2}=[C25~{p1,p2}]=>CycB-CDK~{p1}.
cz*[CycB-CDK~{p1}]*[C25]

for C25=[CycB-CDK"{p1}]=>C25~{p1}.
cz*[CycB-CDK™{p1}]*[C25~{p1}]

for C25"{p1}=[CycB-CDK~{p1}]1=>C25~{p1,p2}.

3. when present, an inhibitor, CKI, binds to the active form of the complex to
form an inactive trimer (CKI-CycB-CDK~{p1}) that is recognized for degra-
dation when phosphorylated by CycB-CDK~{p1} itself;

(k14*[CKI]*[CycB-CDK"{p1}],k15%[CKI-CycB-CDK~{p1}])

for CKI+CycB-CDK~{p1}<=>CKI-CycB-CDK"{p1}.
ci*[CycB-CDK~{p1}]*[CKI-CycB-CDK~{p1}]

for CKI-CycB-CDK~{p1}=[CycB-CDK~{p1}]1=>(CKI-CycB-CDK~{p1}) {p2}.
k16 [(CKI-CycB-CDK~{p1}) “{p2}]

for (CKI-CycB-CDK"{p1}) ~{p2}=>CDK.

4. CycB-CDK~{p1} activates APC which is responsible for its degradation.
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(([CycB-CDK~{p1}]1~2)/(a~2+([CycB-CDK"{p1}]~2)))/tho
for _=[CycB-CDK~{p1}]1=>APC.
k7u* [APC]* [CycB-CDK~{p1}] for CycB-CDK~{p1}=[APC]=>CDK.

The Appendix [A] contains the complete transcription of Qu’s model, with the
list of kinetic parameter values, and with the definition of an initial state. In
the initial state, the cyclin-dependent kinase CDK, the Weel kinase and the cyclin
inhibitor CKI are present with respective concentrations 200, 1 and 1, all the
other molecules being absent (concentrations set to 0).

In addition, a BIOCHAM model can contain a formal specification in temporal
logic, accounting for the relevant biological properties captured by the model.
For instance, the activation of CycB-CDK~{p1}, the oscillatory behavior of the
active form of the complex, or the compulsory role of CycB-CDK~{p1} in APC
activation are formalized as follows:

reachable(CycB-CDK"{p1}).
0scil (CycB-CDK"{p1}).
checkpoint (CycB-CDK~{p1},APC) .

The command genCTL(CTLpattern) can also be used to automatically gen-
erate a specification from the reaction rules. This specification contains, for each
compound, all the reachable, oscil, and checkpoint properties (or any other
properties specified by a pattern) that are true in the model. Appendix [(] shows
the specification generated from the rules in this example.

6.2 Boolean Abstraction

Qu’s model was conceived to specifically study numerical aspects of the cell cycle.
Reasoning about such models at a boolean level may lead to some problems. For
instance, a fast and a slow reaction are treated equally in the boolean semantics
whereas their kinetics defines which one is preponderant. A property revealing
the difference between these two reactions would then be invalid in the boolean
semantics, which can be checked by BIOCHAM. In that case, the model needs
to be adapted.

For example, in most organisms, Cde25 (more precisely here C25~{p1,p2})
is necessary for the activation of the complex CycB-CDK~{p1}. This property
can be checked in the numerical model by blocking C25~{p1,p2} (setting to 0
the kinetic parameters of the rules producing this compound). In the numerical
model, the activation of CycB-CDK~{p1} is done by a (fast) reaction involving the
phosphatase C25~{p1,p2} and by a background reaction (slower by one order
of magnitude). In the boolean semantics however, the property
checkpoint (C25~{p1,p2},CycB-CDK~{p1}) is false since the second pathway
does not use €25~ {p1,p2}.

That property can be enforced by adding it as a specification and by revising
the model. The command revise model produces the following outputy:

3 The CPU times indicated in this paper have been obtained on a Pentium IV, 1,7GHz,
1GB RAM, under Linux.
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biocham:add_spec (Ai(AG(! (CycB-CDK~{p1})
->checkpoint (C25~{p1,p2},CycB-CDK"{p1})))).
biocham: revise_model.
Success
Time: 441.00 s
40 properties treated
Modifications found:
Deletion(s):
k5 [CycB-CDK"{p1,p2}] for CycB-CDK~{pl,p2}=>CycB-CDK~{pi}.
k16% [CKI-CycB-CDK"{p1}] for CKI-CycB-CDK~{p1}=>CKI+CycB-CDK~{p1}.
Addition(s):

The solution found consists in deleting two rules: the first one corresponding
to the background activation of the complex CycB-CDK~{p1} and the second
one corresponding to another pathway using the dissociation of the inactive
trimer. With this modification, the revised model satisfies the complete CTL
specification.

6.3 Rule Inference

The automatic search for rules can also be used to complete an erroneous model.
To illustrate this, let us delete the rule of CDK-CycB~{p1} activation by Cdc25:
CDK-CycB~{p1,p2}=[C25~{p1,p2}]1=>CDK-CycB~{p1}. and let the system recover the
rule from the specification. After deletion, the model does not verify the CTL
specification anymore. When asking to revise the model, the system recovers the
deleted rule:

biocham: revise_model.
Success
Time: 76.00 s
40 properties treated
Modifications found:
Deletion(s):
Addition(s):
CycB-CDK~{p1,p2}=[C25~{p1,p2}]1=>CycB-CDK~{p1}.

When asking more precisely to learn one rule (as described in Sect. E2l),
the system tests 464 rules, in 25 seconds, and returns only one possible
answer in this example. To reduce the time of search (and the number of out-
puts if several are found), one can also make the rule pattern more precise, like
learn_one_addition(dephosphorylation), where the dephosphorylation pat-
ternis $A~7? =[?]1=> $A. In that case, fewer rules (80) are tested, and the missing
rule is found in less than 5 seconds.

6.4 Model Refinement

The automated method described for learning one rule and revising models can
also be used in an interactive fashion to refine a model, for instance by adding
a molecule to the model.
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Let us include the protein CycE in Qu’s generic cell cycle in order to re-
produce the G1/S transition. New properties are formulated and added to the
specification. As it is the case for CycB, we assume that CycE is only active in a
complex with another cyclin-dependent kinase, called for our purpose CDKp, and
the complex can be inactivated by an inhibitor CKI:

Ai(reachable(CycE-CDKp)), Ai(oscil(CycE-CDKp)),
Ai(reachable (CKI-CycE-CDKp)), Ai(oscil ((CycE-CDKp) “"{p1})),
Ai (reachable ((CycE-CDKp) “{p1})), Ai(loop(CycE-CDKp, (CycE-CDKp) "{pi})),

Rules for synthesis and degradation of CycE and CDKp are added. The spec-
ification is no longer verified and with revise model, BIOCHAM is asked to
propose some rules to correct the model.

biocham: revise_model.
Success

Time: 158.00 s

6 properties treated
Modifications found:

Deletion(s):

Addition(s):
CDKp+CycE=>CDKp-CycE.
CKI+CDKp-CycE=>CDKp-CKI-CycE.
CDKp-CycE=>(CDKp-CycE) “{p1}.
(CDKp-CycE) "{p1}=>CDKp-CycE.

The rules found are quite simple and constitute a first step for refining the
model. This first solution found is followed by roughly 30* other solutions cor-
responding to 30 different ways to achieve the same results for each rule. For
instance the inhibition of (CDKp-CycE) “{p1} performed by dephosphorylation
in the last rule, can be performed as well by other complexation, or degradation
rules. One way to restrict the combinatorics of these revisions is thus to refine the
rule patterns given for the search. Another way is to augment the specification
if more knowledge about the proteins and their activity is available.

6.5 Parameter Search

Now to illustrate the parameter search method, let us consider the estimation of
the two parameters k1 and kbu. These parameters, studied in lengthy details in
Qu’s article, correspond respectively to the parameter for CycB synthesis, and to
the rate of the CycB-CDK"{p1} activation by C25~{p1,p2}. When set to 0, the
numerical simulation exhibits a stable steady state, as shown in Fig. [Il

In order to find satisfactory values, the desired oscillation property may be ex-
pressed as follows: the concentration of the complex CycB-CDK~{p1} oscillates at
least twice in the time horizon of 300 time units, with peaks above the threshold
value 10. Based on its LTL formalization, a search is done for the two parameters
k5u and k1 on a domain of (0,10) and (0,500) respectively, among 20 different
possibilities for each parameter:



86 L. Calzone et al.

1o

[=
[ e S T R |

o s0

100 150 zZoo0 250

Zoo

Fig. 1. Behavior obtained with parameter values: k5u=0 and k1=0
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Fig. 2. Behavior obtained with parameter values k5u=0.5, k1=350 found in response
to the query oscil(CycB-CDK"{p1},2,10.0) over a time horizon of 300 t.u.

biocham: learn_parameters([k5u,k1],[(0,10),(0,500)], 20,
oscil (CycB-CDK"{p1},2,10.0),300).

First values found that make oscil(CycB-CDK~{p1},2,10.0) true:

parameter (k5u,0.5) .
parameter(k1,350).
Search time: 21.54 s

BIOCHAM proposes the first solution that satisfies the specification, here
kbu=0.5 and k1=350. The simulation is depicted in Fig.
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The specification can be further refined to enforce a period of approximately
65 time units:

biocham: learn_parameters([k5u,k1],[(0,10),(0,500)], 20,
period(CycB-CDK~{p1},65), 300).

First values found that make period(CycB-CDK~{p1},65) true:

parameter (k5u,2) .

parameter (k1,150) .

Search time: 236.37 s

WWeel
ARG
CycB-CDK~{p1}
C2E~{p1.p2}
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Fig. 3. Behavior obtained with parameter values k5u=2, k1=150 found in response to
the query period(CycB-CDK~{p1},65) over a time horizon of 300 t.u.

These values produce Fig.[Bl and are actually close to the values published by
Quet al (k5u=1 and k£1=300 with an exact period of 67.65 time units). It is worth
noting that they have been produced in response to a request containing both
qualitative (oscillatory behavior) and quantitative (period and threshold values)
aspects, without overspecifying the expected curve of concentration values.

7 Conclusion

Temporal logic is a powerful formalism for expressing the biological properties of
a living system, such as state reachability, checkpoints, stability, oscillations, etc.
This can be done both qualitatively and quantitatively, by considering first-order
temporal logic formulae with numerical constraints.

In this paper we have shown how temporal logic can be turned into a specifica-
tion language of the behavior of a biochemical system, and how model-checking
and machine learning techniques can be jointly used to infer reaction rules, or more
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generally model revisions, in order to satisfy a temporal logic specification. More
specifically we have described a model revision algorithm which, given a boolean
model and a CTL specification, enumerates a set of solutions in the form of sets of
rules to add to, or delete from, the model in order to satisfy the specification. The
depth of the search tree explored by this algorithm is bounded by a * n where a is
the number of ACTL formulae and n is the number of other CTL formulae in the
specification. The source of incompleteness of this algorithm has been analyzed,
leaving place for further improvements.

Similarly, we have presented an algorithm which, given a numerical model, a
value range for some parameters and an LTL specification with numerical con-
straints over concentrations, searches for parameter values satisfying the speci-
fication.

These algorithms have been ilslustrated with different scenarios of specifica-
tion, rule inference, model refinement and parameter learning in an example of
the cell cycle control after Qu et al. [22].

These first results implemented in BIOCHAM are quite encouraging and
motivate us to go further in the direction of the formal specification of biological
systems and in the improvement of the search algorithms. They also show some
limitations concerning the boolean abstraction level used to reason about biochem-
ical systems. There are many ways to define a boolean model from a numerical
model. The boolean abstraction currently used in BIOCHAM is a strong abstrac-
tion as it simply forgets the kinetic expressions, and considers all possible transi-
tions in an equal setting. Less crude abstractions are however possible and would
be technically more effective. We are currently investigating these abstractions, as
well as their formal relationship, in the framework of abstract interpretation.
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A  BIOCHAM Model of the Cell Cycle Control After [22]

% Cell cycle Qu et al. 2003 Biophysical journal

% Cyclin

k1 for _=>CycB.

k2% [CycB] for CycB=>_.

k2u* [APC] * [CycB] for CycB=[APC]=>_.

(k3% [CDK] * [CycB] , k4* [CycB-CDK~ {p1,p2}]1)
for CDK+CycB<=>CycB-CDK~{p1,p2}.
k5% [CycB-CDK~{p1,p2}] for CycB-CDK™{p1,p2}=>CycB-CDK"{pi}.
k5u* [C257{p1,p2}]* [CycB-CDK"{p1,p2}]
for CycB-CDK™{p1,p2}=[C25~{p1,p2}]1=>CycB-CDK"{p1}.

k6% [CycB-CDK~{p1}] for CycB-CDK~{p1}=>CycB-CDK~{pl,p2}.
[Wee1l* [CycB-CDK~{p1}] for CycB-CDK"{p1}=[Weell=>CycB-CDK"{p1,p2}.
k7% [CycB-CDK~{p1}] for CycB-CDK~{p1}=>CDK.

k7ux [APC]* [CycB-CDK~{p1}] for CycB-CDK™{p1}=[APC]=>CDK.

% Cdc25

k8 for _=>C25.

k9* [C25] for C25=>_.

k9x[C257{p1}] for C2567{p1}=>_.

k9% [C25~{p1,p2}] for €25~{p1,p2}=>_.

bz* [C25] for C25=>C257{p1}.
cz*[CycB-CDK~{p1}]*[C25] for C25=[CycB-CDK~{p1}]1=>C25~{p1}.
azx[C257{p1}] for C257{p1}=>C25.

bz* [C25"{p1}] for C25"{p1}=>C25~{p1,p2}.
cz*[CycB-CDK~{p1}1*[C25~{p1}] for C25~{p1}=[CycB-CDK~{p1}1=>C25~{p1,p2}.
az* [C257{p1,p2}] for C257{p1,p2}=>C25"{p1}.

% Weel

k10 for _=>Weel.

ki11x[Weell for Weel=>_.

k11x[Weel~{p1}] for Weel™{pi}=>_.

bu* [Weel] for Weel=>Weel™{p1}.

cw* [CycB-CDK™{p1}]* [Weel] for Weel=[CycB-CDK~{p1}]=>Weel~{p1}.
aw* [Weel™{p1}] for Weel”{pll}=>Weel.

% APC

(([CycB-CDK~{p1}]~2)/(a~2+([CycB-CDK~{p1}]~2)))/tho
for _=[CycB-CDK~{p1}]=>APC.

[APC] /tho for APC=>_.
% CKI

k12 for _=>CKI.
k13*[CKI] for CKI=>_.

(k14% [CKI]*[CycB-CDK"{p1}],k15* [CKI-CycB-CDK~{p1}])

for CKI+CycB-CDK~{p1}<=>CKI-CycB-CDK"{pi}.
bi*[CKI-CycB-CDK"{p1}]  for CKI-CycB-CDK~{p1}=>(CKI-CycB-CDK~{p1}) {p2}.
ci*[CycB-CDK~{p1}]*[CKI-CycB-CDK~{p1}]



92 L. Calzone et al.

for CKI-CycB-CDK~{p1}=[CycB-CDK~{p1}]=>(CKI-CycB-CDK~{p1}) ~"{p2}.
ai*[(CKI-CycB-CDK~{p1}) ~“{p2}]
for (CKI-CycB-CDK™{p1}){p2}=>CKI-CycB-CDK"{pi}.
k16 [(CKI-CycB-CDK~{p1}) “{p2}]
for (CKI-CycB-CDK~{p1})~{p2}=>CDK.
k16ux [APC]* [ (CKI-CycB-CDK~{p1}) ~{p2}]
for (CKI-CycB-CDK"{p1l})~{p2}=[APC]=>CDK.

parameter(k1,300). parameter(kbu,1).

parameter(k2,5) . parameter(k3,0.15) . parameter(k4,30).
parameter(k5,0.1). parameter(k6,1). parameter (k7,10) .
parameter(k8,100). parameter(k9,1). parameter (k10,10).

parameter(ki11,1). parameter (k12,10). parameter(k13,1).
parameter(k14,1). parameter(k15,1). parameter (k16,2) .
parameter (k2u,50). parameter(k7u,0). parameter (k16u,25) .

parameter(a,4). parameter(tho,25). parameter(az,10).
parameter (aw,10) . parameter(ai, 10). parameter(bz,0.1).
parameter(bw,0.1). parameter(bi,0.1). parameter(cz,1).
parameter(cw,1) . parameter(ci,1).

% Initial state
present (CDK,200) . present (Weel,1). present (CKI,1).
make_absent_not_present.

B Graphical View of the Model

The Fig. @ shows a bipartite graph representation of Qu’s model, where the
reaction rules are in rectangular boxes, the molecules are in circular boxes, the
hard lines materialize the reactants and products of the reactions, and the dashed
lines materialize the catalysts.

C CTL Specification

% Simple specification of Qu’s model generated by genCTL
add_specs ({

Ei(reachable(CycB)),

Ei(reachable(!(CycB))),

Ai(oscil(CycB)),

Ei(reachable(APC)),

Ei(reachable(! (APC))),

Ai(oscil(APC)),

Ai (AG(! (APC) ->checkpoint (CycB-CDK~{p1},APC))),

Ei(reachable(CDK)),
Ei(reachable(!(CDK))),
Ai(oscil(CDK)),
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Ei(reachable(CycB-CDK"{p1,p2})),
Ei(reachable(! (CycB-CDK~{p1,p2}))),
Ai(oscil (CycB-CDK"{p1,p2})),
Ei(reachable(CycB-CDK"{p1})),
Ei(reachable(! (CycB-CDK~{p1}))),
Ai(oscil(CycB-CDK"{p1})),

Ei(reachable(C25~{p1,p2})),
Ei(reachable(!(C257{p1,p2}))),
Ai(oscil(C25~{p1,p2})),
Ai(AG(1(C25~{p1,p2})
->checkpoint (€267 {p1},C257{p1,p2}))),
Ei(reachable(C25)),
Ei(reachable(!(C25))),
Ai(oscil(C25)),
Ei(reachable(C25~{pi})),
Ei(reachable(!(C25~{p1}))),
Ai(oscil(C25"{p1i})),

Ei(reachable(Weel)),

Ei(reachable(! (Weel))),

Ai(oscil(Weel)),

Ei(reachable(Weel™{p1})),

Ei(reachable(! (Weel™{p1}))),
Ai(oscil(Weel™{pi})),

Ai(AG(! (Weel™{p1})->checkpoint (Weel,Weel“{p1}))),

Ei(reachable(CKI)),

Ei(reachable(!(CKI))),

Ai(oscil(CKI)),

Ei(reachable(CKI-CycB-CDK"{p1})),

Ei(reachable(! (CKI-CycB-CDK"{p1}))),

Ai(oscil (CKI-CycB-CDK"{p1})),

Ei(reachable((CKI-CycB-CDK~{p1})~{p2})),

Ei(reachable(! ((CKI-CycB-CDK"{p1}) “{p2}1))),

Ai(oscil ((CKI-CycB-CDK™{p1}) "{p2})),

Ai (AG(! ((CKI-CycB-CDK~{p1}) "{p2})
->checkpoint (CKI-CycB-CDK~{p1},CKI-CycB-CDK~{p1}) "{p2}))}) .
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Abstract. The complexity of biological regulatory networks calls for
the development of proper mathematical methods to model their struc-
tures and to give insight in their dynamical behaviours. One qualitative
approach consists in modelling regulatory networks in terms of logical
equations (using either Boolean or multi-level discretisation). Petri Nets
(PNs) offer a complementary framework to analyse large systems.

In this paper, we propose to articulate the logical approach with PNs.
We first revisit the definition of a rigourous and systematic mapping of
multi-level logical regulatory models into specific standard PNs, called
Multi-level Regulatory Petri Nets (MRPNs). In particular, we consider
the case of multiple arcs representing different regulatory effects from the
same source. We further propose a mapping of multi-level logical regu-
latory models into Coloured PNs; called Coloured Regulatory Petri Nets
(CRPNs). These CRPNs provide an intuitive graphical representation of
regulatory networks, relatively easy to grasp.

Finally, we present the PN translation and the analysis of a multi-level
logical model of the core regulatory network controlling the differentia-
tion of T-helper lymphocytes into Thl and Th2 types.

1 Introduction

Most biological processes are spatially and temporally regulated by networks of
interactions between regulatory products and genes. To cope with the complexity
and characterise the dynamical properties of these genetic (requlatory) networks,
various formal approaches have been proposed (for a review, see [6]). The lack
of precise, quantitative information about the shape of regulatory functions or
about the values of involved parameters pleads for the development of qualitative
approaches. One qualitative approach consists in modelling regulatory networks
in terms of logical equations (using a Boolean or multi-level discretisation, [821]).
The development of logical models for various biological networks has already in-
duced interesting relationships between topological network features and specific
dynamical properties (e.g. the crucial roles of regulatory feedback circuits [22]).

The Petri net (PN) formalism offers a complementary framework to analyse
the dynamical properties of concurrent systems, either from a qualitative or a
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quantitative point of view (see [I7] for an extensive introduction to PNs). Petri
nets have been successfully applied to the modelling and the analysis of metabolic
and signal transduction networks (e.g. [I8IT3I12]). As emphasised in [23], one can
draw extensive relationships between the traditional biochemical modelling and
the PN theory. In particular, the stoichiometry matrix of a metabolic network
corresponds to the PN incidence matrix. In this context, PN invariants are as-
sociated to conservation relations and flux modes (for a review of PN modelling
of biochemical networks, see [I1]).

Published PN models of genetic networks are mostly quantitative models writ-
ten for particular systems, detailing the mechanisms related to transcription and
translation (as, for example in [I5], where the authors employ hybrid PNs). Log-
ical regulatory networks consider a higher level of abstraction where the seman-
tics associated with the interactions between components varies, and regulatory
products are not consumed during the regulatory processes. We have previously
introduced systematic procedures to obtain standard PN models from logical
regulatory graphs (see [3] for the Boolean case, and [4] for the multi-level case
with no multiple arcs). In [5], Comet et al. also proposed a rewriting of logical
regulatory graphs into Coloured PNs comprising just one place and one transi-
tion. Their objective was to provide a mean to automatically generate correct
sets of logical parameters, given the topology of a regulatory graph and temporal
logic formulae expressing observed behaviours of the biological system.

Our proposal of a PN framework (CRPNs and MRPNs) for the modelling of reg-
ulatory networks opens the way for the use of standard PN tools, including model
checking techniques, to identify interesting dynamical properties, or to confront
models with available dynamical data (e.g. temporal gene expression profiles).

In this paper, after recalling the logical formalism basis, we reassess the map-
ping of multi-level logical regulatory models into standard PNs called Multi-level
Regulatory Petri Nets (MRPNs). Here, the main novelty consists in taking into
account non-monotonous regulatory effects through multiple arcs. Indeed, this
situation can arise in regulatory networks as demonstrated in Section @ Next,
we briefly define a Coloured PN representation of logical regulatory graphs. The
resulting Coloured Regulatory Petri Nets (CRPNs) constitute an intuitive graph-
ical representation of regulatory networks, relatively easy to grasp by biologists.
In Section B, we illustrate our approach with the PN representation and the
analysis of a multi-level logical model of the core regulatory network controlling
the differentiation of T-helper lymphocytes into Thl and Th2 types.

2 Logical Regulatory Graphs

In this section, we revisit the definition of logical regulatory graphs, introducing
some additional notations which will be useful for the PN rewriting (see [21122/2]
for further detail on the logical formalism).

A requlatory graph is a labelled directed graph where nodes represent genes
(or, more generally, regulatory components) and arcs (directed edges) repre-
sent interactions between genes. Let G = {g1,...,9n} be the set of genes (or
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nodes of the regulatory graph). For each ¢g; € G, we define its mazimum ez-
pression level Max; (Max; € N*), and x; denotes its current expression level
(x; €{0,1,...,Max;}).

For each gene g;, Reg(i) denotes the set of its regulators, i.e.: g; € Reg(s) iff
there exists an interaction from g; to g; in the regulatory graph. Note that a
regulatory graph may contain self-regulated genes.

Depending on its levels of expression, a gene g; € Reg(i) may have distinct
regulatory effects on gene g;. This situation is represented by multiple arcs join-
ing g; to g;. Therefore, the specification of an interaction comprises (in addition
to its source and target) an interval of integers included in [1, Max;] defining
the range of the levels of the source for which the interaction is operating. Con-
sequently, a couple of integers (S;(j), m;(j)) is associated to each g; € Reg(i),
where:

— S;(j) is the lowest expression level for which g; has a regulatory effect upon
g;. It verifies: 0 < S;(j) < Max;;

— m;(j) is the multiplicity of the arc from g; to g;, 4.e. the number of interac-
tions from g; towards g;. It verifies: 0 < m;(j) < Max; — S;(j) + 1.

Summing-up, if g; is a regulator of g;, either it regulates g; through a unique
interaction (m;(j) = 1), or through several interactions (m;(j) > 1). In this
case, a multiple arc connects g; to g;, composed by m;(j) simple arcs labelled
by integer intervals [sk, si], kK =1,...,m;(j), with,

— 51=5i(j), 8, (;) = Max; and Uy Vs, s3] = [S:(5), Max],
— for any k # 1, 1 <k, I <my(j), [sk,s,] N [s1,5] = 0.

For each gene g;, we define the set Z (i), called input of g;, which contains
all the interactions towards g; in the regulatory graph and their corresponding
intervals: Z(i) = {(g;, [k, s}]), 9; € Reg(t), k=1,...,m;(j)}.

Remark 1. For all g; € G we have:
— all its levels of expression are pertinent: ming, cg /4, e reg(k) Sk (i) = 1,
— the indegree of the node g; is given by: #Z(i) = ZgjeReg(i) m;(j),
— Reg(i) = Z(7) if and only if all regulators of g; are the sources of simple arcs

towards g;: Reg(i) =Z(i) < m;(j) =1, Vg; € Reg(i).

For sake of conciseness, considering a set of interactions X C Z(i), we write
“g; € X7 instead of “3 [sg, s;,] C [1, Max;] such that (g;, [sk, s1.]) € Z(i)”.

Admissible sets X C Z(i) as defined below correspond to possible combination
of interactions operating together upon gene g;.

Definition 1. A subset X of Z(i) is said to be admissible if it does not contain
several interactions from the same regulator: g; € X and gr, € X = g; # gx.

Now, given X an admissible subset of Z(7), it defines a partition of Reg(i):

Reg(i) = Reg(i)X U Reg(i)"
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Reg(i)™ being the set of regulators of g; which are source of one interaction in X,

and Reg(i)X the set of the other regulators: Reg(i)X: {g; € Reg(i), g; ¢ X}.

When the expression levels of all the genes are given, one can determine the
operating interactions of the network and, for each gene, its relevant admissible
set of operating interactions. Then, the effects of these sets of interactions are
represented by logical parameters defined as follows.

Definition 2. For g; € G, the application K, associates a value K;(X) in
[0,Max;] to each admissible subset X of Z(i). The value K;(X), called logical
parameter, defines the level towards which g; tends when X is the set of operat-
ing incoming interactions. We denote K the set of all the applications K;.

Thus, for each gene g;, the K;(X)’s constitute parameters of the model as they
define the qualitative effects of all possible combinations of incoming interactions.
They are said logical because X C Z(i) can be described by a conjunction of
conditions on the levels of expression of the regulators of g;.

Summarising, a logical regulatory graph is defined by three components:

— a set of nodes G = {g1,...,9n} with the maximum level Max; € N of each
9i5

— a set of labelled arcs Z defined by the union of the sets of interactions tar-
geting the genes g; of G: |J,_; ,, Z();

— a set of parameters I = {K ( (),i=1,...,n,X CZ(i), X admissible }.

Note that the biologists commonly consider two types of interactions: activation
(respectively repression, or inhibition) has a positive (resp. negative) effect on the
targeted gene, i.e. induces an increase (resp. a decrease) of its level of expression.
However, an effective activatory or inhibitory regulation generally depends on
the level of cofactors. Indeed, as one gene may be regulated by several genes,
the regulatory effect of one of them may depend on the state of the others.
Therefore, in the sequel, we will not explicitly consider the sign of an interaction
which could be derived from the values of the logical parameters.

A state x of a regulatory graph (G,Z,K) is a n-tuple (z1,...,z,) of the
expression levels of the n genes of G: x € [[\—,[0, Max;].

The (discrete) dynamics of the system can be represented by state transition
graphs, where nodes represent states, and arcs represent transitions between
states. In the sequel, we consider only asynchronous elementary transitions (for
each transition, only one variable value is changed by an unitary increase or
decrease). Thus, a state differs from its predecessor by exactly one component.

For each gene g; € G, the application 7; associates to each state x of the
system the logical parameter K;(X) to be considered in state x. The set X is
determined by the set of interactions which are operating upon g; in state x:

x)=> K(X) J[ tpesu@) T (0= Lsgmag(@)),

XCT() (g5 lsr-s))EX ;€ Req(i)™
(1)

where 14 is the indicator function of A: 14(z) =1 if x € A, 0 otherwise.
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Now, the applications 7; (i = 1,...,n) allow us to formally define the dynam-
ics of the system. For any state x = (z1,...,zy), if z; # T;(x) (i = 1,...,n),
there is one transition (arc) in the state transition graph from state x to state
y defined by:

y; = x; for all j # i, yi = x; + sign(T;(x) — ;) ,

with, sign(a) = +1 if a > 0 and sign(a) = —1 if a < 0, for all a € Z*.

For a given initial state, the corresponding state transition graph defines all
the possible trajectories of the system from the selected initial conditions. In
this graph, terminal strongly connected components correspond to attractors of
the system, i.e. sets of states in which the system dynamics is trapped (e.g.
cyclic behaviour or stable states). Therefore, it is interesting to determine such
structures, as well as, for each attractor, its basin of attraction (i.e. the maximal
set of states S such that all paths containing a state in S reach the attractor).

3 Multi-level Regulatory Petri Nets (MRPNs)

In this section, we define a systematic rewriting of logical regulatory networks
into PNs called Multi-level Regulatory Petri Nets (MRPNs). The previously
defined Boolean Regulatory Petri Nets (cf. [3]) are a special case of MRPNs.
In [4], we have introduced MRPNs and their application to the genetic switch
controlling the lysis-lysogeny decision in the bacteriophage lambda. But this
definition of MRPNs did not take into account the possible presence of multiple
arcs in the regulatory graph. Here, we reconsider the definition of MRPNs, to
handle multiple regulatory effects of one gene upon another.

Consider a regulatory graph where each gene g; has Max; + 1 significant levels
of expression and a current level z; € {0,...Max;}. Recall that Z(7) is the set of
all possible incoming interactions towards g;.

— For all gene g; € G, two (complementary) places are defined, denoted g; and
g;- The sum of their marking must always equal Max;. More precisely, the
marking of place g; represents the current expression level of the correspond-
ing gene, and then g; has x; tokens, while g; has Max; — z; tokens.

— For all parameter K;(X) and all admissible set X CZ(i) (i = 1,...,n), two
transitions are defined, denoted t x and t; y, corresponding to an increase
or a decrease of the expression level of g;. Indeed only three situations are
possible. When the current expression level is greater (resp. smaller) than
K;(X), we allow an increase (resp. a decrease) of the gene level by one unit
at a time. The case where the current level equals K;(X) is omitted in the
PN representation as it implies no change in the gene expression. Transitions
tj'X and t; x are enabled when the interactions in X are operating and those
in Z(i) \ X are not.

Therefore, # Reg(i) places are connected to t;fX and t; y by test arcs (double
arcs which test the presence of a given number of tokens):
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Fig. 1. Weighted arcs and places connected to transitions tj:X and t; &

o for all (g;,[sk, si]) € X, the condition s, < z; < s}, must hold (to ensure
that the interaction is operating): places g; and g; are connected to both
transitions with test arcs weighted s, and Max; — s}, respectively;

o forall g; € Reg(i)X, the condition z; < S;(j) — 1 must hold (recall that
S;(j) denotes the lowest level for which g; has an effect upon g;): place g;
is connected to both transitions with a test arc weighted Max; —S;(j)+1.

Transitions t+X and ¢, y are connected to g; and g; in the following way,

e transition t; y is enabled if »; > K;(X) + 1 and its firing decreases

the level of g;. Therefore place g; is connected to t; ;.x by an output arc
weighted K;(X) + 1 and an input arc welghted K (X) (when enabled,
t; x removes one token from g;). Moreover, g; is connected to t;X by an

input arc (the firing of ¢; y adds the token removed from g; to g;);
e transition t+X is enabled if z; < K;(X) — 1 and its firing increases

the level of gene g;. Therefore g; is connected to t+ by an output arc
weighted Max; — K;(X) + 1, and an input arc Welghted Max; — K;(X)
(when enabled, ti)  removes one token from g;). Moreover, g; is con-

nected to t;fX by an input arc (the firing of t;fX adds one token in g;).
The Figure [l illustrates the connections between transitions tj'X and ¢; y and
places g;, gi, g; and g; (for g; € Reg(1)).
Remark 2. In the case of a self-regulator, (g;, [sk,s}]) € Z(i), we have also:
X
s < x; < s} if (g3, [Sk, $%]) € X, or @; < S;(7) — 1 if g; € Reg(4)

3.1 MRPNSs, Definition and Properties

The following definition provides the re-writing rules which define the MRPN
corresponding to a regulatory graph.

Definition 3. Given a multi-level logical regulatory graph, R = (G, Z, K) and
an initial state x° = (29,...2%), the associated Multi-level Regulatory Petri
Net N(R) = (P, T, Pre, Post, My) is defined as follows:
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P=GuUG= {91,915, 9n,gn} is the set of places,

Tk = {tj)X, tix, i=1,...n, X CI(i) admissible} is the set of transitions,
Pre: PxT — {0,...maz} (with max = maz{Max;,i = 1,...,n}) is the
mapping defining weighted arcs from places to transitions,

Post : T x P — {0,...max} is the mapping defining weighted arcs from
transitions to places,

o M, is the initial marking defined by: Mo(g:) = ¥ and My(g;) = Max; — 9.

For all g; € G, Pre and Post are defined as follows:

1- Case g; & Z(i) (g; is not a self-requlator). For all admissible X C Z(i),
consider the transitions t;- ix andt; y; only the following terms have to be defined
(all the other terms bemg equal to zero):

(g, [sks s3]) € X, Pre(g;, 8 x) = Post(t{ x, 95) = sk
. Pre(gj,t ¢ *¢) = Post(t b ® ¢, G;) = Max; — s, ac{+,—}
Vg; € Reg(i) Pre(gj, 7 x)=Post(t7 x, gj) = Max; — 5;(j) + 1
(2)

Pre(gl,tl_X) =K;(X)+1 Pre(g,t; X) = Max; — K;(X)+1
Post(t; X7gz) = K;(X) Post(t;] X,gz) Max; — K;(X) (3)
Post(t : ix»0i) =1 Post(t . X,gz) =1.

2- Case g; € Z(1) (g; is a self-requlator). For all admissible X C Z(i), consider
the transitions t+X and t; X5 only the following terms have to be defined (all the
other terms bemg equal to zero):

o if (g, [Sk, s},)) € X, let define p; =max{sg, K;(X)+1}, \s=min{s), K;(X)-1},

V(gj, [sk, s,)) € X, 5 # 1, Pre(%j, ¢ x)=Post(tx, g;) = s
Pre(gj, ti x)=Post(l7 x, gj) = Max; — ST, ae{+,—-}

X .
Vg; € Reg(i) , Pre(g;, t x) =Post(t3 x , §j)=Max;—S; (j)+1
(4)
Pre(gist; x) = p Pre(gi,ti'x) = sg
Post(t . X7gz) i — 1 Pre(gi,t . X) = Max; — \; 5)
PTe(gz,tl ) = Max; — s, Post(t; X,gl) Max; — \; — 1

Post(t szgz) Max; — s}, + 1 Post(t Z’X7gz) =sp+1.
o ifg € Reg(i)X, let define v; = min{S;(i), K;(X)},

V(9j, [sk, s,]) € X, Pre(g;j,tfx)= Post(t x, ;)= sk
. Pre(@7tgx): Post(tﬁx,g}}): Max; — s, ac{+,—}
Vg; € Reg(i) ,j # i, Pre(g;,t{x) = Post(t{x, gj)=Max; — S;(j)+ 1
(6)
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Pre(gi, ;X) =K;(X)+1 Pre(g;, ZX) =Max; —v; +1
Pre(g;, ZX) Max; — S;(i) +1 Post(t 1X7gz) Max; — v; )
Post(lX,g,) Max; — S;(7) + 2 Post(zX7gZ)—1

Post(t; ,9:) = Ki(X).

In the absence of self-regulation, equations (2] define the test arcs: for all
(95, [sk, s%]) € X, the number of tokens in place g; must lay between s and s} ;

and for all g; € Reg(i)X the number of tokens in g; must be less than S;(j) — 1
(or the number of tokens in g; must be as least Max; — S;(4) + 1).
Equations (@] left), state that if g; contains at least K; (X )+1 tokens, then ¢
is enabled and one token is removed from g; to be added to g;. Symmetrlcally,
equations (B right) state that if the number of tokens in g; is less than K;(X)—1,
then tj'X is enabled (its firing removes one token from g; and adds one to g;).
In the case of a self-regulator, if (s, [sk, s}]) € X equations (5 left) state that
if the marking of g; belongs to [sk, s] (the self-regulation is operating), and is
also greater than K;(X) + 1, then ¢y is enabled. Whereas if the marking of g;

belongs to [sg, s}.] and is smaller than K;(X)— 1, then t;fX is enabled (equations

X
([ right)). The case where g; € Reg(i) is symmetrical (cf. equations [7]).
Recall that markings of complementary places together represent levels of
expression. They thus satisfy the condition introduced in the following definition.

Definition 4. Given a MRPN N(R), a valid marking M corresponds to a
state of the multi-level requlatory graph R = (G,Z,K) and verifies:

Vgi € G, M(gi) = Max; — M(gi) . (8)

Property 1. Given a MRPN N(G,Z, K) and a valid initial marking, any reachable
marking is still valid. Therefore, the MRPN is bounded: places g; and g; are
Max;-bounded (for all g; in G).

The proof is straightforward. Moreover, the marking graph of the MRPN is
isomorphic to the state transition graph of the corresponding regulatory graph.
This property has been formally stated for the Boolean case in [3].

The MRPN associated to a logical regulatory graph R = (G,Z, ) has 2#G
places and 2 Zgieg 2#Z()) transitions. In most of the cases, this last number can
be significantly reduced applying the rules discussed in the following remarks.

Remark 3. The first reduction consists in avoiding all transitions which are never
enabled by construction (their enabling markings are not valid). As illustrated
in the Figure 2 for a gene g; and an admissible set X of incoming interactions,
transitions tl x and t; y are enabled for exclusive ranges of g; values ([in f;, sup;]
denotes the interval of possible values of the expression levels of g;). These ranges
can reduce to the empty set in some cases. This is easily seen in the absence of
self-loops, when parameter values are extremal (i.e. 0 or Max;). Indeed in this
case [inf;, sup;] = [0, Max;] and,
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— if K;(X) = 0, we can omit transition t;fX as equations ([Bright) state that
t;fX is enabled if g; contains Max; — K;(X) + 1 = Max; + 1 tokens, and this
marking is not valid;

— if K3(X) = Max;, we can omit transition ¢; y as equations (Blleft) state that
t; x is enabled if g; contains K;(X)+ 1= Max; + 1 tokens, and this marking
is not valid.

tix tix
% L 2
inf; Ki(X) Sup;

Fig. 2. Transitions ¢y and t; y defined for each parameter K;(X) are exclusive: if
z; < K;(X) — 1, then tIX is enabled, whereas if x; > K;(X) + 1, then t; x is enabled

The case where g; is a self-regulator is somewhat fastidious to describe, but
it follows the same principles. Let consider gene g; self-regulated. Then,

— if (g, [sk, $}]) € X, then [inf;, sup;] = [sk, si] (with w; = maz{sk, K;(X) +
1}, Ay = min{s},, K;(X) — 1} as in Definition [3]), then,

e if K;(X) =0 then \; = —1 and we can omit transition t;fX as equations
[BElright) state that t;fX is enabled if g; contains Max; — \; = Max; + 1
tokens, and this marking is not valid;

o if K;(X) = Max; then p; = Max; + 1 and we can omit transition t; x as
equations (Blleft) state that t;X is enabled if g; contains p; = Max; + 1
tokens, and this marking is not valid;

—if g; € Reg(i)X, then the set of possible values of g; is [0, Max;] \ [sk, 5],
so that the interval in Figure 2] should be divided in two parts. Considering
v; = min{S;(i), K;(X)} as in Definition B]

e if K;(X) =0 then v; = 0 and we can omit transition t;fX as equations
([@right) state that t;fX is enabled if g; contains Max; —v; +1 = Max; +1
tokens, and this marking is not valid;

e if K;(X) = Max;, we can omit transition ¢; y as equations (T left) state
that tix is enabled if g; contains K;(X)+ 1 = Max; + 1 tokens, and this
marking is not valid.

Moreover, if g; is a self-regulator, both t;fX and ¢; y can be omitted in the
two following cases:

— if (g, [sk, %)) € X and K;(X) = sx = s}, = Max; (in this case inf; = Max;,
the range of values enabling both transitions is empty),

~if g; € Reg(i)" and K;(X) = Si(i) — 1 =0.

The second kind of reduction which can be performed is presented next.
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Remark 4. All admissible set X C Z(g;) defines a logical formula which is a
conjunction of literals of the form [z; > si] and not[z; > s}] for all (g;, [sk, s}]) €

X and notlx; > S;(i)] for all g; € Reg(i)X (¢ = 1,...,n). In general two
transitions are associated to such formula (excepting the reductions derived from
the previous remark).

Now, consider all the logical parameters having the same value z € [0, Max;].
They define a disjunction of conditions (the corresponding admissible sets X C
Z(g;) such that K;(X) = x) under which g; should tend to level z. This disjunctive
formula can often be simplified. In a work in progress, we consider extensions of
Binary Decision Diagrams (introduced in [I]) to represent, for a given gene and
a given value, the set of logical parameters taking this value. This representation
can lead to a simplified disjunctive formula expressing the condition under which
g; should tend to z. This reduction implies a lower number of transitions in the
MRPN. Indeed, it is easy to verify that the number of transitions is at most twice
the number of terms in the reduced disjunctive formula.

Remarks[Bland Ml can lead to a significant reduction of the MRPN corresponding
to a logical regulatory graph. An illustration is provided in the Figure [0 in
Section [l Observe that, in any case, the number of transitions is related to the
(reasonably low) indegrees of the genes in the logical regulatory graph.

3.2 Coloured Regulatory Petri Nets (CRPNs)

One drawback of the MRPNs is that they are not easily readable. This point has
motivated the use of Coloured PNs for the modelling of logical regulatory net-
works (for an introduction to Coloured PNs, see [14]). In addition to readability,
Coloured PNs are well suited for model checking techniques.

In the following definition, we specify the rewriting of a logical regulatory
graph R into a Coloured Regulatory Petri Net (CRPN).

Definition 5. Given a requlatory graph R = (G,Z,K) and an initial state x°,
we define the Coloured Regulatory Petri Net C(R) = (X, P, T, A,C,G, E,x") as
follows:

X the finite set of colour sets: X = {[0,Max;], i =1,...,n}.
P={g1,...,g9n} the set of places.

C the color function associates to each place its expression domain (or colour
set): C: P — X, C(g;) = [0, Max;].

T ={Ty,...,T,} is the set of transitions.

A C (PxTUTXP) is the set of arcs linking places and transitions; VT; € T,

(9, Ti) € A, (T3, gi) € A. (10)

Let denote *T; = Reg(i) U {g;} the set of input places of T;.
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e FE the arc expression function defined as follows: VT; € T,
vg; € *Ti\{g9:}, E(g;, Ti) = E(Ti, g;) = x;, x; €Clg;), (11)

E(gi, Ti) = i, z; € C(g:), (12)
E(T;, gi) = x; + sign(Ti(x) — x;), X € H C(gk) - (13)
gr€P
o G={G1,...,G,} is the set of guards; to each transition T; is associated a
guard G, a Boolean function defined as follows:
vxe [] ¢lg),  Gi(x) =[Ti(x) # i ]. (14)
gj€P
e The initial marking x° = (29,...,2%) assigns to each place g; one token

2 € C(g;) with 2 being the value of gene g; in the initial state x°.

Fig. 3. The CRPN structure representing the regulation of gene g; by its regulators

The arcs defined in (@) are test arcs, labelled by the current marking of the
places in Reg(i) \ {g:} (Equation [II); the input arc (g;, T;) defined in (I0) has
also z; as a label (Equation [[Z). The enabling of the transition T; depends on
the current state of its input places *7T; and on the Boolean value of its guard
G;. When enabled, the firing of T; modifies the marking of place g; according
to Equation () through the arc (T3, ¢;), g; expression takes the value x; + 1 or
x; — 1, depending on whether 7;(x) is greater or smaller than z; (Equation [[3)).

In (I3) and ([Id]), we could consider a projection of the state vector x on the
subset of places Reg(i) U {g;}, as it is only necessary to consider the markings
of places in *T;.

Note that when 7;(x) = x;, the guard of T is false. Hence, the stable states of
the regulatory network correspond to dead markings in the CRPN (in contrast
with [5] where a stable state is a marking which is its unique successor).

While Coloured PNs are more compact than the corresponding standard PN,
these are amenable to more powerful analyses. Consequently, depending on the
questions to be addressed, one may preferably represent logical regulatory graphs
using one or the other formalism.

A procedure to recover a MRPN from a CRPN can be easily defined. It first
consists in applying the usual method to unfold Coloured PNs. The resulting
ordinary net can then be reduced in order to obtain a MRPN complying the
Definition Bl
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4 Qualitative Dynamical Modelling of Th-lymphocyte
Differentiation

4.1 Introducing Th-cell Differentiation

When human are challenged by a microbial infection, various cell types are
mobilized to protect vital functions and eliminate the pathogen. Among these
different cell populations, the Th lymphocytes play a crucial role in the regu-
lation of the immune response through the integration and excretion of specific
molecular signals (lymphokines) (the letters Th refer to the thymus, the organ
where Th cells maturate, and to the helping function of this cell population).
Depending on the challenge and on the activity of other cell lines, the virgin
T lymphocytes may differentiate into different subtypes (Thl and Th2) charac-
terised by specific gene expression and lymphokine excretion patterns. On the
basis of an extensive analysis of the literature, L. Mendoza has recently proposed
a logical model encompassing the most crucial regulatory components and the
cross-interactions involved in these differentiative decisions [10].

—

1T ole
—I—? I? —h? +?
ﬂ? — @ @
® D Q%

Fig. 4. Logical regulatory graph for the network controlling Th differentiation de-
scribed in [I6]. The nodes represent transcription regulatory factors (T-bet, GATA-3),
signaling transduction factors (STAT1, STAT4, STAT6, SOCS1, IRAK), lymphokines
(IFN-3, IFN-v, IL-4, IL-12, IL-18), and lymphokine receptors (IFN-3R, IFN-yR, IL-
4R, IL-12R, IL-18R). Normal arrows represent activations, blunt arrows inhibitions.

The model of Mendoza is briefly described in the supplementary material
provided on the GINsim web site [25], including an XML (GINML) file containing
the definition of the logical regulatory graph, interaction intervals and parameter
values. This logical model can be analysed using the software suite GINsim,
which can be downloaded from the same url. GINsim provides an interface to
define logical regulatory graphs and to construct state transition graphs [9]. In
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Fig. 5. CRPN translation of the logical model of the network controlling Th differen-
tiation. Note that the topology of the regulatory graph given in Figure [ can be easily
recovered from the CRPN.

particular, GINsim can be used to identify all the stable states of a system
(considering all possible initial conditions) and to check whether these states
can be reached from specific initial conditions.

Using the Definition[Hl, we first construct the CRPN associated with the logical
model defined by Mendoza (including parameter values and considering an initial
state corresponding to virgin Th cells). The resulting CRPN is shown in the
Figure Bl Each place of the CRPN of the Figure [l corresponds to one element
of the original logical regulatory graph. The marking of a place represents the
level of expression (or protein activity) of the corresponding regulatory element.
Each place is fed by one transition, which encodes the logical function of the
corresponding regulatory element. A transition is further linked by test arcs to
each regulator of the corresponding component.

Alternatively, using the Definition [3, the same logical regulatory graph can be
rewritten as a MRPN, where each regulatory node is represented by two com-
plementary places. The logical level of a gene is then represented by the marking
of the reference place, while the number of tokens is constant for each pair of
complementary places. The transitions then correspond to relevant logical pa-
rameters. As mentioned in the previous section, this MRPN can also be obtained
by a proper deployment of the CRPN just described. The Figure [l shows the
subnet of the MRPN corresponding to the regulation of IFN-v and illustrates
the application of the reduction rules of Remarks [ and [@l
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0 1 2
Kien- (D) Kirn-{(STAT-4,1)} Kirn-{(STAT-4,1),(IRAK, 1)}
Kien-{(IRAK, 1)} Kirn-{(STAT-4,1),(T-bet, 1)) Kien-{(STAT-4,1),(IRAK,1),(T-bet, 1)}
Kien-{(IRAK,1),(T-bet, 1)} Kien-{(STAT-4,1),(IRAK,1),(T-bet,2)}
K|FN‘1{(T-bet,1 )} K|FNq{{(STAT-4,1 ),(T-bet,2)
Kien-{(IRAK,1),(T-bet,2)}
Kien-{(T-bet,2)}
(STAT-4=0)A(T-bet=0) | (STAT-4=1)A(T-bet<2)A(IRAK=0) (T-bet=2)
\% \

(STAT-4=0)A(T-bet=1)

(STAT-4=1)A(IRAK =1)

1
tien,

2+ 2- 3+ 3
tien, ™ tens s b By,

4+ 5+
tIFN—V ’ tIFNq,

Fig. 6. Top: graph of the Figure [ restricted to the INF-vy regulators. Middle: each
column corresponds to a specific parameter value given in the first row (0, 1, 2); row 2,
logical parameters for all admissible sets of interactions; row 3, simplified conditions
under which IFN-v tends to the given values (cf. remark H); row 4, transitions repre-
senting these conditions. The reduction rules of remarks [B] and @ result in lowering the
number of transitions from 24 to 7. Bottom: the MRPN representing the regulations

of IFN-~.
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At this point, we thus have two formally equivalent PN representations of a
single parametrised logical regulatory graph. The CRPN representation has the
advantage of graphical simplicity. Furthermore, standard CPN tools can be used
to perform simulations or even develop model checking approaches. In contrast,
although more difficult to grasp visually, the MRPN representation is amenable
to more extensive algebraic analyses. In the sequel, we briefly discuss the analysis
of the MRPN of the regulatory network controlling the Th differentiation. This
analysis has been performed using INA [24] (the INA and PNML files can be
downloaded from [25]).

4.2 Stable States and Their Biological Interpretation

Using a logical simulation tool (e.g. GINsim [J]) or constraint programming [7],
one can identify all existing stable states of a logical model (considering all
possible initial conditions). In the case of Mendoza’s model, four different logical
stable states have been readily identified, each corresponding to a specific cellular
differentiation state:

— the first stable state has all nodes at the level zero and corresponds to the
naive (or virgin) Th lymphocytes;

— the second stable state encompasses four nodes at level one: the interferon-vy
(IFN-v) and its receptor, the signal transduction factors STAT1 and SOCSI,
and the transcription factor T-bet (all the other nodes are at level zero);

— the third stable state is identical to the second one, excepting that IFN-vy
and T-bet are at their highest levels (two);

— finally, the fourth stable state encompasses four nodes at level one: the
interleukin-4 and its receptor, as well as the signal transduction factor STAT6
and the transcription factor GATA3 (all the other nodes are at level zero).

The last stable state clearly corresponds to the Th2 differentiation state,
whereas the second and third stable states correspond to Thl variants. The co-
existence of these two Thl states accounts for different lymphokine dose effects
(IFN-v) and synergic effects of IL12 and IL18, which favor Thl polarisation.

This multistability property can be related to the presence of specific posi-
tive regulatory circuits (each involving an even number of negative interactions)
found in the original regulatory graph. As shown in [I6], four circuits are playing
a crucial role in this process:

— the INF-v pathway, including its receptor, STAT1, and T-bet, which in turn
regulates INF-y expression;

— the IL-4 pathway, including its receptor, STA6, and GATA3, which in turn
regulates IL-4 expression;

— the positive circuit made of the cross-regulation between T-bet and GATAS;

— and finally the self-regulation of T-bet.

The two first positive circuits ensure a cohesive expression of all the regulatory
elements characteristic of the Th1 or Th2 cell populations, respectively. The third
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circuit ensures the mutual exclusion between these expression patterns. Finally,
the last circuit enables the differentiation of Thl subtypes, characterised by
different qualitative levels of T-bet and IFN-~.

Using INA, it is easy to check the stability of the corresponding markings in
our MRPN translation of Mendoza’s model. Furthermore, one can check their
reachability from specific initial conditions, e.g. for proper combinations of lym-
phokines (initially and transiently). To illustrate this point, let us consider three
situations reported in experimental articles (cf. citations in [I6]):

— starting from an initial condition with all nodes at zero but in the presence
of a medium level of INF-v, the system can reach the virgin state (early
extinction of IFN-v signal) or the Thl state characterized by medium level
of IFN-v and T-bet;

— starting from the same initial condition but in the presence of a high level of
INF-v, the system can reach the virgin state or two Thl states, depending
on the duration of the IFN-v signal;

— starting from the virgin state plus a combination of IL-12 and IL-18, the
system can reach the same three stable states as in the preceding situation;

— finally, starting from the virgin state in the presence of 1L-4, the system can
reach the virgin state (early extinction of IL-4 signal) or the Th2 state.

5 Conclusions, Discussion and Prospects

We have presented a combined modelling approach encompassing two main
steps. First, the model specification is done in terms of a generic regulatory
graph, followed by its parameterisation, taking advantage of the flexibility of the
definition of the logical parameters. Next, the resulting parameterised regulatory
graph is translated into the Petri net formalism. In this respect, we have pro-
posed two formally equivalent rewritings, the first based on standard Petri nets
(MRPNSs), the second based on Coloured Petri nets (CRPNs). Our approach has
been illustrated through the PN translation of a logical model of the core reg-
ulatory network controlling the differentiation of T lymphocytes into Thl and
Th2 subtypes. We have shown that the derived CRPN and MRPN models allow
to fully recover the salient dynamical properties delineated in the original logical
model analysis, in particular the stable states and their reachability from given
initial conditions. Note that the current version of GINsim supports the defini-
tion of logical models and the construction of the state transition graphs [25].
A forthcoming version of the software, currently in development, will provide a
PN export functionality based on the rules defined in this paper.

The combination of the logical approach with the PN framework offers promis-
ing prospects for the modelling and analysis of complex regulatory systems. Con-
sequently, logical models become amenable to the numerous tools developed by
the PN community, including model checking techniques. MRPNs are somewhat
difficult to grasp but readily appropriate for algebraic analyses. In particular, it
is possible to identify dead markings (enabling no transition, they correspond to
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stable states of regulatory networks). The identification of livelocks (i.e. cycles
of transition firings in which the dynamics is trapped) is also relevant. In mark-
ing graphs, livelocks correspond to terminal strongly connected components of
more than one node. They represent cyclical attractors of the biological system
and can denote periodic behaviours (e.g. the cell cycle) or homeostasis (e.g. the
control of temperature in the cell). Attractors and their basins of attraction can
be identified applying classical graph theory algorithms on the marking graphs.
But such methods may be intractable when facing complex systems. Moreover,
it can be useful to derive general properties (independently of initial conditions).
Thus, one challenge consists in delineating structural properties of MRPNs (and
CRPNs), in order to derive specific theorems on induced dynamical features.
Taking inspiration from the logical approach (cf. [22]), we presently focus on
the characterization of the dynamical roles of regulatory circuits (cf. [I9] for
some preliminary results in the Boolean case). This should ease the analysis of
large and complex regulatory systems, which remain difficult to explore through
systematic simulations. In addition, CRPNs offer an intuitive graphical repre-
sentation, and can still be readily used to perform simulations or to perform
model checking.

At this stage, the resulting marking graphs cover various (and often incom-
patible) temporal behaviours. In principle, the distinction between alternative
pathways can be forced through assumptions on transition delays or on priorities.
In this context, Stochastic PNs enable the representation of such assumptions
taking into account experimental noise.

In the future, this combined approach will be challenged through its appli-
cation to more complex regulatory networks, eventually combining genetic and
metabolic interactions (cf. [20] for a first step in this direction).
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Simulating Bacterial Transcription and
Translation in a Stochastic w Calculus

Céline Kuttler

Interdisciplinary Research Institute* and LIFL, Lille, France

Abstract. Stochastic simulation of genetic networks based on models
in the stochastic m-calculus is a promising recent approach. This paper
contributes an extensible model of the central mechanisms of gene ex-
pression i.e. transcription and translation, at the prototypical instance
of bacteria. We reach extensibility through object-oriented abstractions,
that are expressible in a stochastic m-calculus with pattern guarded in-
puts. We illustrate our generic model by simulating the effect of transla-
tional bursting in bacterial gene expression.

1 Introduction

Gene expression is essential to all forms of life. In order to maintain their vital
functions, cells selectively activate subsets of their genetic material, which is
stored in the form of DNA. Genes are segments of this linear macromolecule, they
specify molecules that are functional components of the cell. Their expression
proceeds through two phases: transcription of static DNA-encoded information
into a short-lived mRNA molecule, followed by translation of the latter into
proteins. Expression is subject to rigorous control and modulation, referred to
as gene regulation [54], that complicate its understanding.

As a result of regulation, the phases of gene expression are not strictly inde-
pendent, as they were initially deemed. The first such case was found in bacteria:
transcription of certain genes aborts prematurely, unless the nascent mRNA is
translated efficiently [72]. In higher organisms the basic two-phase scheme of gene
expression is extended by additional phases, and couplings may occur between
virtually all levels [37044]. This work concentrates on the common fundamental
mechanisms, as observed in bacteria.

Modeling and simulation seek to contribute to better understanding of the dy-
namics of gene expression. We follow the discrete event modeling approach [61],
to be distinguished from more established continuous deterministic frameworks
[69]. It is appropriate for gene expression and regulation, since decisive events
between individual molecules are inherently discrete. Based on individual inter-
actions, we describe the evolution of molecular networks in gene expression over
time. Discrete event models are typically executed through stochastic simula-
tion [22], which resolves the nondeterministic choice between alternative events,
and introduces a stochastic scheduling. The probability distributions from which
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waiting times between events are drawn can lead to significant variability be-
tween different executions of a model.

In 2001, Regev et al. proposed the stochastic w-calculus as foundation for
discrete modeling and stochastic simulation in systems biology [52/59], which
is a stochastic refinement of the m-calculus [40/42]. The latter was invented by
Milner et al. as a minimal formal language for modeling mobile systems, while
abstracting from the many details of distributed computation, parallel programs,
or multi-threading operating systems. Components of mobile systems dynami-
cally acquire new interaction possibilities as a result of interaction. Such behavior
is reminiscent of intra cellular dynamics. Cells are densely populated by a variety
of molecules that perpetually interact. The observed interaction patterns evolve,
molecules acquire new patterns through modification by others.

The stochastic -calculus [50] augments the 7-calculus with stochastic param-
eters, which control the speed of nondeterministic interactions. These parameters
impose waiting times drawn from exponential distributions. The biochemical
stochastic m-calculus [52] specializes the stochastic scheduling to comply with
Gillespie’s algorithm from 1976, which constitutes a rigorous framework for the
simulation of the dynamics of chemical reactions in the regime of small numbers
[22].

The stochastic m-calculus has recently been applied to a number of biological
simulation case studies, performed in the BioSPI or [52] or SPiM [48] systems.
Kuttler and Niehren [34] proposed to simulate gene regulation in the stochastic
m-calculus. In a first case study they showed how to simulate the molecular-level
dynamics in the control of transcription initiation at the A switch [53]. Cardelli
et al. followed in presenting a complementary view based on networks of genes
in the stochastic m-calculus, hereby assuming gene expression as atomic [6]. Both
contributions left the modeling of transcription and translation to future research.

Contributions. In this article, we present a generic model of the general machin-
ery of bacterial transcription and translation in a stochastic m-calculus, to the
best of our knowledge for the first time. This machinery subsumes the following
aspects, including their quantitative control:

Transcription: promoter binding and unbinding of RNA polymerase, initiation
of transcription, stepwise elongation of RNA, simultaneous transcription of
a gene by multiple RNA polymerases working on disjoint portions of it, co-
transcriptional processing of nascent mRNA molecules, intrinsic termination.
Translation: binding and unbinding of ribosomes to mRNA, initiation of trans-
lation, elongation, simultaneous elongation by multiple ribosomes operating
on disjoint mRNA subsequences, termination, release of the protein.
Degradation of mRNA competing with translation.

Our model is generic in two ways. First, the stochastic parameters can be
flexibly set when using our model components. Second, and more importantly,
our model can be extended to cover points that arise for particular genes. Since
the consideration of specific cases is essential to biology, it is highly desirable
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to provide models covering basic mechanisms, that can later be refined to in-
tegrate further detail. For instance, our model can be extended to account for
genes grouped into operons, as well as alternative promoters for a transcriptional
unit. Both are reflected by the resulting mRNA. Such detailed aspects matter
when engineering regulatory networks [29], and to the quantitative dynamics of
gene expression [67043], however remain poorly supported in current stochastic
simulation packages that tend to emphasize large-scale simulation [55].

From the modeling perspective, the minimality of the 7-calculus is sometimes
unfortunate. Besides other programming abstractions, the 7-calculus lacks object-
oriented features and pattern matching. We use object-oriented programming ab-
stractions in order to create models of DNA and mRNA that become sufficiently
extendable. Objects help specifying the interfaces of concurrent actors. We extend
models by inheritance, i.e. we add new functionality to concurrent actors, while
keeping consistent with their previously defined interface. This idea is new to m-
calculus based simulation approaches in systems biology. As we will see, it applies
to both examples mentioned above, operons and tandem promoters.

As modeling language, we rely on the stochastic w-calculus with pattern
guarded inputs [35], which has been developed in parallel with the present ar-
ticle. Pattern guarded inputs are the key to express concurrent objects in the
m-calculus, as already noticed by Vasconcelos in 1993 [47J68]. We propose a no-
tion of inheritance for objects in the stochastic m-calculus. We keep this notion
on a meta level, rather than defining it inside the w-calculus. It only serves for
creating m-calculus programs, and is compiled away before program execution.

Last not least, we illustrate the power of the presented modeling techniques in
a case study. We concentrate on the effect of translational bursting, that has been
identified as a major source of stochasticity in bacterial gene expression [30/56]. It
arises from variations in the quantitative control of transcription and translation,
and is thus not captured by the atomic representation of gene expression in [6].

Related work. This paper builds on previous work on stochastic simulation of
bacterial gene expression. Heijne and co-authors suggested the the first stochas-
tic treatment of ribosome movement during translation almost 30 years ago [70].
Carrier and Keasling elucidated the relation between molecular actors in trans-
lation and mRNA decay in 1997 [II]. In the same year McAdams and Arkin
attracted wide attention with a scheme for stochastic simulation of gene expres-
sion based on Gillespie’s algorithm [3§]. It combines a continuous representation
of transcription initiation in the tradition of [63] with a stochastic account of
transcript elongation and subsequent processing of mRNA. This schema was
successfully applied to bacteriophage lambda [3]. However, this latter work ne-
glected important differences in stochastic fluctuations between genes due to
distinct translational efficiencies. This aspect was systematically investigated by
Kierzek, Zaim, and Zielenkiewitz [32]. They simulated bacterial gene expression
while systematically varying translation and transcription initiation frequencies.
Their predictions were confirmed experimentally by Ozbudak and co-authors
[45]. The coupling between transcription and translation in the control of tryp-
tophan expression [72] was recently investigated by Elf and Ehrenberg [19].
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DNa — mRNA — proteins
transcription translation

Fig. 1. The first phase of gene expression is transcription of static DNA encoded infor-
mation into RNA molecules, of which several types exist. Short-lived messenger RNA,
or mRNA, acts as information carrier. It serves as template for translation into proteins.

Gillespie style simulations have for long been executed by programs crafted ad
hoc, for one time use. In recent years several dedicated tools for stochastic simu-
lation of genetic and molecular networks have been suggested [2/T5/31155]. While
some of these packages provide templates for gene expression, many models keep
being hand-crafted for a single use.

Several dedicated formal languages for biological modeling have been sug-
gested in recent years, each with different objectives [QT2IT3IT4U5T]. They are
reviewed in [8J49].

Outline. We first provide biological background, highlighting stochastic and con-
current features in gene expression. Section [Blintroduces the stochastic m-calculus
variant with pattern guarded choices that constitutes our modeling language.
Sec. M introduces the expression of multi-profile objects, and a notion of inher-
itance for these. We then present dynamical models of transcription and trans-
lation, validate our approach with a set of selected simulations, and conclude.

2 Bacterial Transcription and Translation

We overview the main activities during transcription and translation, contempo-
raneous events, and couplings between the phases of gene expression. It follows a
presentation of details of transcription and translation at the level of molecular
interactions, which provides the basis for later discrete event modeling. We then
review stochastic aspects of bacterial gene expression, putting an emphasis on
the quantitative parameters that control transcription, translation and mRNA
decay - they are indispensable for stochastic simulation. We finally present par-
ticular cases of transcriptional organization in bacteria, that can have interesting
impact on the quantitative patterns of gene expression.

2.1 Overview of Genetic Actors and Gene Expression

Each cell of an organism contains its complete genetic information, which is
passed on from one generation to the next. It is encoded in a linear, double-
stranded DNA macromolecule that winds up to a helix. Each DNA strand con-
tains a sequence over the alphabet of nucleotides {A,C,G,T}. A gene is a
segment of one strand of DNA, with explicit begin and end delimiters. Its infor-
mation content can be transcribed into a single-stranded RNA molecule. DNA
also comprises regions that are never transcribed, but contain regulatory infor-
mation. Figure [l summarizes the two phase of gene expression.
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Fig. 2. DNA processing by RNA polymerase (RNAP): promoter binding and initiation,
transcript elongation, termination with release of RNA

Transcription of a gene is carried out by RNA polymerase. RNAP assembles RNA
molecules, that reflect the information content of the template DNA strand. Certain
categories of transcripts have an immediate functional role in the cell.
Messenger RNA (mRNA) acts as an information carrier, and is subject to two com-
peting subsequent processing phases: translation into proteins and degradation.

Translation of mRNA into proteins is performed by ribosomes, the largest
macromolecular complexes in the cell. Ribosomes read out the genetic code from
mRNA in three-letter words, mapped into growing sequences of amino acids,
which fold into three-dimensional proteins.

Both transcription and translation follow a similar scheme of three phases.
Figure @l illustrates it for transcription, summarizes as follows:

Initiation. RNAP localizes its start point on DNA, a dedicated promoter se-
quence, where it reversibly binds. Upon successful initiation it opens the
double-stranded DNA, making its information content accessible. RNAP reads
out the first portion of the template DNA strand, assembles the 5’ end of a
new RNA molecule, and continues into elongation.

Elongation. RNAP translocates over DNA in discrete steps of one nucleotide,
and for each adds a complementary nucleotide to the growing transcript.
Throughout elongation, RNAP maintains a tight contact to the growing ex-
tremity of the nascent RNA, as well as the template DNA strand.

Termination. RNAP unbinds from DNA and releases the transcript when it
recognizes a terminator sequence.

mRNA decay. Instability is a second decisive property of mRNA molecules,
that undergo degradation after fractions of a minute to half an hour. When
mRNA was discovered, instability was its defining feature [7I25]. Degradation
is performed by the degradosome, which comprises several enzymes and their
respective actions [L0J26]. The decisive step is the initial access to the 5" end of
mRNA, which competes with translation initiation as Fig. [3 illustrates.

Proteins are the most prominent active constituents of a cell. In brief, proteins
carry out instructions that are hard-wired in DNA. They can be enzymes that
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Fig.3. mRNA is subject to competing translation and transcription. Degradation is
initiated at the 5’ end, while the ribosome assembles on the nearby ribosomal binding
site RBS. The actual translation initiates at the start codon, here ’AUG’.
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Fig. 4. Simultaneous processing of DNA and mRNA [20]

catalyze reactions, receptors sitting on the cell’s outer membrane and conferring
information about the environment to the inside, signaling molecules that carry
on information within the cell, transcription factors that control gene expression
through binding to DNA, or others. All proteins are subject to degradation, their
half-lives usually exceed those of mRNA.

Concurrent features of gene expression. Several features of gene expression have
a flavor of concurrency. The first is simultaneous processing of the same macro-
molecule by a number of molecular actors. The second are interdependencies or
couplings between different phases of gene expression, that are not yet visible in
the simple scheme of Fig.[Il The third is immediate competition for a resource,
as the race for mRNA by ribosomes and the degradosome.

The macromolecules DNA and mRNA are typically processed by multiple ac-
tors at the same time. Bacterial genomes contain several thousand genes, many
of which can undergo transcription at any instant. In addition, each gene can si-
multaneously be transcribed by several RNApP. This is visible in Fig. which
shows a structure reminiscent of a comb. Its backbone is formed by a stretch
of DNA encoding one gene. We can not discern the RNAP themselves, but their
products. The comb’s teeth are formed by these nascent RNA transcripts. Tran-
scription initiates at the left, elongation has a left-to-right orientation, as indi-
cated by the increasing lengths of transcripts. Its end point is easy to recognize:
the non-coding stretch of DNA remains naked. Note that transcription of this
gene initiates with high efficiency, thus the RNAP densely follow each other.
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Table 1. Equations for transcription of DNA

RNAP+ P  —y,, (RNAP- P)closed (2.1)

(RNAP - P)closed  —k,; RNAP+ P (2.2)
(RNAP - P)closed —kjp; (RNAP - P)open (2.3)
(RNAP - P)open —k,;,,, RNAP - DNA; (2.4)
RNAP - DNA, —k,,,,, RNAP - DNA, 4 (2.5)

RNAP - DNAterminator —kqjpn, T’WNAP + DNAterminator + mRNA (2.6)

Figure shows the analogous phenomenon in translation. While the mRNA
itself can not be seen, the visible blobs are ribosomes.

Coupling between phases of gene expression. Unlike in eukaryotes where they
are separated in time and space, transcription and translation are contempora-
neous in bacteria. While one end of mRNA molecule is being elongated by RNAP,
ribosomes start accessing the other end. The coupling between transcription and
translation can become very tight, and fulfill specific goals [24]. Transcriptional
attenuation is a regulatory mechanism in which transcription stops in the case
of low efficiency in translation of the growing mRNA [72]. The complexity of
couplings further increases in higher organisms [36/37].

2.2 DNA and Transcription

The summary of discrete interactions between DNA and RNAP in Table[I] consti-
tutes the basis for our later m-calculus representation [38J39]. It also comprises
the parameters for quantitative control necessary to reproduce the dynamics of
transcription in stochastic simulation.

Equations (Z1)) to (Z3]) represent the three essential steps of transcription
initiation [39], omitting intermediary ones that are not fully characterized: initial
reversible binding of RNAP to promoter DNA (P), followed by transition to the
open complex. The parameter k,, in equation (2.]]) indicates the speed at which
RNAP scans the DNA, recognizes and binds to arbitrary promoters. The closed
complex formed hereby is reversible, its stability is reflected by the promoter
specific ko in (22). In successful initiation RNAP unwinds the duplex DNA
locally, and reaches an open complex (23). This requires a promoter specific
effort reflected by the parameter k;,;;. We will later report parameter ranges.

Regulation of initiation[] Bacteria apply various strategies to use their genetic
material with great effectiveness, in the correct amount and at the appropriate
time [5]. Transcription initiation is controlled by DNA binding proteins. Repres-
sors exclude RNAP from promoters by stable binding to overlapping sequences.
Activators conversely attach in the vicinity of the promoter, and favor initiation

! For completeness we sketch principles of regulation, which we do not cover in this
work. In a previous case study [34] we elaborated on two well characterized bacterial
promoters in the stochastic m-calculus [52].
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Table 2. Equations for translation and and degradation of mRNA

mRNARrBs + Ribosome —y,, mRNAgrgps - Ribosome (2.7)
mRNARps - Ribosome —y,_ . mRNARps + Ribosome (2.8)
mRNARBs - Ribosome —y,,,,, mMRNA; - Ribosome (2.9)

mRNA,, - Ribosome —y_,,. . mRNApy1 - Ribosome (2.10)
MRNAterminator - Ribosome —y,,,. MRNAterminator + Ribosome+ Protein (2.11)
mRNARBs + Degradosome —r, mRNARrps - Degradosome (2.12)

by increasing the transition rate to the open complex k;,;;, or stabilize RNAP by
lowering ko .

FElongation: After a successful transition to the open complex (Z3]), RNAP
starts to transcribe information content from DNA into RNA, at a first coding
nucleotide (24). In elongation (2.3), it continues the synthesis of RNA com-
plementary to the template DNA strand. Only in 2005 experiments provided
evidence for an assumption that had for long remained under debate [I]: RNAP
elongates RNA, while it advances over individual nucleotides by discrete steps,
with an exponential distribution of waiting times determined by by parameter
Eeiong- Elongating RNAP can stall, slow down and pause on certain sequences
[71]. Another detail is that the promoter becomes available for further bind-
ing only after RNAP has cleared the length of its own footprint (a few tens
of nucleotides). This promoter clearance delay becomes rate-limiting at highly
efficient promoters [28], such as the one from Figure

Termination: Following a common view, which omits intermediary steps,
RNAP dissociates from DNA as it recognizes a terminator sequence on the tem-
plate, and releases the completed transcript. Equation (2.6) summarizes this
intrinsic termination. The simplifying notation in Tab. [I] does not explicitly
track the growth of the nascent RNA molecule.

A detail not considered here is that under certain circumstances, small
molecules can load on elongating RNAP, and cause it to overrun intrinsic termi-
nators. This is referred to as anti-termination, and can be explained by a more
detailed model of intrinsic termination. An alternative mechanism is so called
rho-dependent termination [4J27], where a small protein slides along the tran-
script starting from its 5’ end, reaches RNAP and causes it to terminate. We will
not cover this mechanism either.

2.3 mRNA, Translation and Degradation

The flow of mRNA encoded information into proteins is again organized in three
phases, and summarized by Table 2l Equation (2.7 represents the initial step of
ribosome binding and assembly on a dedicated mRNA sequence, the ribosomal
binding site. As depicted in Fig. Bl the RBS is located close to the mRNA’s 5’
end. The ribosome may dissociate readily (2.8). Its stability k. depends on the
agreement with an ideal sequence.
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Table 3. Quantitative control of gene expression

parameter value comment

Transcription of DNA

Kon 0.1 sec™! binding: equally fast for all promoters

::; 10° to 10° unbinding: promoter specific

Kinit 1072 to 107! sec!initiation: promoter specific

keiong 310 sec™? elongation speed: 30 nucleotides/sec
Translation and degradation of mRINA

’Z“; 1 to 100 gene specific mean protein crop per transcript
Keiong 1(1)0 sec™! elongation speed: 100 nucleotides/sec

mRNA lifetime few sec to 30 min

The abbreviation RNAgps in Tab. 2 refers to the 5’ end of mRNA, including
both the RBS and the start signal where translation initiates with an efficiency
Kiniz in (29), that depends on the actual start signal. The ribosome then slides
over mRNA (210), reads out information content and assembles a growing chain
of amino acids. Unlike transcription that maps individual nucleotides, transla-
tion proceeds in three letter words over mRNA (codons), which each determine
one amino acid. Illustrative comics are widespread in the biological literature
[20], nevertheless the detailed internal functioning of ribosomes is only partially
understood [21]. Elongation ends as the ribosome reaches a dedicated terminator
signal on mRNA (ZTT]).

Degradation: Table [ covers the initial step of degradation by ([2I2). Af-
ter this, decay proceeds with the same net orientation as translation, and does
not affect ribosomes that have already initiated. This scheme approximates the
net outcome of multiple degradation pathways in a phenomenological manner
[11126l66]. For long, the detailed understanding of mRNA degradation lagged be-
hind that of other steps in gene expression; this is now changing rapidly [T0J60].

2.4 Quantitative Control of Gene Expression

Part of the variability in gene expression originates from the inherently stochas-
tic nature of the biochemical reactions involved, combined with low numbers of
molecules in regulatory events [65]. Other effects are due to the specific quantita-
tive control for a given gene of interest. In Tables[Il and 2] we met its parameters
as reaction labels kop, Kog, Kinit and kejong. We consider ranges of values in
Table Bl and discuss their impact.

The quantitative properties of promoters vary greatly. On some RNAP falls
off the closed complex within fractions of seconds, while on such with favor-
able k,g parameter, it may remain stably bound for minutes. Transition to the
open complex ([Z3) occurs within a second at strong promoters, at weak ones
after minutes, depending on their k;,;; parameter. Thus, the frequency of tran-
scription per gene varies from one per second (ribosomal RNA) to one per cell
generation (certain regulatory proteins). RNAP elongates transcripts at around
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Fig.5. A geometric distribution characterizes the fluctuations around the mean crop
of proteins per mRNA. P[X > z] for different mean values.

30 nucleotides per second. This combines to an average transcript elongation
delay of roughly 30 seconds, with an average gene length of 1000 nucleotides.

For completeness, we recall that RNAP’s access to promoters can be hindered
by repressor proteins, bound to DNA. A repressor protein can stick to highly
specific sequences for several bacterial generations of each 30 min — 1 hour,
while falling off less specific sequences after a few seconds.

Translation proceeds faster than transcription, such that the average time re-
quired for the translation of a protein from a mRNA is in the order of 10 seconds.
Note that degradation can start before a first protein has been completed from
an mRNA, and that a ribosome bound to the RBS protects mRNA from decay
until it either unbinds or dissociates.

2.5 Translational Bursting

The average number of proteins produced from a single mRNA is gene specific,
typical ranges are between 1 and 100. Nevertheless there are important fluctua-
tions of protein crops, even for transcripts of the same gene, determined by the
race between degradation and translation. When translation initiates efficiently,
and the crop for the transcript is high, ribosomes queue on mRNA, all pro-
teins are released soon after transcript completion. With long spacings between
transcriptions, high crops result in translational bursts in which the number of
proteins rapidly increases. After this for a while very few proteins are made,
until the next burst occurs.

Details. Let p be the probability that translation succeeds in one round, over
degradation that has a probability of (1 — p). Considering several rounds of this
race, the probability to produce x proteins from one transcript before it is de-
graded is given by p®(1 — p): with a probability of p, translation succeeds for
each of n rounds, and then degradation wins with the complementary probabil-
ity of (1 — p). This is a geometric distribution function, which is characterized
by asymmetry and many large values. Figure [ illustrates the complementary
cumulative distribution function for geometric distributions with different mean
values. It indicates the probability to obtain more than x transcripts from one
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transcript, P[X > z]. For example, if the mean crop per transcript is 10, 9% of
the transcripts yield each over 25 proteins.

Translational bursting is frequent. Only a minority of bacterial genes yield
averages of fewer than 5 proteins per transcript, a value of 20 is rather normal,
and burst sizes increase with these means. Combined with the fact that most
genes are only transcribed occasionally, translational bursting becomes preva-
lent; and significantly contributes to stochasticity in gene expression, which has
attracted much attention in recent years [30/56]. It explains why two cells with
identical genetic material, under the same conditions, can exhibit significantly
variable individual behavior. The effects can propagate up to the level of popula-
tion of cells, which are partitioned into sub-populations with externally distinct
characteristics. While these consequences have been known for long, the origins
have have only become observable recently through real time courses of levels in
proteins and mRNA [23/33].

2.6 Transcriptional Organization in Bacteria

We now sketch specific cases in the arrangement of genes and promoters in
bacterial genomes. They have important impact on expression patterns, and are
difficult to explicitly represent in previous modeling approaches. We will discuss
them within ours.

Operons: In bacteria, sequences of several genes are typically co-transcribed
in one go from a common promoter. Figurepresents such an operon; operons
yield polycistronic mRNA molecules in which each cistron codes for a different
protein, bears its own ribosomal binding site and translation start signal. The
translational efficiency can vary up to a factor of 1000 across cistrons on the
same mRNA [58]. Operons eliminate the need for multiple promoters subject
to the same regulatory signal, called regulon and illustrated in Fig. The
proteins encoded by the operon are made available at the same time, even if in
different quantities.

Alternative promoters for one gene sketched in Fig. offer two interest-
ing regulatory strategies in bacteria. Alternative promoter can be activated in-
dependently, depending on different environmental signals. Second, alternative
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Table 4. Syntax of the stochastic w-calculus with pattern guarded inputs

Processes P:=P | P parallel composition

| new z(p).P channel creation

| Ci+...+Cy choice (n > 0)

| A(z) process application
Guarded processes C:=z?f(y).P pattern guarded input

| z!f(y).P tuple guarded output
Definitions D:=A(y) £ P

transcripts of the same gene bear different 5" ends, where both translation and
degradation initiate. The longer transcript is likely to contain a second riboso-
mal binding site, or translation start signal, and be stabler due to secondary
structures into which its 5’ end folds. Both factors allow to further tune protein
crops. Alternative promoters can best be observed for ribosomal RNA genes in
bacteria [T6J46], which account for 90% of transcription in rapidly growing cells.
The aspect of subsequent tunable translation control is relevant for viruses that
infect bacteria, taking the decision to either enter their dormant state, or start
multiplying at the expense of their host cell [62].

Convergent promoters. Two transcriptional units on opposing strands some-
times overlap within a segment of DNA. In this case transcription starts from con-
verging promoters. As illustrated in Fig. two RNAP can then proceed over
the two strands with converging orientations. However transcriptional traffic over
DNA occurs on a single lane, two way street [64]. Head-on collisions between two
RNAP causes at least one participant to fall off DNA, releasing a truncated tran-
script. This suppressive influence is known as transcriptional interference [64].

3 Stochastic Pi Calculus with Pattern Guarded Inputs

We recall the stochastic m-calculus with pattern guarded inputs [35]. Pattern
guarded inputs allow to express concurrent objects in the m-calculus, as already
noticed by Vasconcelos [47[68]. The stochastic semantics is induced by Gillespie’s
algorithm.

3.1 Process Expressions and Reduction Semantics

We construct m-calculus expressions starting from a vocabulary, that consists
of an infinite set of channel names A = {x,y, z,...}, an infinite set of process
names A, and an infinite set of function symbols f € %#. The vocabulary fixes
arities, i.e. numbers of parameters for every process name A and for every func-
tion symbol f. Our vocabulary additionally comprises functions p : .# —|0, c0]
which define collections of stochastic rates associated to channels. If p is assigned
to channel z and f € .Z is a function symbol, then p(f) is the rate of the pair

(@, f)-
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The syntax of our m-calculus is defined in Table @l We write x for finite,
possibly empty sequences of channels 1, ..., x, where n > 0. Whenever we use
tuples f(x) or terms A(x) we assume that the number of arguments (the length
of x) is equal to the respective arity of f or A. Process expressions are ranged
over by P. Let us define the free channel names of all processes P and guarded
processes C' by induction over the structure of such expressions:

P () P) = Lo} U ((P) — {y})  Jo(Py | Pa) = fo(P) U fol )
Fole!F(y).P) = Lk U fol P) U {y} fulmew 2(p).P) = fo(P) - {x}
fo(Ci+ ...+ Cp) = fu(C)U... U fu(Cy)

The only atomic expression (that cannot be decomposed into others) is the
guarded choice of length n = 0, that we write as 0. The expression P;|P, denotes
the parallel composition of processes P; and P». A term new z(p).P describes
the introduction of a new channel x taking scope over P; the rate function p fixes
stochastic rates p(f) for all pairs (z, f) where f € #. We can omit rate functions
p in the declaration of a channel x if all reactions on x are instantaneous, i.e.
p(f) =occforall f € . Z. An expression A(z) applies the definition of a parametric
process A with actual parameters x.

A guarded choice C1 + ...+ C), offers a choice between n > 0 communication
alternatives C1, ..., Cy. A guarded input z7 f(y) describes a communication act,
ready to receive a tuple that is constructed by f over z. The channels y in input
guards serve as pattern variables; these are bound variables that are replaced by
the channels received as input. An output guarded process z!f(y).P describes a
communication act willing to send tuple f(y) over channel x and continue as P.
Here, the channels y are data values, i.e. free.

A definition of a parametric process has the form A(z) £ P, where A is a
process name, and x is a sequence of (universally bound) channels that we call
the formal parameters of A. We assume that definitions do not contain free
variables. This means for all definitions A(x) £ P that fu(P) C {x}ﬂ

We define the operational semantics of the m-calculus in terms of a binary
relation over expressions, called (one step) reduction. The definition relies on
the usual structural congruence between expressions. Reduction steps on an
expression can be performed on arbitrary congruent expressions.

Structural congruence is the smallest relation induced by the axioms in Table[5l
It identifies expressions modulo associativity and commutativity of parallel com-
position, i.e. the order in P|...|P, does not matter, order independence of al-
ternatives in choices, scope extrusion. We also assume a-conversion. Unless this
captures free variables, we can rename variables that are bound by a pattern input
or new.

Table [6] defines the reduction relation. The first axiom tells how to interpret
choices; it comprises channel communication and pattern matching. It applies to
two complementary matching alternatives in parallel choices, an output alterna-

2 In modeling practice, global parameters are quite useful, but not essential. They cor-
respond to free variables in definitions that are introduced by the reduction context,
while fixing their stochastic rates.
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Table 5. Axioms of the structural congruence

(P|P,)|Ps = P1|(P2|Ps)  Pi|[P=P|Pr  Pl0=P
A Ci O+ =+ C - CL

new z1(p1).new x1(p2).P = new z2(p2).new z1(p1).P
new x(p).(P1|P2) = P1| new x(p).Ps, if z ¢ fu(P1)
capture free renaming of bound variables (a-conversion)

Table 6. Reduction relation for a finite set of definitions A

Communication, choice, pattern matching:
2\ f(y).Pr+...| 2?f(2).Po+... — Pi|PJz—y] if z free for y in P»
Unfolding of parametric processes:
A(z) — Ply+—a] if A(y) £ Pin A, and y free for z in P
Closure rules:
P=P P -Q Q=qQ P— P P— P
P—-Q new c(p).P — new c(p).P’ PlQ—-P|Q

tive 2! f (y).P; willing to send a term f(y) and an input pattern x? f(z).P> on the
same channel x, of which the pattern matches in that it is built using the same
function symbol f. The reduction cancels all other alternatives, substitutes the
pattern’s variables z by the received channels y in the continuation P, of the
input, and reduces the result in parallel with the continuation of the output P;.
Note that only matching tuples can be received over a channel. Other sending
attempts have to suspend until a suitable input pattern becomes available. This
fact will prove extremely useful for concurrent modeling. Upon reception, tuples
are immediately decomposed.

The unfolding axiom applies one of the definitions of the parametric processes
in a given set A. An application A(y) reduces in one step to definition P, in which
the formal parameters y have been replaced by the actual parameters x. Note
that parametric definitions can be recursive, and that another call of A may be
contained in P. The usual closure rules state that reduction can be applied in
arbitrary contexts, but not below choices or in definitions.

As in Milner’s polyadic m-calculus, we can communicate sequences of names
over a channel. It is sufficient to fix n-ary functions symbols f for all n > 0, in
order to wrap name sequences of length n. When defining 2?7y.P =g4o¢ z?f(y).P
and zly.P =qer z!f(y).P we obtain the usual reduction step of the polyadic
m-calculus:

zly.Py | 2?72.P, — P | Pz y]
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3.2 Example: Semaphore

Semaphores control the access to shared resources in concurrent systems [17].
They are widespread in programming languages, operating systems, or dis-
tributed databases. Their purpose lies in restricting the access to some resource,
to a single user at a time. We will apply them to grant exclusive access to molec-
ular binding sites. We consider simple semaphores with two states - free and
bound. Importantly, any binding attempt on a bound semaphore has to wait
until the semaphore has become free again.

Semaphore free(me) me?bind () . Semaphore bound (me)

> 1>

Semaphore bound(me) me?free().Semaphore free(me)

Consider the reduction sequence of the following process expression, of a bound
semaphore, located at site s, in parallel with a bind request and a free request.

Semaphore bound(s) | s!bind().0 | s!free().0
— s?free().Semaphore free(s) | s!bind().0 |
slfree().0 — Semaphore free(s) | s!bind().0 —
s?bind () .Semaphore bound(s) | s!bind().0 —
Semaphore bound(s)

In a first step, the Semaphore bound at s unfolds its definition. This creates an
input offer on s to receive a free message. Other messages cannot be received
over s in this state, in particular no bind requests. Hence, the site s cannot get
bound a second time. Only once the free message got received, s was able to
accept the next bind request, while becoming bound again.

3.3 Stochastic Scheduling

In order to apply the Gillespie algorithm to the m-calculus with pattern guarded
inputs, we have considered a w-calculus expression with a chemical solution, and
all instances of the reduction rules of the m-calculus as chemical reaction rules
[35].

An abstract chemical expression is a multiset of molecules. In the set of the
m-calculus, a molecule will be either a choice C; + ...+ C),, or an application
A(y), or more precisely, a congruence class of such an expression with respect to
the structural congruence. A parallel composition without new binder modulo
structural congruence is most naturally identified with a chemical solution, i.e.
a multiset of such molecules.

The new-binder assigns a rate function p, to all channels z in a closed expres-
sion and can be ignored otherwise. By appropriate renaming, this assignment
can be defined globally for all channel names. The chemical reduction rules are
instances of the reduction rules of the m-calculus relative to some set of defini-
tions A. A communication on channel x with pattern function f is assigned the
rate p;(f). Applications of definitions are immediate, i.e. have rate co.

o f(y).Pr+...| 22f(2).Pa+... —=r=U) P | Pz y
A(x) —° Py a] if A(y) = Pin A
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1 module 'semaphore’ A
2 export

3 Semaphore with bind /0, free /0

4 define

5 Semaphore(me) 2 Semaphore free(me)

6 Semaphore free(me) = me?bind().Semaphore bound(me)

7 . Semaphore bound(me) £ me?free().Semaphore free(me) J

Fig. 7. Semaphore

Obj
me
z
l1ﬂa1
Ob,
— j fhfan
'2 7 T extends
a
i | Obj2
Infan fn12n
(a) object (b) inheritance

Fig. 8. Obj2 extends Obj with the ant1-ary function f,i1

The Gillespie algorithm [22] thus defines a scheduling for our m-calculus, includ-
ing the delays for all steps.

3.4 Modules

We use a simple module system on an informal level, inspired by that of SML.
Each module contains a set of definitions and declarations of process names and
function symbols. Modules may export some, but not necessarily all names of
defined processes, and import definitions from other modules.

The module 'semaphore’ (Fig. [[) exports a single process named Semaphore,
which may receive tuples built from two 0-ary function symbols bind and free.
The process names Semaphore free and Semaphore bound are not exported for
external usage, they remain local to the implementation inside the module. Note
that the rates of function calls for each Semaphore are determined by the p of
the channel it is instantiated at.

4 Concurrent Objects

In this section, we introduce the expression of multi-profile objects in the stochas-
tic m-calculus with pattern guarded choices. These object-oriented abstractions
accompanied by a notion of inheritance are one of the central reasons for the ex-
tensibility of the model of transcription and translation presented in the current
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work. Note that previous 7-calculus based approaches to biomolecular modeling
do not use object-orientation.

Objects with multiple profiles are a recent notion [I8]. Multiple profiles en-
able objects to change their interface, i.e. the set of functions offered. Based
on multi-profile objects, we show how to model persistent and degradable lists,
with or without queueing discipline. In Sec. [}l we will refine such lists to models
of DNA and RNA. More traditional concurrent objects can be expressed in a
closely related variant of the m-calculus, as already noticed by Vasconcelos in
the beginning of the nineties [68].

4.1 Single-Profile Objects

A concurrent object resembles a server that offers a set of functions to its clients.
The interface of such an object is specified by a finite set of function names. The
class of an object defines functions for each of the function names in the interface.

In the w-calculus with pattern guarded choices, we represent objects as fol-
lows. The names of object functions correspond to the function names of the
w-calculus; the class of the object is a parametric process name, say Obj. Every
object of this class is represented by an application Obj(me,z) of the class to a
channel me identifying the object and a sequence of parameters z. Its interface
is defined by a choice of input offers on channel me, each guarded by one of the
functions of the object:

Obj(me,z) £
me?fl(xl).Pl
+ me?fn(xn) .Pn

Upon reception of some message matching fi(x;), the object replaces the formal
parameters x; in P; by the actual parameters, and continues as the resulting
process. Note that P; may further depend on the parameters z of the object, and
on global names left free in the object’s definition. In order to continue their
service, most objects go into recursion; sometimes they terminate as the idle
process 0.

We will frequently extend object classes by new functions in order to define
new refined objects, i.e. a newly defined class inherits the functions of an existing
one. Figure[8(b)|illustrates. Class definitions by inheritance are always compiled
into regular w-calculus definitions before execution. Let class Obj be defined by
the following choice:

Obj(me, z) £ C + ... +C,

Inheritance refines this class to Obj2 by adding further choices:
Obj2 extends Obj
Obj2(me,z) extended by Cni1 + ...+ Cn

This definition by inheritance can be resolved as follows:
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1 module 'persistent list ' A
2 export
3 Node with getNext/1,getValue/1,isNil/1
4 Nil  with isNil/1
5 define
6 Node(me, next ,val) £
7 me?getNext(c) .c!next.Node(me, next, val)
8 + me?getValue(c).c!val.Node(me, next, val)
9 + me?isNil(c) .c!false().Node(me, next, Cal)
10 Nil(me) = me?isNil(c).c!true().Nil(me)
N Y

Fig. 9. Persistent list

Obj2(me,z) £ C + ... + Cn [Obj — Obj2]

The latter substitution means that all recursive calls to some Obj are renamed
into recursive calls to Obj2. Note that according to our definition, only if the
added choice is an input offer over channel me, the resulting Obj2 is in turn an
object.

4.2 Examples: Persistent and Degradable Lists

A persistent list consists of a sequence of nodes, each having a successor next
and a value val. It is defined in Fig. [@ by concurrent objects of the class Node
with three parameters: me, next, and val. The successor of a list’s last Node is
represented by a Nil object. Each Node object has three unary functions getNext,
getValue, and isNil. The Nil object provides the unary function isNil only.

Consider a list [a,b] of length 2. Tt is represented by the parametric process,
using the module ’persistent list’.

module 'persistent list [a,b]’

import Node Nil from ’'persistent list '’
export List

define

List(nl) £ new n2(p).new nil.
Node(nl,n2,a) | Node(n2,nil ,b) | Nil(nil)

The rate function p determines the temporal behavior of the second node of
the list, located at n2. We fix it by setting p(getNext)=30. We illustrate list pro-
cessing with a Walker. It traverses the list by querying each node for it successor
via getNext, and stops after identifying Nil by its positive response to isNil.

Walker (node) £ new c;.node!isNil(c1).
ci?true().0
+ c?false().new c2.node!getNext(c2).co2?next.Walker(next)

The attentive reader may have noticed a detail of our Walker process. It is
actively sending requests to objects, which keep waiting for input over their
respective me channels. The same holds for all devices processing representatives
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1 rmodule "degradable list '’ A
2 import Plist (Node, Nil) from ’'persistent list’
3 export
4 Node extends Plist.Node by kill/0
5 Nil extends Plist.Nil by kill/0
6 define
7 Node(me, val , next) extended by me? kill ().0
8 Nil (me) extended by me? kill ().0
J

Fig. 10. Degradable list

of macromolecules (i.e., data structures) in the remainder of this paper: the RNAP
and ribosome abstractions proceed by calling functions that are o ffered by DNA
and mRNA representatives.

After importing module ’persistent list [a,b]’, we let the Walker run over our
example list [a,b]:

List(nl) | Walker(nl)

— new n2(p).new nil. Walker(nl) | Nodes

where Nodes = Node(nl,n2,a) | Node(n2,nil ,b) | Nil(nil)
new n2(p).new nil.Walker(n2) | Nodes

new n2(p).new nil.Walker(nil) | Nodes

new n2(p).new nil.Nodes

List(nl)

*

*

Ll

*

Suppose the first node nl was introduced with rates p as well. All calls to
getNext functions are then associated with a stochastic rate of 30. Given that
this is the single parameter determining an exponential distribution of waiting
times ﬂ our Walker traverses lists at an average speed of 30 nodes per second.
Besides merely running down the list, the Walker does not perform any further
action. We leave it to the reader to extend the Walker into a Copier such that:

List(nl) | Copier(nl,n2) —* List(nl) | List(n2)

Degradable lists. The distinguishing feature between a degradable and per-
sistent list is that the former can be destroyed. We define degradable lists by
inheritance from the persistent in Fig. The import statement in line 2 im-
ports the specifications of Node and Nil from the module ’persistent lists’, which
it refers to as Plist. With this, Plist.Node and Plist.Nil denote the respective ob-
jects of persistent lists, clearly distinguished from the corresponding objects in
non-persistent lists. The export statement tells that this module provides defini-
tions for Node and Nil. These objects provide the same functions as their analogs
from the 'persistent list' module, and additionally kill of arity zero.

A non-persistent list [a,b] can now be built by the same definition as a persis-
tent list [a,b]. The only difference is that we have to import module ’non-persistent
list” instead of ’persistent list’. Destructing a non-persistent list is easy. A Killer

3 When emulating a function call in the 7-calculus, we pass a fresh private channel on
which the result comes back [41], see the Walker’s c1 and ca.
4 The inverse of its mean, in units of seconds.
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proceeds like a Walker, except that it kills a Node before continuing with the
next:

Killer (node) £ new ci.node!isNil(ci).
ci?true() .node! kill().0

+ ci?false().new ca.node! getNext(c2). c2?next.nodel! kill ().
Killer (next)

It is worthwhile observing that Walkers are able to traverse non-persistent lists,
without changing their code. This is one of the main advantages of the object-
oriented approach proposed in this work. Objects of non-persistent lists specialize
those of persistent lists, so we can always replace the latter by the former. This
would not hold for our model encoded in the biochemical stochastic m-calculus
[52].

4.3 Multi-profile Objects

A multi-profile object is a collection of objects, that may recursively depend on
another [I8]. In this paper, we need the concept of multi-profile objects with
an appropriate notion of inheritance (a topic left open by previous work). We
group objects into multi-profile objects by a naming convention. We assume
object names Obj and profile names p such that composed names Obj p belong
to the set of parametric process names. The class of multi-profile object Obj with
profiles py, ..., p, is defined by a collection of classes Obj py, ..., Obj p,:

Obj py(me,z1) £ C + ... + C

Obj p,(me,z0) 2 Cf + ... + G,

We have already seen an example of a multi-profile object, the semaphore from
Sec. B4 with profiles free and bound. We can extend a class Obj into another
Obj2 by adding new functions to some or all profiles:

Obj2 extends Obj
Obj2 p;(me,z;) extended by Ciﬁl + ...+ C,lnl

Obj2 p,(me,z,) extended by C} ., + ... + Ci,

This definition by inheritance can be resolved into the following m-calculus
definition:

Obj2 p;(me,z1) £ G + ... + Ci, [Obj— Obj2]

Obj2 p,(me,z,) 2 CI + ... + C [Obj— Obj2]

The latter substitution renames all recursive calls to some profile Obj p; into
recursive calls to Obj2 p; for 1 < i < n.

4.4 Examples: Persistent and Degradable Queueing Lists

The persistent and degradable lists presented so far can be traversed by several
visitors at the same time, e.g. by a Walker and by a Reader. Each visitor proceeds
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1 module 'persistent queueing list ' A
2 export

3 Node with getNext/1,getValue/1,isNil/1

4 Nil  with isNil/1

5 define

6 Node(me, next ,val) £ Node free(me, next,val)

7 Node free(me, next,val) £

8 me?bind () . Node bound(me, next, val)

9 Node bound(me, next ,val) 2
10 me? getNext(c).next!bind ().c!next.
11 Node free(me, next, val)
12 + me?getValue(c).c!val.Node bound(me, next, val)
13 + me?isNil(c).c!false().Node bound(me, next, val)
14 Nil (me) 2
15 me?bind (). Nil (me)
16 + me?isNil(c).c!true().Nil(me)

N Y

Fig. 11. Persistent queueing list

over the nodes, and hereby draws waiting times independently of the others. This
permits overtaking of one visitor by another, which is however not possible in
transcription of DNA, nor in translation of mRNA or its degradation.

We impose queueing on visitors of a persistent list by incorporating a
semaphore style behavior, distinguishing two profiles of Nodes (Fig. [[Il): free
and bound. The functions exported as the interface can only be used as the
Node is in profile bound. It becomes impossible to bind a node twice. Function
bind is not exported outside the module, it can only be called on a node by its
predecessor. This is implemented by re-defining the getNext function, compared
to our previous list module. Upon a getNext request a Node binds its successor
- if necessary it waits - before passing over the reference next (line 10).

Note that before the Walker can operate on a persistent queueing lists, we
need to bind its first node:

List(head) | head!bind().0 | Walker(head)

—* new nl.new n2. Node free(head,nl,a) | Node bound(nl,n2

b) | Nil(n2) | Walker(nl)

*
—

A degradable queueing list can easily be expressed by inheritance (Fig. [[2]).
Its members are equipped with a kill function for stepwise destruction. As for
the Walker, the Killer remains functional starting on a bound first node.

5 Modeling Transcription and Translation

We now introduce models of bacterial transcription and translation in the stochas-
tic w-calculus with pattern guarded choices. Hereby we make use of modules,
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- N
1 module 'degradable queueing list '’
2 import
3 Plist (Node, Nil) from ’'persistent queueing list’
4 export
5 Node extends Plist.Node by kill/0
6 Nil extends Plist.Nil by kill/0
7 define
8 Node bound(me, next,val) extended by me? kill ().0
9 Nil (me) extended by me? kill ().0

o
Fig. 12. Degradable queueing list
| rnap
DNA gene

Fig. 13. We abstract DNA as list, extending on the module ’persistent queueing list’.
Each list member has the private knowledge of its successor. Promoters control the
access of RNAP to coding DNA, they can be contacted over the globally visible channel
rnap. They abstract the behavior of the promoter DNA sequence as a whole, similarly
as Terminators, but unlike regular Nucleotides.

inheritance and the modeling techniques introduced in the previous sections.
Objects with multiple profiles are essential to our modeling. We represent multi-
step interactions between pairs of molecular actors, as observed in transcription
initiation, by synchronized transitions of two interacting multi-profile objects.

5.1 DNA and Transcription

Our model covers the following events from Table [T} interactions between RNAP
and promoter sequences on DNA during initiation as sketched in equations (Z1])
to (Z4), transcript elongation in steps of one DNA nucleotide (Z3]), and termi-
nation (2.6]) on terminator DNA sequences. Accordingly, we abstract promoter
and terminator sequences as one object, with a common interface. In contrast
we represent individual nucleotides within the coding region, building on Node
from the ’persistent queueing list’” module (Fig. fig:persistentQList). Figure [I3]
distinguishes these abstraction levels by coloring.

Let us precede the discussion of the components with a comment on a de-
sign choice. We want to represent the growth of the transcript, which itself is
not included in Table [[I Recall that RNA is assembled on DNA by RNAP. In
the m-calculus model, the transcript representative must be spawned by one.
We attribute the task to the DNA representative, which by its sequence de-
termines the information content of the transcript, and thus its behavior. Due
to this choice, our representative of RNAP is simpler to explain than those of
DNA.
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- )
1 module 'rnap’
2 channel rnap
3 export Rnap
4 define
5 Rnap £ Rnap free
6 Rnap free £ new c.rnap!bind(c).c?prom.Rnap closed (prom)
7  Rnap closed(prom) =
8 prom!unbind().Rnap free
9 + prom!initiate().Rnap open(prom)
10  Rnap open(prom)= new ci.new cy.
11 prom!startTranscript(ci).ci?rna.
12 prom!getNext(c2).c2?dna.
13 Rnap elongating (dna,rna)
14 Rnap elongating (dna,rna) 2 new c;.dnalisTerm(c1).
15 ci?true().dnalelongate(rna).Rnap free
16 + ci1?false().new co.dnalelongate(rna,c2).ca?rna nxt.
17 new c3.dna!getNext(c3).c3?dna nxt.
18 Rnap elongating (dna nxt,rna nxt)
N Y

Fig. 14. RNAP module

Rnap has four profiles, listed in Fig. [I4l Three deal with transcription initia-
tion — they have corresponding Promoter profiles. The fourth covers elongation,
and roughly resembles our previous Walker. We first consider formation of the
closed promoter complex, summarized by equation (21): Rnap free invocates
bind over the global channel rnap (line 6). It waits for satisfaction by a Promoter,
that is nondeterministically selected among several available in profile free, and
extrudes its me channel. As the bind interaction succeeds, Rnap and Promoter
switch to their closed profiles. They now jointly represent the closed promoter
complex. As such they can interact over Promoter’s shared me channel, by the
competing functions unbind and initiate. The race between these is controlled by
the rates kinie (Z2) and kop ([23), which enter the model over the p function that
quantifies the Promoter’s channel me. Unbinding without transcription initiation
is straightforward. It causes transitions from bound to free (line 8). If conversely
initiate succeeds, both switch to their open profile (line 9). Transcription sub-
sequently launches upon a startTranscript call, reflecting (24]). Promoter open
creates the first transcript segment, and returns a reference to its growing end
rna. Rnap open continues as elongating, using rna and the second parameter dna,
that it obtains by a getNext call.

Rnap elongating traverses the DNA representative, calling elongate on each
Nucleotide over its extruded me channel. After reaching the Terminator it returns
to Rnap free (line 15), unlike the previous Walker that terminates as 0 at the end
of a list. This behavior corresponds to equations (Z.3]) and (Z.4]).

DNA. Our module 'DNA’ includes the complementary specification of Pro-
moter, Nucleotide, and Terminator (Fig. [[5)). Promoter implements the explicit
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s 3

1 module 'DNA’

2 channel

3 rnap with bind/1

4 import

5 List (Node, Nil) from ’'persistent queueing list '’

6 Mrna(Node, Terminator ,RBS) from 'mRNA’

7 export

8 Promoter extends List.Node by unbind/0,

9 initiate /O,startTranscript/1

10 Nucleotide extends List.Node by isTerm/1,elongate/2

11 Terminator extends List.Node by isTerm/1,elongate/1

12 define

13 Promoter (me, next) £ Promoter free(me, next)

14 Promoter free(me,next) extended by

15 rnap?bind(c).clme. Promoter closed (me, next)

16 Promoter closed (me, next) 2

17 me?unbind().Promoter free(me, next)

18 + me?initiate ().Promoter open(me, next)

19 Promoter open(me, next) extended List.Node by

20 me?startTranscript(c).

21 new him (pms) .new rna(pma).clrna.

22 Promoter open(me, next)| Mrna.RBS(him,rna)

23 Nucleotide bound(me, next,v) extended by

24 me?isTerm(c).c!false().Nucleotide bound(me, next,v)

25 + me?elongate(rna,c).new rna nxt(pma). c!rna nxt.

26 Nucleotide bound(me, next,v)

27 | Mrna.Nucleotide(rna,rna nxt,v')

28 Terminator bound(me, next,v) extended by

29 me?isTerm(c).cltrue().Terminator bound(me, next,v)

30 + me?elongate(rna).new last (pma) -

31 Terminator bound(me, next,v)

32 | Mrna.Terminator(rna,last ,v') | List.Nil(last)
N J

Fig.15. DNA module

access control for genes. It has three profiles analogous to those of Rnap, with
which it synchronizes transitions: Promoter free is dual to Rnap free[d

Transcription ensues once both Rnap and Promoter are open. As a result of a
start Transcript call, Promoter open spawns a RBS as first chunk of the transcript,
and returns its growing end rna to Rnap open. The transition to Promoter free is
caused by Rnap open’s following call to getNext, inherited from Node.

5 Note that Promoter free is not subsumed by our object definition. We obtain it by
extension of Node, using not its me channel but the global rnap. While individual ob-
jects are addressable over their me, interactions with (some arbitrary) Promoter free
are nondeterministically initiated over rnap, on which all such processes listen. This
resembles distributed objects [57] in TYCO [47I68], which share a common input
channel.
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Table 7. Examples of p definitions, which fix rates of functions calls over channels

name Pname (function) quantifies
rnap Prnap (bind)=0.1 RNAP access to promoters over global channel
ribosome Pribosome (bind)=1 ...ribosome to mRNA
degradosome pdegradosome (bind)=0.1. .. degradosome to mRNA
prom Pprom (initiate)=0.1 interaction with individual Promoter
Pprom (unbind)=0.1
dna Pdna(getNext)=30 interaction with individual Nucleotide and Termina-
tor of DNA
rbs prbs (init)=0.5 interaction with a RBS
prbs(unbind)=2.25
rna prna(getNext) = 100  interaction with mRNA Nucleotide and Terminator
protein Pprotein (Kill)=0.002  protein degradation
ribosome | | degradosome
vy

SO D@ @

mRNA

Fig.16. RNA is based on the module 'degradable queueing list’

Both Nucleotide and Terminator extend Node with two functions. Queries
via isTerm determine whether elongation should stop: Nucleotide returns false,
whereas Terminator returns true. With the second function elongate, Rnap sends a
reference rna to the transcript’s growing end that the DNA representative elon-
gates. Nucleotide appends an individual Nucleotide of complementary content
indicated by v', imported from the 'mRNA’ module, and returns the new grow-
ing extremity rna nxt. The hybrid Terminator completes the nascent transcript
with an mRNA.Terminator, followed by a Nil.

Parameterization. Table[l gives sample values of the p function that attributes
rates to on object’s functions. Functions not associated with a rate are instan-
taneous. Recall that each object is identified by its me channel, over which its
function are invocated. This allows to associate method calls on different objects
of the same class with distinct rates, as useful for initiation rates of promoters
or ribosomal binding sites.

5.2 mRNA, Translation and Degradation

Our model of mRNA is based on ’degradable queueing list’ (Fig. [[2). By this
we implicitly account for the molecule’s unstable character by inheritance, and
impose queueing on the ribosomes and degradosomes processing it. Similarly as
we did for DNA, we assemble mRNA from three components at different levels
of abstraction illustrated in Fig. The module’s definition follows in Fig. I

The two-profile RBS represents the 5 end of mRNA, including the ribosomal
binding site and the translation start signal. It implements the co-transcriptional
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s 3
1 module 'mRNA’
2 channel
3 ribosome with bind/1
4 degradosome with bind/1
5 import
6 List (Node, Nil) from ’'degradable queueing list '’
7 Protein from ’'favorite protein’
8 export
9 RBS extends List.Node by init/1,unbind/0
10 Nucleotide extends List.Node by isTerm/1l,elongate/0
11 Terminator extends List.Node by isTerm/1,elongate /0
12 define
13 RBS(me, next) = RBS free(me, next)
14 RBS free(me, next) £ extended by
15 degradosome?bind (c).next!bind ().c!next.0
16 + ribosome?bind(c).c!me.RBS bound(me, next)
17 RBS bound(me, next) £ extended by
18 me?init(c).next!bind().c!next.RBS free(me, next)
19 + me?unbind().RBS free(me, next)
20 Nucleotide bound(me, next,val) extended by
21 me?isTerm(c).c!false().Nucleotide bound(me, next,v)
22 + me?elongate (). Nucleotide bound(me, next,v)
23 Terminator bound(me, next,val) extended by
24 me?isTerm(c).cltrue (). Terminator(me)
25 + me?elongate ?().
26 Terminator bound(me, next,val) | Protein
N Y

Fig.17. mRNA module

race between translation and degradation. Decay initiates over the global chan-
nel degradosome in the free profile: after RBS has passed the reference to its
bound successor, it becomes the inert process 0 (line 15). If alternatively a Ri-
bosome binds over the global channel ribosome, it causes a switch from RBS free
to RBS bound. Similarly to the unstable intermediate on promoters, two interac-
tions unbind and initiate become possible, reflecting equations (2.8]) and (23] in
Table 2l Their quantitative behaviour is fixed by the p function associated with
the RBS’s me channel.

Nucleotide propagates translation and degradation. A Degradome decays a
Nucleotide using its inherited function kill. The Ribosome uses function getNext to
step through the mRNA representative in translation; it stops on the Terminator
due to its positive response to isTerm. The last function elongate that Ribosome
calls remains without effect in this basic Nucleotide model, but spawns a fresh
protein when called on a Terminator, that marks the endo of a protein coding
region.

Ribosome. The module ’ribosome’ declares the co-actions for translation of
mRNA into proteins, see Fig. Note how the simplicity in the representation of
translation becomes apparent in the elongate function of a 'mRNA’ Nucleotide,
compared to that of DNA.
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1 module 'ribosome’ A

2 channel ribosome

3 export Ribosome

4 define

5 Ribosome() £ Ribosome free()

6 Ribosome free() £ ribosome!bind(c).c?rna.

Ribosome bound(rna)

7 Ribosome bound(rna) 2 new c.

8 rnalinit(c).c?next.Ribosome elongating (next)

9 + rnalunbind().Ribosome free

10 Ribosome elongating (rna) £ new ci.rnalisTerm(c1)

11 ci?true().rnalelongate (). Ribosome free ()

12 + c?false().rnalelongate ().

13 new c2.rnal!getNext(c2). c2?next.

14 Ribosome elongating (next)
N J

Fig. 18. Ribosome module

- N

1 module 'degradosome’

2 channel degradosome

3 export Degradosome

4 define

5 Degradosome = Degradosome free ()

6 Degradosome free = new c.

7 degradosome!bind(c).c?rna.Degradosome working(rna)

8 Degradosome working(rna) = new b.rna!isNil(b).

9 b?true() .node!kill().Degradosome free

10 + b?false().new c.node!getNext(c).c?next.rnal kill ().

11 Degradosome working (next)
N Y

Fig. 19. Degradosome module

Degradosome. The degradosome specification is straightforward as well
(Fig.[M9). After gaining access to the RBS, it stepwise destructs the whole mRNA,
calling kill and getNext on each of its Nucleotides. Degradation stops at the end of
the transcript - on Nil, not on the Terminator as does translation. This distinction
will prove useful when dealing with polycistronic mRNA.

Proteins. Proteins have many functions in the cell, that are not covered in
this work. The only point we mention beyond their expression is their limited
lifetime, reflected by a kill function for the degradation of Proteins of a certain
type identified by prot:

Protein = prot?kill().0

5.3 Extensions

We extend our components to cover details introduced in Sec.
Operons and polycistronic mRNA. We devote a module to operons, and the
polycistronic mRNA transcribed from them (Fig. 20). It defines the processes
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1 module 'operon’ A
2 channel ribosome
3 import
4 List (Node) from ’'persistent queueing list '
5 Mrna(Nucleotide , Terminator ,RBS) from 'mRNA’
6 export
7 OperonLinker extends List.Node by isTerm/1l,elongate/2
8 InternalRBS extends Mrna. Nucleotide
9 define
10 Operonlinker free(me,next,v) = List.Node(me, next,v)
11 OperonLinker bound(me, next,v) extended by
12 me?isTerm(c).c!false().OperonLinker (me, next,v)
13 + me?elongate(rna,c).
14 new rna nxt(prna). new rna nxt2(prna).clrna nxt2.
15 OperonLinker bound(me, next,v)
16 | Mrna. Terminator(rna,rna nxt)
17 | InternalRBS(rna nxt,rna nxt2)
18 InternalRBS (me, next ,v) 2 InternalRBS free(me, next,v)
19 InternalRBS free(me, next,v) extended by
20 + ribosome?bind(c).c!me.InternalRBS bound (me, next,v)
21 InternalRBS bound (me, next ,v)=Mrna.RBS bound(me, next ,v)
N Y

Fig. 20. Operon module

OperonLinker and InternalRBS. OperonLinker connects two genes within an operon.
It spawns a transcript that comprises a mRNA Terminator, on which translation
of the first protein stops, followed by an InternalRBS, on which translation of the
second protein initiates — but not degradation. Initial binding of the Ribosome
occurs as on a regular RBS, same for unbinding and translation initiation, while
decay propagation is inherited from a regular mRNA Nucleotide.

We can assemble an Operon after importing the previous modules. For better
legibility we omit channel creations and parameterization.

Operon =
Dna.Promoter | Dna.Nucleotide | ... | Dna.Nucleotide
| OperonLinker | Dna.Nucleotide | ... | Dna.Nucleotide

| Dna.Terminator

The transcription of our operon yields polycistronic mRNA coding for two dif-
ferent proteins@7 which are translated with distinct efficiencies (flexibly set by
the p function of RBS’s me).

PolycistronicMrna £ Mrna.RBS
| Mrna.Nucleotide | ... | Mrna.Nucleotide
| Mrna.Terminator | InternalRBS

5 This suggests to make our import statement for modules parametric. The idea would
be to import a specific protein into the module 'mRNA’, rather than the generic
"favorite protein’, with its specific pprotein.
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s N
1 module 'tandem promoter’
2 import
3 P(Promoter) from ’'DNA’
4 InternalRBS from ’'operon’
5 export
6 Promoter extends P.Promoter by elongate/2
7 define
8 Promoter free(me,n) 2 extended by
9 + me?elongate(rna,c).new rna nxt(prna).c!rna nxt.
10 Promoter free(me,n) | InternalRBS free(rna,rna nxt)
N J
Fig. 21. Tandem promoter module
| Mrna.Nucleotide | ... | Mrna.Nucleotide

| Mrna.Terminator | Node. Nil

We obtain the following reduction sequence, at the end of which the transcript
has yielded distinct numbers of A and B proteins, and been degraded:

Operon | Rnap | Ribosome | Degradosome

—* Operon | Rnap | Ribosome | Degradosome |
| PolycistronicMrna

—* Operon | Rnap | Ribosome | Degradosome
| ProteinA | ... | ProteinA
| ProteinB | ... | ProteinB

Tandem promoter. Let us now consider promoters in a tandem, illustrated in
Fig. The question is how to represent the internal promoter, over which
transcription proceeds after it has initiated at the outer. The transcript is then
appended a new element which offers translation initiation, but only propagation
of decay - we previously designed an element of this functionality for transcripts
resulting from operons. Our specialized promoter representative listed in Fig. 2]
extends from the regular one by an elongate function that appends an Internal-
RBS free imported from module ’operon’ to the existing transcript.

Promoter clearance. One of our simplifications so far is that a Promoter
becomes available for new Rnap free immediately upon after initiation, when
switching to free. In reality RNAP clears its footprint stepwise, inducing a possi-
bly limiting delay for highly efficient promoters, as those depicted in Figure
The model can be extended with an additional profile to reflect this synchro-
nization, delaying the return to profile free until Rnap has moved far enough. We
included this is in our implementation, used for the simulations in Section [Gl

5.4 Challenging Cases

The integration of more biological detail can become increasingly challenging.
This becomes clearer on closer inspection of the biological matter, as points
related to secondary structures of mRNA (intrinsic termination of transcription,
transcriptional attenuation), and two-way traffic on DNA and mRNA.
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An example is transcriptional attenuation, in which transcription termination
is determined by the efficiency of translation of the nascent transcript. The cru-
cial detail is that intrinsic termination depends on more than mere recognition
of a terminator sequence which actually comprises two portions with different ef-
fects. The first codes for an mRNA sequence that quickly forms a stable secondary
structure, called hairpin. It is followed by a DNA sequence on which RNAP stalls.
Both factors contribute to destabilize elongating RNAP, allowing the transcript
below its footprint to partly dissociate from the template strand. RNAP even-
tually falls off DNA. In transcriptional attenuation, the formation of the mRNA
secondary structured is impaired by ribosomes that translate the mRNA por-
tion forming the hairpin with sufficient efficiency. RNAP recovers from its speed
loss and continues transcription over the terminator. Capturing this would re-
quired more elaborate mechanisms of concurrent control than so far, specifically
regarding RNAP’s dependency on the last chunk of mRNA assembled.

Antitermination of transcription on intrinsic terminators is related to at-
tenuation. One could satisfyingly deal with it, while covering less detail than
required for attenuation. The simplest strategy would be to introduce an addi-
tional profile antiterminated for RNAP, which continues over terminator signals.
Transition to this profile would be triggered by interaction of Rnap elongating
with regulatory proteins.

Two-way traffic occurs both on DNA and mRNA. The concurrent control
supported so far can not yet account for traffic problems on double-stranded
DNA (one of two RNAP falls off after a head-on collision), nor for details of
mRNA decay. So far we only realized queueing control on single stranded macro-
molecules, which are processed in one direction. Our model of mRNA decay is
phenomenological, a detailed one would cover the initial step of decay, in which
the transcript is cleaved by one member of the degradosome proceeding with
the same orientation as transcription, and subsequent decomposition of isolated
mRNA chunks by another enzyme in opposite direction.

6 Simulation

In this section we present simulations obtained from our model components with
the BioSPI tool [52], after encoding pattern guarded inputs within the stochastic
m-calculus [35]. Our focus lies on the effect of translational bursting introduced
in Sec. We hence compare the dynamics of unregulated expression of a single
gene under variation of two crucial parameters. The underlying model is that
of a single gene comprising 1000 nucleotides, its transcription into mRNA, and
subsequent translation and degradation. As experimentally confirmed by Ozbu-
dak et. al [45], the variation of transcription of translation initiation parameters
leads to significant differences in expression patterns. These would not appear
in continuous deterministic simulation, which nevertheless yield comparable av-
erage expression levels, nor can they be reproduced by one step models of gene
expression as [6]. Our parameter combinations are the following:
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Fig. 22. Basal expression of a single gene under parameter variation. Left: time course
of protein numbers, right: histogram of protein number over the simulated period.

(a) In the setting we refer to as bursty, the promoter yields rare transcription
initiations (k;ni of 0.01). This is combined with efficient translation (k;p:; of
1).

(b) The smooth setting inverts the parameters: transcription initiates more fre-
quently (k;ni¢ of 0.1), while translation initiation is rarer (ki of 0.1).

The mRNA and protein decay rates are the same for both settings, 0.1 and
0.002 respectively, these are taken from [45] as the above paramters, and the
number of RNAP, ribosomes and degradosomes are fixed. We executed both
combinations for 7 hours of simulated time.

Figure P2 reports a sample run for each of the two settings. The left curve in
Fig. displays the evolution of the protein level over time for an execution
of the bursty combination. The protein level fluctuates strongly around an av-
erage of 55, marked by a horizontal line. The fourth hour exhibits the strongest
variability: after it has almost emptied, the protein pool replenishes rapidly to a
maximal level around 140. We provide a summary of the protein levels observed
over the whole simulation period by the histogram to the right of Fig.
Here the simulated time is divided into equally long intervals. The bars indicate
by their heigth how often a given number of proteins (as labeled on horizontal
axis) is observed.

Simulations based on the smooth setting have a clearly distinct behavior, as
shows Fig. Where the protein level only weakly fluctuates around an averate
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Fig. 23. Concurrent translation of mRNA by multiple ribosomes

of 46. The histogram confirms that the distribution is pronouncedly narrowed
compared with the previous setting.

An alternative interpretation of the histograms is as population snapshots,
with respect to the expression level of a given protein. In this view the height of
the bars indicate the fraction of the population with a certain protein level (hor-
izontal axis). This shows how for the setting bursty, the variability propagates
from the time course within an individual cell, up to population heterogeneity.

In the following table we adopt another perspective on the same data. The
second column reports the mean protein crop per transcript, which averages
to 10 for setting bursty. New transcripts appear about every 100 seconds (3rd
column). This explains the drops observed in Fig. over periods in which the
effect of protein degradation surpasses that of expression. Setting smooth behaves
differently. It yields approximately one protein per transcript, fresh transcripts
become available every 10 seconds, and both together result in weak fluctuations.
Note that while the total number of transcriptions for setting smooth almost
tenfold exceeds that of bursty (4th column), the total number of protein produced
differ far less across the two settings (5th column):

setting proteins per avg. spacing between total tran- total trans-
transcript  transcript initiations scriptions lations

bursty =~ 10 ~ 100 sec 250 2725

smooth =~ 1 ~ 10 sec 2318 2338

Translational bursting. We could not yet observe the origin of the strong bursts
in protein numbers in Fig. This motivates further inspection of setting
bursty’s simulation. Figure displays the numbers of translating ribosomes
(circles) within the fourth hour of the simulation period, in which the protein
pool empties, and then rapidly replenishes to the maximum. While the number
of full mRNA molecules never exceeds two (data not shown), these are simulta-
neously processed by up to 50 ribosomes. As discussed in Sec. the strongest
bursts in protein levels occur when for a mRNA, the number of translations by
far exceeds the average. The circles forming the bottom line may first appear pe-
culiar; they can be explained as follows. For setting bursty new transcriptions are
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completed every 100 seconds. However, recall that nascent transcripts are trans-
lated co-transcriptionally. This means that whenever some RNAP is producing a
transcript (wich takes around 100 seconds), one or more ribosomes closely follow
it on the nascent mRNA. Hence the bottom line reflects that there is virtually
always some coupled transcription and concomitant translation going on. The
column-reminiscent peaks mark transcripts yielding exceptionally high protein
crops; this is in agreement with a geometric distribution.

7 Conclusion

The experience gained in this work motivates further improvements of modeling
languages based on the stochastic m-calculus [48/52]. We extend the stochastic
m-calculus [52] by input guarded patterns [68], this allows to express multi-profile
objects [I8] for which we introduce a simple notion of inheritance. We propose a
simple module system, which is useful for model building. A stochastic semantics
for our calculus, and an encoding into the stochastic w-calculus are presented in
a companion paper [35]. We contribute an extensible model of transcription and
translation, the two phases of gene expression. It represents discrete interactions
between the molecular actors involved, and thus allows predictions at a high level
of detail. We underline the expressiveness of our approach by a simulation case
study, focusing on stochasticity in gene expression. Hereby we concentrate on
translational bursting, which has been identified a prime origin of stochasticity
in bacterial gene expression [30/56].

The models suggested here may be extended to cover regulatory mechanisms
in bacterial gene expression. They may constitute a starting point to deal with
higher organisms, which refine the fundamental mechanism observed in bacterial
gene expression.
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Abstract. In order to efficiently analyze the complicated regulatory
systems often encountered in biological settings, abstraction is essential.
This paper presents an automated abstraction methodology that system-
atically reduces the small-scale complexity found in genetic regulatory
network models, while broadly preserving the large-scale system behav-
ior. Our method first reduces the number of reactions by using rapid
equilibrium and quasi-steady-state approximations as well as a num-
ber of other stoichiometry-simplifying techniques, which together result
in substantially shortened simulation time. To further reduce analysis
time, our method can represent the molecular state of the system by a
set of scaled Boolean (or n-ary) discrete levels. This results in a chemical
master equation that is approximated by a Markov chain with a much
smaller state space providing significant analysis time acceleration and
computability gains. The genetic regulatory network for the phage A ly-
sis/lysogeny decision switch is used as an example throughout the paper
to help illustrate the practical applications of our methodology.

1 Introduction

Numerous methods have been proposed for modeling genetic regulatory networks
[112]. While many traditional approaches have relied on a differential equation
representation as inferred from a set of underlying biochemical reactions, there
has been a growing appreciation of their limitations [B/4U56]. In particular, differ-
ential equation analysis of genetic networks generally assumes that the number
of molecules in a cell is high and their concentrations can be viewed as continuous
quantities, while the underlying reactions are presumed to occur deterministi-
cally. However, in genetic networks these assumptions frequently do not hold.
For example, DNA molecules are typically present in single digit quantities while
some promoters can lead to substantial fluctuations in transcription/translation
rates and essentially non-deterministic expression characteristics [718].
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C. Priami and G. Plotkin (Eds.): Trans. on Comput. Syst. Biol. VI, LNBI 4220, pp. 150-{I75] 2006.
© Springer-Verlag Berlin Heidelberg 2006



Automated Abstraction Methodology for Genetic Regulatory Networks 151

In these situations, accurate genetic regulatory network modeling requires the
use of a discrete and stochastic process description such as the master equation
formalism [9]. This approach describes well-stirred (bio)chemical systems at the
individual reaction level by exactly tracking the quantities of each molecular
species and treating each reaction as a separate random event. It further allows
the exact discrete simulation of system behavior via Gillespie’s Stochastic Simu-
lation Algorithm (SSA) [10]. Unfortunately, the computational requirements for
such simulations are generally practical only for relatively small systems with no
major reaction time-scale separations. Even then, the computational demands
can be very high. For example, Arkin et al.’s numerical analysis of the phage A
decision network using a hybrid stochastic kinetic and statistical-thermodynamic
model required a 200-node supercomputer [3].

Several other techniques for reducing the computational costs of stochastic sim-
ulations have been proposed [I1]. For instance, Gibson and Bruck [12] developed a
method to improve Gillespie’s first reaction method [I0] by reducing the random
numbers generated allowing them to simulate the A network on 10 desktop work-
stations [I3]. While this method does improve efficiency significantly for systems
with many species and reaction channels, every reaction event must still be simu-
lated one at a time. Ultimately, given the substantial computational requirements
of stochastic simulations and comparative complexities of in situ genetic regula-
tory networks, abstraction is absolutely essential for efficient analysis of any real-
istic system. This abstraction can be achieved either during the simulation or the
model generation stage. An example of abstraction during simulation is Gillespie’s
explicit 7-leaping method [I4]. This method approximates the number of firings of
each reaction in a pre-defined interval rather than executing each reaction individ-
ually. While this and similar methods [ISI6/17] are very promising, they may not
perform well for systems with rapidly changing reaction rates, such as those driven
by small molecular counts as frequently encountered in gene-regulatory systems.
Rao and Arkin performed model abstraction by using (bio)chemical insight in com-
bination with the quasi-steady-state assumption to remove fast reactions (thus re-
ducing the problem dimensionality), and then applied a modified version of SSA to
the simplified model [18]. Since this method is not automated, it is difficult to apply
to reactions within complex biological networks. Furthermore, the quasi-steady-
state approximation only represents one of many approximations that can be used
to estimate the dynamics of a biological reaction network.

This paper presents a generalized and automated model abstraction method-
ology that systematically reduces the small scale complexity found in RFEaction-
Based (REB) models of genetic regulatory networks (i.e., models composed of a
set of chemical reactions), while broadly preserving the large scale system behav-
ior. Notably, though many model reductions of (bio)chemical networks have tradi-
tionally been performed manually (i.e., “by hand”) this practice is time-consuming
and is susceptible to errors in large model transformations. For example, whereas
the quasi-steady-state approximation has long been carried out to reduce the com-
plexity of biochemical networks, this practice can result in inaccuracies when the
underlying hypothesis of the approximation is ignored and the application of the
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quasi-steady-state approximation is inappropriate [I9]. Thus, by automating and
systematizing this process, our method is able to significantly ameliorate the prob-
lem of computability by lowering the model translation error rate and improving
simulation times by reducing system complexity.

Our methodology—outlined in Figure [[l-begins with a REB model, which
could be simulated using SSA or one of its variants though at a substantial com-
putational cost. To reduce the cost of simulation, this paper describes an auto-
matic method that we have implemented for simplifying the original REB model
by applying several abstraction methods that leverage the rapid equilibrium and
quasi-steady-state assumptions. The result is a new abstracted model with less
reactions and species which substantially lowers the cost of stochastic simulation.
To further reduce the complexity of the system as well as analysis time, this simpli-
fied REB model can be automatically translated into a Stochastic Asynchronous
Circuit (SAC) model by encoding chemical species molecule counts into Boolean
(or n-ary) levels. This model can then be efficiently analyzed using the Markov
chain analysis method within the asynchronous circuit tool ATACS [20].

This paper further exemplifies the applicability of our model abstraction
methodology to genetic regulatory networks by applying it to the phage A develop-
mental decision circuit [3]. Hence, various abstractions in this work target the spe-
cific features found in genetic regulatory networks to reduce the analysis time. For
example, one abstraction method is used to reduce the low-level description of the
interactions of transcription factors and cis-regulatory elements which, as noted
earlier, are elements that are typically present in small quantity and therefore sus-
ceptible to the discrete-stochastic effect. This abstraction substantially acceler-
ates the computation that otherwise would require an expensive non-deterministic
treatment. Moreover, the ON-OFF switching behavior often found in genetic reg-
ulatory networks is suitable for our abstraction methodology, especially for a SAC
model generation. Thus, whereas we believe that our model abstraction method-
ology can in theory be applied to any (bio)chemical networks, this paper concen-
trates on genetic regulatory networks as a proof of concept to evaluate our method-
ology which includes abstraction methods tailored for such networks.

REB Abstracted N-ary Markov
hflifdzl > Abstraction > REB > Trans- > NSIOAiI > Chain
Methods Model formation Analysis
V .
_ . Stochastic « ~ Results < )

Simulation

Fig. 1. Automated model abstraction tool flow

2 Reaction-Based Abstraction Methods

In chemical and biological molecular systems, including genetic regulatory net-
works, reaction-based representations typically provide the most detailed level



Automated Abstraction Methodology for Genetic Regulatory Networks 153

of specification for the underlying system structure and dynamics [21]. Reaction-
based abstraction methods are used to reduce a REB model’s size by merging
reactions, removing irrelevant reactions, etc. We have implemented several such
techniques, each traversing the graph structure of the REB model and applying
transformations to it when the respective conditions are satisfied. The result is a
new REB model with fewer reactions and/or species. This section first describes
the REB model formally, and then presents several abstraction methods as well
as discusses how they are applied to our A model. Finally, this section presents
simulation results for the A model before and after these abstractions.

2.1 Reaction-Based Model

The REB model is a bipartite weighted directed graph that connects species
based on the interactions that they can have via a set of reaction channels[]

Definition 1. A REB model is specified with a 5-tuple (S, R, Ryev, E, K) where
S is the set of species nodes, R is the set of reaction nodes, Ryev C R is the set
of reversible reactions, E : (SxR)U(R xS)) — N is a function that returns the
stoichiometry of the species with respect to a reaction, and K : R — (R|S| — R)
are the kinetic rate laws for the reactions.

For example, a REB model with a single reversible reaction r; of the form:
k1
251 + 82 2 81+ So + S3
k_1

contains the following sets:

S = {51582753}a
R= {Tl}a
Rrev - {Tl}a

E= {((51’ Tl)’ 2)7 ((52’ Tl)’ 1)7 ((S37T1)a 0)7
((Th 51)’ 1)7 ((Th 52)’ 1)7 ((Th 53)’ 1)}7
K = {(r1 — ((Is1], [s2], [s3]) — (k1[s1]%[s2] = k—1[s1][s2][s5])) }-

In the kinetic rate law, [s] is a variable that represents the state of species s.
Note that [s], is used to denote the initial number of molecules of species s. Also
note that the user can specify a set of interesting species, (i.e., S; C S), which
should never be abstracted, so that they can be analyzed.

If a reaction consumes a species, then that species is a reactant for that
reaction. If a reaction produces a species, then that species is a product for that
reaction. If a species is neither produced nor consumed by a reaction, then it is
a modifier to that reaction. R%, RP, and R are the sets of reactions in which

1 A REB model can be described via an emerging standard, the Systems Biology
Markup Language (SBML) [22]. Graphical user interface tools such as BioSPICE’s
PathwayBuilder [23] allow researchers a convenient mechanism to create such models.
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species s appears as a reactant, product, and modifier, respectively. Similarly,
Sy, SP, and Si?, are the sets of species that appear in reaction r as a reactant,
product, and modifier, respectively. These sets are defined formally below:
R ={reR | E(s,r) > E(r,s)},
RP ={reR | E(r,s) > E(s,7)},
R ={reR|E(s,r) >0ANE(s,7) = E(r,s)},
Sy ={se€S|E(s,7)>E(@,s)
SP={seS|E(rs)>E(s,r)
St ={seS|E(s,r) >0ANE(s,

2
2

r) = E(r,s)}.

Note that in these definitions a species is considered a reactant of a reaction
only if the net change of the state of that species by a reaction is negative.
Similarly, it is a product only if the net change of the state of that species by a
reaction is positive. Finally, it is considered a modifier if it is used in a reaction
but the state of that species is not changed by that reaction. Our example
includes the following nonempty sets:

Rg, ={m},
RY, = {r},
RS = {r},
S:1 = {51}’
Sy, = {ss},
Sh = {s2}.

Sections 2.2 to 2.5l describe general abstraction methods that substantially re-
duce the model complexity. Section describes how these abstraction methods
can be combined together and applied to reduce the complexity of REB models.
Finally, Section [27] shows the improvements gained by our approach.

2.2 Michaelis-Menten Approximation

Consider the following elementary enzymatic reactions where F is an enzyme,
S is a substrate, C' is a complex form of F and S, and P is a product.

E+S & ¢ pyp (1)
k_1

If the complex C dissociates into E and S much faster than it is converted
into the product P (i.e., k_1 >> kz), then the substrate can be assumed to
be in rapid equilibrium with the complex. In this case, these reactions can be
transformed to the following Michaelis-Menten (MM) form:

k2 Etot K1 [S]

1+ K1 [S]

S P, (2)

where E},; is the total concentration of £ and C', and K;.
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Using this approximation, a REB model can be reduced by searching for pat-
terns matching the reaction given by Expression [Il above with rate laws that
satisfy the conditions. When such a pattern is found and the species matched to
C only appears in the reactions in this pattern, all the reactions in the pattern
are removed from the model along with the complex C. Finally, a new reaction
is introduced with the form given in Expression [2] above.

The rapid equilibrium approximation has two advantages: (1) the state space
of the process is reduced since intermediate species are eliminated, (2) simulation
time is reduced by removing fast reactions. Figure [2] shows a graphical repre-
sentation of a more complex competitive enzymatic reaction from Arkin et al.’s
phage A model [3]. In Figure 2fa), proteins CII and CIII compete for binding
to protease P1—producing complexes PI-CII and P1-CIII, respectively. (Note
that each reaction node that is connected to a species with a double arrow is a
shorthand way of showing a reversible reaction.) In this complex form, this pro-
tease acts to degrade CII and CIII. An extended form of the rapid equilibrium
approximation can be applied to this network to remove this protease, its com-
plex forms, and the reactions that form these complexes. Importantly, this also
clarifies the essential biological meaning of the process by removing intermediate
steps, which may otherwise obscure the functional logic of the mechanism. The
resulting abstracted reaction model is shown in Figure 2(b).

The algorithms shown in Figure [3] implement the rapid equilibrium approxi-
mation for multiple alternative substrate systems which is a generalization of the
complete characterization of enzyme-substrate and enzyme-substrate-competitor
reactions [24]. First, Algorithm [I considers each species, s, as a potential en-
zyme. Each species is checked using Algorithm Pl If s is an interesting species
or does not occur as a reactant in any reaction, then s is not considered fur-
ther (line 2). Otherwise, each reaction, 71, in which s is a reactant is con-
sidered in turn. If r; is not reversible, does not have two reactants, or does
not have a rate law of the right form (i.e., k¢[s][s1] — kr[s¢]), then again s is
not considered further (line 4). Reaction r; combines s and s; into a complex,
Se. If the initial molecule count of this complex is not 0, s. is an interesting
species, s. does not occur as a reactant or product in exactly one reaction, or
occurs as a modifier in any, then again this approximation is terminated for
s (lines 5 and 6). The reaction ro converts s. into a product and releases the
enzyme s. If this reaction is reversible, does not have exactly one reactant and
no modifiers, does not have s as a product, has more than two products, or
does not have a rate law of the form, ks[s.], then s is not considered further
(lines 7-9). Finally, it checks the validity of the rapid equilibrium assumption
by comparing the ratio of the product dissociation rate constant and the sub-
strate dissociation rate constant to the predefined threshold constant T3 (line
10). For each reaction, a configuration is formed that includes the substrate
s1, complex s, equilibrium constant k7 /k,, production rate kg, complex form-
ing reaction r1, and product forming reaction 7o (line 11). If Algorithm [2 ter-
minates successfully (i.e., returns a nonempty set of configurations, C), then
Algorithm [ is called to apply the transformation to the REB model. First,
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CII P1 CIII
\ //1 }\\ /
kg -[CI1]-[P1]—kg-[P1-CII] K11 -[CII]-[P1]—k1o-[P1-CIII]
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\ \
P1-CII P1- CIII
\ \
k10-[P1-CII] k15-[P1-CIII|
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\ \
0 0
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r T
\ \
k10 Pliot-kg/kg-[CII] k13-Pliot-k11/k12-[CIII]
1+kg/kg-[CII]4+kyq /Ko [CIII] 1+kg/kg-[CIl]+ky1 /k1g-[CIII]
p p

Y

\%
0 (b) 0

Fig. 2. Rapid equilibrium approximation: (a) original model, and (b) abstracted model

it loops through the set of configurations to form an expression that is used
in the denominator in each new rate law as well as forming a list of all the
substrates that bind to the enzyme s (lines 1-6). Next, for each configuration
(s1, Sc, K1, k2,71, 72), it makes the substrate s; a reactant for o, makes all other
substrates modifiers for ro, creates a new rate law for ro, and removes species
s and reaction 71 (lines 7-13). Finally, this algorithm removes the enzyme, s
(line 14).

When k_; is not much greater than ks, the rapid equilibrium approxima-
tion cannot be applied. In such cases, however, if the total concentration of
the enzyme is much less than the sum of the initial concentration of the sub-
strate and the MM constant (i.e., [E], << [S], + Kn where Ky = (k—1 +
k2)/k1), then the standard quasi-steady-state approzimation can be used instead
to transform an enzymatic one-substrate reaction to the MM form with a some-
what 1more complex kinetic rate law (i.e., K7 in Expression [ is replaced with
Ky ).
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Algorithm 1. Rapid equilibrium approzimation

Model RapidEgApprox(Model M)

1: for all s € S do

2:  C « RapidEqConditionSatis fied(M, s)

3:  if C# () then M «— RapidEqTransform(M,s,C)
4: end for

5: return M

Algorithm 2. Check the conditions for rapid equilibrium approximation
Configs RapidEqConditionSatisfied(Model M, Species s)
1: C—10
2: if (s € Si) V (JRE| = 0) then return ()
3: fo'r’ all 1 € Rg do

if ([se]g #0) V (sc € Si) then return ()

if (R £ 1)V ([RE| £ 0) v (RE| £ 1) then return

{ra} < Rs,

if (r2 € Rrev) V (IS5, # 1) V (ISya| # 0) then return 0

if (s ¢ S%,) V (ISR ] € {1,2}) vV (K (Tz) # ka[sc]) then return ()
10:  if ka/k, > Ty then return ()

11: C<—CU{(81,Sc,l€f/kr,k2,7“1,7"2)}

12: end for

13: return C

0D

Algorithm 3. Perform the rapid equilibrium approximation
Model RapidEqTransform(Model M, Species s, Configs C)

1: kinetic law expression Z «— 1
2: L0

3: for all (s1, 8¢, K1,ka,71,72) € C do
4: Z— Z+ (Kix[s1])
50 L<—LU{s1}
6: end for

7: for all (s1,sc, K1,k2,71,72) € C do
8: M «— addReactant(M,s1,r2,E(s1,71))

9: VmeL\{s1}. M — addModifier(M,m,rz)
10: K(ra) « (k2 * [s], * ke * [s1])/Z

11: M « removeSpecies(M, s¢)

12: M « removeReaction(M,r1)

13: end for
14: M < removeSpecies(M, s)
15: return M

Fig. 3. Algorithms to perform rapid equilibrium approximation

2.3 Operator Site Reduction

if (11 & Reev) V (IS5, | # 2) V (K(r1) # “ky[s][s1] — kv [s.]”) then return

157

REB models of genetic networks generally include multiple operator sites which
transcription factors may occupy. It is often the case that the rates at which
transcription factors bind and unbind to these operator sites are rapid with
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respect to the rate of open complex formation (i.e., initiation of transcription).
It is also typically the case that the number of operator sites is much smaller
than the number of RNA polymerase (RNAP) and transcription factor molecules.
Therefore, a method similar to rapid equilibrium approximation called operator
site reduction can be used to systematically merge reactions and remove operator
sites and their complexes from REB models. Note that this method may also be
applicable to other molecular scaffolding systems such as those found in signal
transduction networks.

The first step in this transformation is to identify operators within the REB
model. This is done by assuming that an operator is a species small in number
that is neither produced nor degraded. Suppose our algorithm has identified an
operator O, and there are N + 1 configurations in which transcription factors
and RNAP can bind to it. Let O;, K;, and X; with ¢ € [1, N], be the i-th
bound complex of the operator O, the equilibrium constant for forming this
configuration, and the product of the concentrations of the substrates for each
component of the complex in this configuration, respectively. Let Oy be the
operator in free form (i.e., not bound to anything). Let C; with ¢ € [0, N] be each
of the operator configurations. Then, assuming rapid equilibrium, the probability
of this operator being in each configuration is:

! if i =0
Pr(C) =1 7
r(C) {K}Xi if1<i<N

where Z =1+ Z;\f:l K; - X;. This probability is the same as the equilibrium
statistical thermodynamic model when K; = exp(AG;/RT) where AG; is the
relative free energies for the i-th configuration, R is the gas constant, and T is the
absolute temperature [25]. Assuming that Oy = [Oo],, then [O;] = Pr(C;)Oyor
is the fraction of operators in the i-th configuration.

Figure ll(a) shows the graphical representation of a portion of a REB model
for the Prr promoter from the phage A decision network [3]. The top three
reactions involve the binding of RNAP and CII to Pgrg and the bottom two
reactions result in the production of 10 molecules of the protein CI. In this
example, there are 4 configurations of the operator, namely, PRE, PRE-RNAP,
PRE-CII-RNAP, and PRE-CII. Assuming that the operator-binding and unbind-
ing rates are much faster than those of open complex formation, our method can
apply operator site reduction. Figure[d(b) is the result of applying this abstrac-
tion method to Figure @{(a). The result has only three species and two reactions.
The transformed model represents the probability of Prg being in a configu-
ration that results in production of CI instead of modeling every binding and
unbinding of transcription factors and RNAP to the promoter precisely. After
performing operator site reduction on all of the operators, the resulting two re-
actions are found to be structurally similar and can be further combined into a
single reaction by applying our similar reaction combination method. Also, after
performing operator site reduction on all of the operators, RNAP only appears
as a modifier in every reaction. In this case, another abstraction method—known
as modifier constant propagation—can be applied. Namely, in each kinetic law
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RNAP CII PRE
. T r T rT .
k1-[RNAP].[PRE]—k_; -[PRE-RNAP] ‘ ‘ k- [RNAP].[CII]-[PRE]—k_5-[PRE.CII.RNAP] ‘ ‘ k3-[CII]-[PRE] —k_3-[PRE.CII]
P P P
PRE - RNAP PRE - CII - RNAP PRE - CII
m m
kbasal [PRE-RNAP] kpre-[PRE-CII-RNAP]
10p 10p
CI
(a)
RNAP CII
m m
m m
Epasal: k—l[RNAP] PREg Kpre- g [CII][RNAP] PREo
L b [RNAP] 4 72 = 2ol [RNAP]+4 cr) 14 =t RNAP]+ = 2o [RNAP]+€§‘[CII]
\ /
(b)
CII
m

k
(kbasal” k +ka€ ﬁ{CII])RNAPO»PREO

k
1+k RNAP0+)€ [CII]- RN AP+ 2 [CT1]

10p

CI
()

Fig. 4. Operator site reduction: (a) original model, (b) abstracted model, and (c) after
similar reaction combination and modifier constant propagation

in which [RNAP] appears, it can be replaced with the constant, RNAP, which
is the initial molecule count of RNAP. The result after both of these steps is
shown in Figure Hf(c).

The algorithms shown in Figure [l implement operator site reduction. First,
Algorithm [4] considers each species, s, as a potential operator site. Each species
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Algorithm 4. Operator site reduction

Model OpSiteReduction(Model M)

1: for all s €S do

2:  C « OpSiteConditionSatisfied(M, s)

3:  if C# 0 then M «— OpSiteTransform(M,s,C)
4: end for

5: return M

Algorithm 5. Check the conditions for operator site reduction
Configs OpSiteConditionSatisfied(Model M, Species s)

1: C—10

2: if [s], > maxOperatorThreshold then return )

3: if (s € Si) V (|[RE| # 0) then return 0

4: for all r1 € RE do

5: if (r1  Reev) V (IS5, | <2) V(ISR | # 1) then return 0

6:  if (K(r1) # “ks Hs/eS§1 [s'1BC5) — K, [s.]”) then return (

7: if (se € Si) V (|RE.| #1) V (|Rs,| # 0) then return ()

8:  for all r» € R5} do

9: if (IS5, #0) Vv (ISka] # 1) V (ISR, | # 1) V (K(r2) # ka[sc]) then return
10:  end for

11: € «— (k}f/kr) Hs/e(sgl\{s})[S/]E(S/’Tl)
12: C—CU{(sc,e,m1)}

13: end for

14: return C

Algorithm 6. Perform transformation for operator site reduction
Model OpSiteTransform(Model M, Species s, Configs C)

1: kinetic law expression Z «— 1

2

3: for all (sc,e,m1) € C do

4: Z—Z+e

5: L<—LUSL

6: end for

7: for all (s¢,e,r1) € C do

8:  for all r» € R with K(r2) = ka[sc] do
9: VYm € L. M «— addModifier(M,m,r2)
10: K(re) « (k2 x[s], xe)/Z

11:  end for

12: M < removeSpecies(M, s.)

13: M « removeReaction(M,r1)

14: end for

15: M «— removeSpecies(M, s)

16: return M

Fig. 5. Algorithms for operator site reduction
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is checked using Algorithm [l First, it is assumed that the molecule count of
operator sites is small, so if s has an initial molecule count greater than a given
threshold, then it is assumed not to be an operator site (line 2). Next, if s is an
interesting species or occurs as a product in any reaction, then s is not considered
further (line 3). Otherwise, each reaction, r1, in which s is a reactant is considered
in turn. If 1 is not reversible, has less than two reactants, does not have exactly
one product, or does not have a rate law of the right form, then again s is not
considered further (lines 5 and 6). Each reaction, r1, combines the potential
operator site, s, with RNAP and/or transcription factors forming a complex,
se. If s, is an interesting species, s. does not occur as a product in exactly
one reaction, or occurs as a reactant in any, then again this approximation is
terminated for s (line 7). The species s. may appear as a modifier in any number
of reactions that result in the transcription and translation of proteins. Each of
these reactions, 7o, is checked that it has no reactants, only one modifier, only
one product, and a rate law of the right form (lines 8-10). For each complex, s., a
configuration is formed that includes the complex s., an equilibrium expression
for this configuration, and the complex forming reaction 71 (lines 11 and 12).
If Algorithm [ terminates successfully, then Algorithm [ is called to apply the
transformation to the REB model. This algorithm is very similar to the one for
rapid equilibrium. Again, it loops through the set of configurations to form an
expression that is used in the denominator in each new rate law as well as forming
a list of all the transcription factors that bind to the operator site s (lines 1-6).
Next, it considers each configuration, (s.,e,r1). For each reaction ry in which
s. appears as a modifier, it adds all the transcription factors as modifiers and
creates a new rate law for ro (lines 8-11). It then removes species s. and reaction
r1 from the model (lines 12-13). Finally, at the end, this algorithm removes the
operator site, s (line 15).

2.4 Dimerization Reduction

Dimerization is another type of reaction, which often involves only regulatory
molecules and could thus frequently proceed very rapidly compared to the rate of
transcription initiation. Therefore, it might also be useful to abstract away these
reactions whenever possible by using a version of rapid-equilibrium constraints.
The dimerization reduction method is used to express dimer and monomer forms
of species in terms of their total concentration as follows [26]. Let us consider
a species sy, that forms a dimer sq4. If [s¢] is the total number of the monomer
molecules, then it is defined as follows:

[s¢) = [sm] + 2[sal. 3)

Let K. be the equilibrium constant for dimerization (i.e., K. = ki /k_), then,
by assuming s,, and s4 are in rapid equilibrium, we have

[sa] = Kelsm]”. (4)
Using Equations [3l and [l we can derive the following equation:

Ke[si)® — (4K, [s)] + 1)[s4) 4+ 4K [s4]* = 0. (5)
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Solving Equation [l we can express [s,,] and [s4] in terms of [s;] as follows:

(5] = 4}1@ (\/8Ke[5t} +1- 1) : 6)
[sa] = [s;] — 8I1(e (\/SKe[st] +1- 1) . (7)

As an example, consider the reactions for the species CI from the phage A
decision network shown in Figure[6l(a). This species can only effectively degrade
in the monomer form (reaction r1), but it is transcriptionally active (reactions
rg and r4) only as a dimer (reaction r3). Using Equations [l and [7 the reactions
r1, T3, and 74 can be transformed to 71/, 3/, and ry, respectively, with kinetic
laws that are now all expressed in terms of total amount of C'I as shown in
Figure [Bl(b). Note that the dimerization reaction 72 is eliminated completely.

ro: ky-[CI]?2—k_-[CI5]

Cl,
m
ra: fa(,[CI2],)
(a)
1 ka g (VBRCTI+1-1) FT— CI,
rars fa(o LG - A (BKICTIH1-1) ) ‘ s faC L8 ((BEICTIFT-1) ) ‘
(b)

Fig. 6. Dimerization reduction: (a) original model, and (b) abstracted model

The algorithms to perform dimerization reduction are shown in Figure [7
First, Algorithm [0 is used to identify a dimerization reaction. It checks each
reaction, r, using Algorithm B A dimerization reaction must include exactly
one reactant, one product, and no modifiers (line 1). It must also have a rate
law of the right form (line 2). The dimerization reduction also requires that the
monomer is never used as a modifier, and that there is only one reaction (this
one) which produces the dimer (lines 3-4). If these conditions are met, a record
is made of the monomer species s,,, dimer species sy, and equilibrium constant
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ki /k_ (line 5). The transformation is performed by Algorithm @l First, a new
species s, is introduced into the model with an initial concentration [s,,],+2[sq],
(lines 1-2). Next, s, is replaced by s; in each reaction in which s,, is a reactant,
and the rate law is updated as described in Equation [0 (lines 3-6). The dimer
sq is also replaced with s; in the reactions that it appears as a reactant or
modifier, and the rate law is updated using Equation [@ (lines 7-11). Finally,
the species s,,, the species sg4, and reaction r are all removed from the model
(lines 12-14).

Algorithm 7. Dimerization reduction
Model DimerReduction(Model M)

1: for all r € Ryev do

2:  C « DimerConditionSatisfied(M,r)

3: if C # nil then M «— DimerTransform(M,r,C)
4: end for

5: return M

Algorithm 8. Check the conditions for the dimerization reduction
Record DimerConditionSatisfied(Model M, Reaction r)

if (|ISE| #Z 1)V (ISR| # 1) Vv (|SF| # 0) then return nil

if (K(r) # “by[sm]> — k—[s4]”) then return nil

{sm} < Sy and {sq} < SF

if (Ren| #0) vV (IRE,| # 1) then return nil

return (sm, Sq, k+/k—)

S o te

Algorithm 9. Perform the dimerization reduction transformation
Model DimerTransform(Model M, Reaction r, Record (Sm, Sd, Ke))
1: M < addSpecies(M, s¢)

2: [st]y < [8m]o + 2[s4],

3: for allr' € R do

4 M «— addReactant(M, s, 7", E(Sm,7"))

5: replace [sm] with 4}1(0 (\/SKE [s¢e] +1— 1) in K(r")

6: end for

7: for allVr' € (R, URL,) do

8: ifr' € R, then M «— addReactant(M,s,v’, E(sa,7"))

9: ifr' € R, then M — addModifier(M, s¢,r")

10:  replace [sq] with [52‘] - 811{9 (\/SKe[st] +1- 1) in K(r')
11: end for

12: M «— removeSpecies(M, sm)

13: M « removeSpecies(M, sq)

14: M «— removeReaction(M,r)

15: return M

Fig. 7. Algorithms to perform dimerization reduction
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2.5 Irrelevant Node Elimination

In a large system, there may be species that do not have significant influence on
the species of interest, S;. Even when all the species in the original model are
coupled, after applying abstractions, a species may no longer influence the species
of interest. In such cases, computational performance can be gained by removing
such irrelevant species and reactions. Irrelevant node elimination performs a
reachability analysis on the REB model and detects nodes that are not used to
influence the species in S;. For example, in Figure[8{(a), s¢ is the only species in
S;i. Therefore, the production and degradation reactions of sg, r3 and 72, must
be relevant. The reaction r3 uses s3 as a reactant and sy as a modifier, so these
species are relevant too. Since so is relevant, the degradation reaction of so, 71,
is also relevant. This reaction uses s; as a modifier, so s; is relevant. Using these
deductions, irrelevant nodes elimination results in the reduced model shown in
Figure B(b).

Whereas the irrelevant node elimination guarantees that all the removed nodes
are irrelevant to the species in S; by statically analyzing the structure of the
model, there may still be nodes in the transformed model that can be safely
removed without any significant effect on the model. In such cases, a more ex-
tensive and expensive dynamic analysis such as sensitivity analysis [27)28] can
be applied to further reduce the model complexity.

S1 S2 S3 S4 S5 S1 S2 S3
m T s m m s
\ \i \i
T1 T2 T3 T4 s T1 T2 T3
p P p P
s m s
\i \i

S7 S8 @
(a) (b)

Fig. 8. Irrelevant node elimination: (a) original model and (b) after reduction

2.6 Top Level Abstraction Algorithm

The top level algorithm that combines all the abstraction methods described
above is shown in Figure 9, and it is implemented within the tool REB2SAC [29)].
The seven abstraction methods, irrelevant node elimination (line 3), modifier
constant propagation (line 4), rapid equilibrium approximation (line 5), stan-
dard quasi-steady-state approximation (line 6), operator site reduction (line 7),
similar reaction combination (line 8), and dimerization reduction (line 9), are
applied iteratively until there is no change in the model. The irrelevant node
elimination and the modifier constant propagation are applied first to reduce the
complexity of the model without compromising accuracy. The rapid equilibrium
approximation is applied before the standard quasi-steady-state approximation
so that, whenever the model contains patterns that match the conditions for
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both methods, the former has precedence in order to reduce the complexity of
the reaction rate laws. The similar reaction combination is applied right after
the operator site reduction to immediately combine the structurally similar re-
actions that are often generated by operator site reduction. The dimerization
reduction is placed after operator site reduction since an operator site with a
dimer molecule as a transcription factor cannot be reduced otherwise.

Algorithm 10. Top level abstraction algorithm
Model AbstractionEngine(Model M)

1: repeat
M — M
M — Irrelevant NodeElim (M)
M — ModifierConstant Prop(M)
M «— RapidEqApprox(M)
M — StandardQSSA(M)
M — OpSiteReduction(M)
M — Similar ReactionComb(M)
9: M «— DimerReduction(M)
10: until M' = M
11: return M

PN D o fele

Fig. 9. Top level abstraction algorithm

2.7 Abstraction Results

As a case study, we built a REB model of the phage A decision circuit based on
the one described in [3]. Phage A is a virus that infects E. coli cells. This virus
replicates either by making new copies of itself within the E. coli and lysing
the cell (i.e., lysis) or embedding its DNA into the cell’s DNA and replicating
through cell division (i.e., lysogeny). The goal of the analysis is to determine
the probability that lysogeny is chosen under various conditions. For example, it
has been shown experimentally that the probability of lysogeny increases as the
multiplicity of infection (MOI)—the number of phages simultaneously infecting
the same cell—increases [30]. The initial REB model includes 55 species and 69
reactions, and the set of interesting species, S;, includes CI and Cro. This model
is available with the REB2SAC tool [29].

After applying the reaction-based abstraction methods as specified in Sec-
tion 2.6] the REB model is reduced to only 5 species and 11 reactions as shown
graphically in Figure This figure shows the biological gene-regulatory net-
work of the phage A lysis/lysogeny decision circuit, and it is quite similar to
the high-level hand-generated diagram in [3]. The structure of this graph, how-
ever, is automatically generated using abstractions from the low level model.
This highlights the additional benefit of abstraction in facilitating a higher level
view of the network being analyzed, since it removes the low level details such
as intermediate species and reactions which involve them. This makes it easier
to visualize crucial interactions including identification of the key species which
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Fig. 10. Structure of the abstracted model of the phage A developmental decision
gene-regulatory pathway

ultimately inhibit and/or activate transcription. The REB2SAC tool can also out-
put the abstracted model as SBML to allow it to be visualized or further ana-
lyzed using any SBML compliant tool. Finally, REB2SAC can output the model
in presentation MathML to visualize complex rate laws using an XML/HTML
browser.

Both the original model and the abstracted one are simulated for 10,000 runs
using the same simulator, an optimized implementation of SSA within REB2SAC,
on a 3GHz Pentium4 with 1GB of memory to estimate the probability of lysogeny
with a reasonable statistical confidence as well as to measure the speed-up gained
via abstractions. Each simulation is run for up to one cell cycle while tracking
the number of molecules of CI and Cro. If the number of CI molecules exceeds
328 (i.e., 145 CI dimers) before the number of Cro molecules exceeds 133 (i.e.,
55 Cro dimers), then the simulation run is said to result in lysogeny [3]. The
simulations are run for MOIs ranging from 1 to 50. While the simulation of the
original REB model takes 56.5 hours, the abstracted model only takes 9.8 hours,
which is a speed-up of more than 5.7 times. Figure [[1] shows the probability of
lysogeny for MOIs from 0 to 10 for both the original REB model and the ab-
stracted one. The results are nearly the same, yet with a substantial acceleration
in runtime.

3 N-ary Transformation

To further improve the analysis time, the reduced REB model can be converted
into a SAC model using the n-ary transformation. This section first describes
the SAC model formally. Next, it describes each of the steps of n-ary transfor-
mation in turn. Then, it describes how the resulting SAC model can be analyzed
using an iterative Markov chain method. Finally, it presents results using n-ary
transformation on the phage A model.
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Fig. 11. Comparison of simulation results before and after abstraction where each data
point has a margin of error of less than 0.01 with a 95 percent confidence

3.1 Stochastic Asynchronous Circuit Model

The SAC model is a continuous-time discrete-event system with which one can
efficiently analyze the stochastic behavior of each species. So, instead of tak-
ing a computationally expensive approach of monitoring every single molec-
ular state, the SAC model keeps track of aggregate levels of molecular counts.
This is inspired by switch-like behaviors often seen in genetic regulatory
networks.

Definition 2. A SAC Model is specified using a 3-tuple (B, b, C) where B =
(B1,...,B,) is a vector of Boolean random wvariables, and thus B(t) repre-
sents the system state at time t. The initial state bg contains the values of
all the Boolean wvariables at time 0. C is the set of guarded commands that
change the values of the Boolean variables. Each guarded command, c;, has a
form:

G](b) q—]> Bl =y
where the function Gj(b) : {0,1}" +— {0, 1} is the guard for c; when the system

state is b, g; is the transition rate for c;, and v; € {0,1} is the value assigned
to B; as a result of c;.
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A guard is a conjunction of literals of the form (B; = v;). Each guarded
command, c;, is required to change the state of some Boolean variable in B.
Therefore, if the state of B; is changed to v; by c;, then the guard must include
the term (B; = (1 — v;)). If the system state is b at time ¢ (i.e., B(t) = b), ¢;
can be executed if its guard is satisfied (i.e., G;(b) = 1). The result of executing
the guarded command in time step 7 is that a new state is reached in which
B;(t 4+ 7) = v; and for all k # i, By(t + 7) = By(t). The probability that ¢; is
executed within the next infinitesimal The probability that, given the state is b,
¢; is executed within the next infinitesimal time step dt is:

P(Cj,dt ‘ b) = G](b) ~ g5 dt.

Consequently, the probability that no transition is taken within the next time
step dt is:

1- (X Gub) - g - at).

A stochastic simulation of a process described using a SAC model begins in
the state bg at time 0 and selects either a guarded command to execute or no
guarded commands to execute in a small time step At using the probability
functions just defined. If a guarded command is executed at time ¢;, then the
system moves to a new state B(¢;) = by. It then recalculates all the transition
probabilities, and continues until terminated.

This simulation process is inexact and inefficient since At is not a true in-
finitesimal yet for a sufficiently small At most simulation steps do not result in a
state change. Therefore, the exact SSA which skips over the time steps where no
state change occurs can be used instead [31I32] by using the expression G;(b)-g;
as the propensity function for the guarded command c; when the system state
is b. In addition to stochastic simulation, a SAC model can be analyzed by
constructing a homogeneous continuous-time Markov chain and applying an as-
sociated efficient analysis method [33]. This is the approach that is taken in this
paper to analyze the phage A decision circuit.

3.2 Reaction Splitization

The n-ary transformation requires the REB model to satisfy the property that
all reactions should have either one reactant or one product, but not both. This
is often the case after applying the abstractions described earlier as it is for
the phage A model. If this property does not hold, however, it can be made to
hold using reaction splitization. One form of reaction splitization is called single
reactant single product reaction splitization, which splits an irreversible reaction
with a single reactant and a single product into an irreversible reaction with no
reactant and a single product and an irreversible reaction with a single reactant
and no product. In order to illustrate this transformation, consider the reaction
shown in Figure [2[(a) that converts species s1 into species so with a rate law
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S1 S1

Y / \
F([s1]) F([s1]) f([s1])
p p p

\ \ v

: 0 ’

(a) (b)

Fig. 12. Reaction splitization: (a) original reaction and (b) split-up reactions

f([s1]). After splitization, this is transformed into the two reactions shown in
Figure[I2lb). This includes a degradation reaction for s; and a production reac-
tion for so, with the same rate law. In addition, there is also multiple reactants
reaction splitization to split a reaction with multiple reactants into multiple re-
actions with a single reactant, and multiple products reaction splitization that
splits a reaction with multiple products into multiple reactions with a single
product.

3.3 Boolean Variable Generation

Let X be a random variable representing the state of species s. Our method
partitions the states of X into an ordered set A : (Ao, A1,...,Ay) such that,
Vi. A; = [0;,0;11) where 8y = 0, and 6,41 = co. We call Ay,..., A, critical
intervals, and 6, ...,60, critical levels. Depending on the nature of the appli-
cation, these critical levels can be either specified by the user and taken to be
model inputs—such as might be the case when our system is utilized by an
expert already familiar with the in situ behavior of the underlying regulatory
network—or estimated automatically from the kinetic rate laws as described
next.

In order to identify the critical levels of species s, our method first automati-
cally finds all reactions with kinetic rate laws that include a denominator term
of the form K[s]™. For each such reaction, one critical level of s is generated with
the form {/a/(K — aK) where a is an amplifier in the range [0.5,1.0) selected
by the user. Figure [[3(a) shows two reactions which have kinetic rate laws con-
taining CII terms. Assuming that a equals 0.5, these two reactions imply the
following four critical levels:

O k‘g k—Z
’ ]{?87 kz-RNAPQ7

ke
and "%,
These levels come from the fact that g is by definition 0, the denominator of the
left reaction rate law in Figure[I3|a) has the term kg/ko[CII], and the denomina-
tor of the right reaction rate law has two terms of this form, ko /k_2[CII|RN AP,

and ks /k_s[CII).
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Fig. 13. (a) Critical level identification. (b) Production of CI with activator CIIL

If there are n+1 critical levels, 6y, ..., 8,, for s, our method creates n Boolean
variables By ... B, with initial values b; ...b, in which b; = 1 if [s], > 6; and 0
otherwise. Y is a discrete random variable that denotes the state of critical levels
that species s is in. So, the relationship between Y and By, ..., B, is: Y(t) =
iff (Vj e [1,d]. Bj(t)=1)A(Vj € [i+1,n]. Bj(t)=0).

3.4 Guarded Command Generation

The guard for a reaction is derived from the Boolean variables for the species
used in that reaction. Suppose species CII is an activator in the reaction r
for the production of CI shown in Figure [[3[(b). Also, suppose that three crit-
ical levels are used for CII which are (0,0¢ $11)  and the critical levels for
CI are (0,607,057), respectively. Since 71 is a production reaction for species
C1I, the legal moves that Yo; (the random variable for the levels of CI) can
take are only two: 0 — 1 and 1 — 2. The guarded commands for r; are
below:

B§T=0ABfT =0A B =0ABfH =02 BET =1
B§T=0AB{T =0A B =0ABfH =12 BET =1
BCI:O/\BCI 0ABSH =1ABFH =1 % Bfﬂ:l
=0AB{T=1AB§JIT =0AB{T =02 BYT =1
FT=0ABfT=1ABFH =0A BT =12 B§T =1
FT=0ABfT=1ABFH =1 A BT =12 B§T =1

3.5 Transition Rate Generation

The final step to generate a SAC model is to assign a transition rate, g;, to
each guarded command. The random variable, X, which represents the state of
s can be approximately expressed in terms of the Boolean variables by defining
a discrete random variable, X', as follows:

X/(t) = (9n — Hn_l)Bn(t) + -+ (92 — 91)Bz(t) + (91 — 90)31(1,‘),
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and then approximating evolution of X by the average of X’. Taking the deriva-
tive with respect to the mean of B;(t) results in:
0X(t)
9(B;(1))

Using this approximation, the time derivative of the mean of B; is:
d(B;(t))  O0(Bi(t)) dX (1) N 1 dX (t)

dt OX(t) dt 6, —6;, dt

~ (91 - 91',1).

Notice (B;(t)) is a continuous variable in the range [0, 1]. By letting (B;(t)) be
the probability that B; = 1 at ¢, our method finds the transition rate functions
for B; to move from 0 to 1 and from 1 to 0 from the rate laws of reactions
that change the value of [s]. The transition rate function of a guarded command
changing the value of B;, which is generated from reaction r is:

E-K(r)
0; — 01

. E(s,r) if sis a reactant of r

where E = o
E(r,s) if sis a product of r

Finally, our method must evaluate the transition rate functions with appro-
priate values. Consider reaction r with K(r) containing X . Given that the corre-
sponding Y is i, our method uses 6; as the value of X. For example, the transition
rates of the guarded commands in Figure [[3(b) are derived from K(r;). Since
the derived transition rate function is f([CTI])/(651 —6¢1)), the transition rates
for the guarded commands for reaction r; are:

o = f(0)/67"
9011)/901
9011)/901
)/(901 901)
T /057 - 67T
0510/ (05" —07)

/\/\AA/\
5
~Q

3.6 Markov Analysis

A SAC model can be efficiently analyzed using Markov chain analysis within the
ATACS tool [20]. Beginning in the initial state, by, a transition can occur to a
new state, by, by executing a guarded command which has its guard satisfied
in bg. A depth-first-search can be used to generate a state graph containing all
states reachable from bg. If there exists a state transition from state b; to b; due
to the execution of the guarded command cy, then this state transition can be
annotated with its transition rate, qx. The result of this annotation is that the
state graph is now a continuous-time Markov chain. This can be analyzed by first
converting it into its embedded Markov chain by normalizing each transition rate
by the sum of all the rates leaving the state resulting in a transition probability.
Finally, this embedded Markov chain can be analyzed to determine the stationary
probability distribution using an efficient iterative method [33].
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3.7 N-ary Transformation Results

The n-ary transformation is able to automatically convert our reduced REB
model for the phage A decision circuit into a SAC model. However, since the
species CI and Cro influence many reactions, our automated analysis finds that
10 critical levels are needed for species CI and 10 are needed for species Cro.
This is too many critical levels for the Markov chain analyzer within ATACS.
Fortunately, many of these critical levels are very close together and can be
combined with little loss in accuracy. Therefore, while we decided to use eight
Boolean variables for species CI and three for CII, we only used one Boolean
variable for each of the species Cro, N, and CIII.

We analyzed the SAC model using Markov chain analysis. The probability of
lysogeny is calculated by summing the probability of states that reach the highest
level of CI. We compare our results with both experimental data and previous
simulations performed by Arkin et al. on a complete master equation model.
The experimental results are from Kourilsky [30]. Since it was not practical to
measure the number of phages that infect any given cell, Kourilsky measured the
fraction of cells that commit to lysogeny versus average phage input (API) (i.e.,
the proportion of phages to E. coli within the population). Kourilsky performed
experiments for both “starved” E. coli and those in a “well-fed” environment.
He found that the fraction that commits to lysogeny increases with increasing
API, and that this fraction increases by more than an order of magnitude in a
starved environment over a well-fed environment.

To map simulated MOI data onto API data, Arkin et al. used a Poisson
distribution of the phage infections over the populations:

AM —A

M€

Flysogens(A) = ZP(M, A) - F(M)
M

P(M, A) =

where M is the MOI, A is the API, and F (M) is the probability of lysogeny
determined by Markov analysis. We also used this method to map our MOI
data. The results are shown in Figure[I4l The individual points represent exper-
imental measurements while the lines represent simulation results. Both Arkin
et al.’s simulation and our SAC model results track the starved data points rea-
sonably well. Our SAC model results, however, are found in less than 7 minutes
of computation time on a 3GHz Pentium4 with 1GB of memory. While modern
computer technology and algorithmic improvements would greatly improve the
simulation time of Arkin et al.’s model, these results would still take several
hours to generate on a similar computer to ours. Another notable benefit of
our SAC method is that it can also produce simulation results for the well-fed
case in about 7 minutes. These results could likely not be generated even today
using Arkin’s master equation simulation method, since the number of simula-
tion runs necessary is inversely proportional to the probability of lysogeny (i.e.,
about two orders of magnitude greater in the well-fed case than in the starved
one).
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Fig.14. Comparison of SAC results to experimental data

4 Conclusions

This paper presents a general methodology for systematically and automatically
abstracting the complexities of large-scale biochemical reaction-based
networks (REBs) to a reduced stochastic asynchronous circuit (SAC) repre-
sentation. It significantly facilitates efficient non-deterministic analysis of such
systems by substantially reducing the problem dimensionality in both reaction
and molecular state spaces, thus potentially allowing for both simulation time
acceleration and computability gains while facilitating a high-level view of the
network. Furthermore, since our approach allows for multiple levels of abstrac-
tion, it is broadly applicable to a wide range of biological systems and their
representations—from classical differential equation models to fully discrete and
stochastic bio-molecular pathways—including the genetic regulatory networks
upon which we have chosen to focus in this work.

As a case study, we have applied our method to the phage A developmental
decision pathway. The preliminary results are promising. Among other things,
we are able to: (1) ascertain the internal self-consistency of our approach by
successfully cross-validating each abstraction level output against the results
of the full underlying discrete-stochastic model simulations; and (2) accurately
estimate the biologically relevant (observable) pathway selection probabilities,
which typically require substantial numbers of hours of computation time via
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the original REB representation, yet could be computed in only minutes using
our SAC approach.

Future work includes the development of more abstraction methods, refine-
ment of the critical level assignment algorithm, and integration of a more scalable
Markov chain analyzer. We are also working on a tighter integration with other
tools for modeling and analysis of (bio)chemical networks such as BioSPICE [23].
Finally, we are applying our abstraction methodology to efficient analysis of other
systems—such as the E. coli Fim mechanism and B. Subtilis stress response
network—that may benefit from our automated abstraction methodology due
to, among others, their inherently stochastic behavior in situ.
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Abstract. In this paper we present P systems as a reliable computa-
tional modelling tool for Systems Biology that takes into account the
discrete character of the quantity of components of biological systems,
the inherently randomness in biological phenomena and the key role
played by membranes in the functioning of living cells. We will introduce
two different strategies for the evolution of P systems, namely, Multi-
compartmental Gillespie’s Algorithm based on the well known Gillespie’s
Algorithm but running on more than one compartment; and Determin-
istic Waiting Times Algorithm, an exact deterministic method. In order
to illustrate these two strategies we have modelled two biological sys-
tems: the EGFR Signalling Cascade and the Quorum Sensing System in
the bacterium Vibrio Fischeri. Our simulations results show that for the
former system a deterministic approach is valid whereas for the latter
a stochastic approach like Multi-compartmental Gillespie’s Algorithm is
necessary.

1 Introduction

Membrane Computing is an emergent branch of Natural Computing introduced
by G. P&un in [I§]. Since then it has received important attention from the
scientific community. In fact, Membrane Computing has been selected by the
Institute for Scientific Information, USA, as a fast Emerging Research Front in
Computer Science, and [I7] was mentioned in [26] as a highly cited paper in
October 2003.

This new model of computation starts from the assumption that the processes
taking place in the compartmental structure of a living cell can be interpreted as
computations. The devices of this model are called P systems. Roughly speaking,
a P system consists of a cell-like membrane structure, in the compartments of
which one places multisets of objects which evolve according to given rules.

Most variants of membrane systems have been proved to be computationally
complete, that is equivalent in power to Turing machines, and computationally
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efficient, that is able to solve computationally hard problems in polynomial time,
see [28]. Although most research in P systems concentrates on computational
powers, lately they have been used to model biological phenomena [2I3/5].

As P systems are inspired from the functioning of the living cell, it is natural
to consider them as modelling tools for biological systems, within the framework
of systems biology, being an alternative to more classical approaches like ODEs.
Differential equations have been used successfully to model kinetics of conven-
tional macroscopic coupled chemical reactions. Nevertheless there is an implicit
assumption of continuously varying chemical concentration and deterministic
dynamics. Two critical characteristics of this approach are that the number of
molecules of each type in the reaction mix is large and that for each type of
reaction in the system, the number of reactions is large within each observation
interval, that is reaction rates are fast.

When concentrations of the reacting species are low and reaction rates are
slow, which is frequently the case in genetic circuits, both of the previous pre-
sumptions are invalid and the deterministic continuous approach to chemical
kinetics breaks down. Instead one has to recognise that the individual chemical
reaction steps occur discretely and are separated by time intervals of random
length.

In contrast to differential equations, P systems are an unconventional model of
computation which takes into consideration the discrete character of the quantity
of components and the inherently randomness in biological phenomena. Besides,
the key feature of P systems is the so called membrane structure which represents
the heterogeneity of the structural organisation of the cells, and where one can
take into account the role played by membranes in the functioning of the system,
for example the fluctuation effects caused by diffusion.

In this paper we will present P systems as a reliable tool for Systems Biology.
We will discuss two different strategies for their evolution. The first strategy is
based on the well known Gillespie’s Algorithm but running on more than one
compartment and so it will be called Multi-compartmental Gillespie Algorithm.
The second one will be a deterministic strategy called Deterministic Waiting
Times which consists in an exact deterministic method in the sense that we do
not approximate infinitesimal intervals of time by At as it is the case in ODEs,
but we will associate a waiting time, computed in a deterministic way, to each
reaction and will use them to determine the order in which the reactions take
place.

In order to illustrate these strategies two different biological systems will be
modelled; the Epidermal Growth Factor Receptor Signalling Cascade and the
Quorum Sensing System in the marine bacterium Vibrio Fischeri. The former
system is known to play a key role in tumour cell proliferation, angiogenesis and
metastasis, being a key biological target for the development of novel anticancer
therapies. Whereas the latter phenomenon is one of the best known quorum
sensing systems; it consists in a gene regulation system that allows an entire
population of bacterial cells to communicate in order to regulate the expression of
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specific genes involved in the production of light in a coordinated way depending
on the size of the population.

The paper is organised as follows. In the next section we introduce P systems.
In section 3 two strategies for the evolution of P systems are discussed. A study of
EGFR Signalling Cascade and of the Quorum Sensing System in Vibrio Fischeri
are given in sections 4 and 5. Finally, conclusions are presented in the last section.

2 P Systems as a Computational Modelling Tool for
Systems Biology

A P system is usually defined as a hierarchical arrangement of a number of mem-
branes identifying a corresponding number of regions inside the system, and with
these regions having associated a finite multiset of objects and a finite set of rules.
In what follows we give a precise definition of the main ingredients of a P system.

Definition 1 (membrane structure). A membrane structure is a hierarchical
arrangement of membranes where all the membranes but one must be included in
a unique main membrane, which defines the boundary of the system with respect to
the external environment. This particular membrane is called skin membrane. The
membrane structure can be represented formally, as a rooted tree, where the nodes
are called membranes, the root is called skin, and the relationship of membrane
being inside another one is represented by the relationship of the node being the
descendent of another one.

Informally we can represent a membrane structure using Venn diagrams.

-

CJ O
) o

7

Fig.1. A membrane structure represented using a Venn Diagram and a rooted tree

Rules of many different forms have been considered for P systems in order to
encode the operation of modifying the objects inside the membrane, moving ob-
jects from one region to the other, dissolving, creating, dividing membranes etc.
Here, in order to capture the features of most of these rules, we consider rules of
the form:

ulvly —u'[v']; (1)
with u,v,u’, v’ some finite multisets of objects and I the label of a membrane.
These rules are multiset rewriting rules that operate on both sides of the mem-
branes, that is, a multiset u placed outside a membrane labelled by [ and a multiset
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v placed inside the same membrane can be simultaneously replaced by a multiset
u’ and a multiset v’ respectively. In this way, we are able to capture in a concise
way the features of both the communication rules and the transformation rules
considered in [4]. Moreover, rules like () allow us to express any sort of interac-
tions occurring at the membrane level, and, in particular, they are useful to model
the binding of a signal molecule to its corresponding receptor that occurs at the
cell-surface level.

We generalise this concept by associating to each rule a boolean predicate m
expressing a generic property over the objects contained inside a membrane and
the objects contained in the surrounding region or in one of the regions that ex-
ists inside the current one. Such a predicate 7 is meant to specify a condition that
need to be satisfied to make the rule applicable inside a given membrane. Finally,
we associate to each rule a finite set of attributes which are meant to capture the
quantitative aspects that are often necessary to characterise the reality of the phe-
nomenon to be modelled. The necessity of taking into account these quantitative
aspects has been made clear in a few recent application of P systems to the mod-
elling of biological systems [3U5I6I/7].

Therefore, we introduce the following notion of program as the basic feature
describing a generic process occurring inside a membrane.

Definition 2 (program). Let O be an alphabet for the objects and let L be an
alphabet of labels. A program is a construct

(m >> uv]; —d [v'], A)

with u,v,u’,v" € O* some finite multisets of objects, ™ a generic boolean predicate,
[ is a label from L and A a finite set of attributes associated with the rule.

The predicate 7 is used to express a condition that needs to be satisfied in order
to make the rule applicable inside a membrane. The set of attributes in A can
instead be used to associate to each rule a kinetic constant [36], a probability [2//5],
or a more general function returning the number of occurrences of the multisets
u, v to be consumed and the number of occurrences of the multisets u’,v’ to be
produced. As well as this, the attributes might be used to associate to a rule some
side-effect in order to alter other properties of the membrane where the rule is
applied.

Our notion of program bears some similarities with, and is somehow inspired
by, the notion of attribute grammars used for syntax-directed language trans-
lation and automatic code generation [I], as well as the notion of parametric L
systems augmented with C code used for modelling plant growth and develop-
ment [13]. In a sense, our programs also resemble the concept of guarded com-
mands for non-deterministic programming introduced by Dijkstra in 1975 which
has then led to CCS, CSP and the modern theory of concurrent systems based on
m-calculus [I5].

Now, we can define a P system by simply associating a finite multiset of objects
to each membrane in a given membrane structure and by considering a finite set
of programs to make these objects evolve from one configuration to the other.
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Definition 3 (P system). A P system is a construct
I = (O,L,/J,7M1,M27...,Mn7R1,...,Rn)
where:

— O is a finite alphabet of symbols representing objects;

— L is a finite alphabet of symbols representing labels for the compartments;

— wis a membrane structure containing n > 1 membranes labelled with elements
from L;

— M; = (w;,l;), for each 1 < i < n, is the initial configuration of membrane i
with l; € L and w; € O* a finite multiset of objects;

— R;, for each 1 < i < n, is a finite set of programs in membrane i of the form
specified in Definition[d with objects in O and labels in L.

Thus, the initial configuration of each membrane i, with 1 < i < n, is given by
a finite multiset of objects from O and by a label from L. A program consists of
a rule of the form w[v];, — ' [v'];,, with I; the label of membrane ¢; this pro-
gram may be either associated with the membrane labelled with /; or in the mem-
brane surrounding it. Moreover, we can now precisely say that the evaluation of
the predicate 7 in such a program must be done by considering both the content
of membrane i and the content of the membrane upper(u,i) (i.e., the membrane
that directly contains membrane ). The evaluation of the predicate m, which has
to be done before the application of the rule inside membrane i, is then denoted
by (i, upper(p, i)).

P systems are usually considered as being distributed maximal parallel multiset
rewriting systems [19]. That is, in each step, for each membrane, a maximal set of
programs to be applied is non-deterministically selected by making sure that no
further programs can be applied to the objects left inside the membranes. On the
other hand, a few recent works, [35J6l/7], have addressed the issue of introducing
new strategies for the application of the programs where the set of programs to be
applied in any step is not maximal, but it is somehow bounded. The reasons for the
introduction of new derivation/evolution strategies may be different, but, in the
context of modelling biological systems, one can say that restrictions to maximal
parallelism are often required in order to close the gap between the abstractness
of the model and the reality of the phenomenon to be modelled. In this work we
present two novel strategies for the evolution of P systems substantially different
from the ones previously introduced.

3 Two Strategies for the Evolution of P systems

At the microscopic level of functioning of cellular processes the interactions be-
tween molecules follow the laws of physics. A fundamental result of theoretical
statistical physics is the famous y/n law, which says that randomness or fluctua-
tion level in a system are inversely proportional to the square root of the number
of particles. As a result systems with low number of molecules show high fluctua-
tions; whereas the evolution of systems with large number of reactants molecules
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can be considered deterministic. Having this in mind we introduce two strategies
for the evolution of P systems, a stochastic strategy based on Gillespie’s Algorithm
and a deterministic strategy which will be valid for systems with high number of
particles.

Gillespie’s algorithm [9] (see also [III12] for some recent improvements) pro-
vides an exact method for the stochastic simulation of systems of bio-chemical
reactions; the validity of the method is rigorously proved and it has been already
successfully used to simulate various biochemical processes [I4]. As well as this, the
Gillespie’s algorithm is used in the implementation of stochastic -calculus [2T129],
and in its application to the modelling of biological systems [22]. Here we present
an extension of the classical Gillespie’s algorithm called Multi-compartmental
Gillespie Algorithm. This method is developed by taking into account the fact
that, with respect to the original algorithm where only one volume is studied, in
P systems we have a membrane structure delimiting different regions or compart-
ments, each one can be seen as a volume with its own set of rules, besides the
application of a rule inside a compartment can also affect the content of another
one; for example the application of a communication rule.

Specifically, let IT = (O, Lab, i, My, Mo, ..., M,, Ry,..., R,) be a P system
as specified in Definition Bl with the membranes M; = (w;, L;) and the programs
R;, 1 <i < n. The set R; of programs that are active inside membrane contains
elements of the form (j, 7, r;, p;, k;) where:

— j is the index of a program from R;;

— m; is the predicate; in this section this will be always true and will be omitted;

— r; is the boundary rule contained in the program j;

— pj is the probability of the rule contained in the program j to be applied in the
next step of evolution; this probability is computed by multiplying a stochastic
constant k;, specifically associated with program j, by the number of possible
combinations of the objects present on the left-side of the rules with respect
to the multiset w; (or the multiset w; , with ' = upper(u,i)) - the current
content of membrane i (7).

First, each membrane ¢ will be considered to be a compartment enclosing a vol-
ume, therefore the index of the next program to be used inside membrane 7 and
its waiting time will be computed using the classical Gillespie’s algorithm which
we recall below:

1. calculate ag = ) pj, for all (j,r;,p;, k;) € Ry;
2. generate two random numbers 1 and 7o uniformly distributed over the unit
interval (0,1);

1 1
3. calculate the waiting time for the next reactionas r; = = In(  );
Qo ™
j—1 J
4. take the index j, of the program such that Zpk < rqeap < Zpk;
k=1 k=1

5. return the triple (73, j, 7).

Notice that the larger the stochastic constant of a rule and the number of occur-
rences of the objects placed on the left-side of the rule inside a membrane are, the
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greater the chance that a given rule will be applied in the next step of the simula-
tion. There is no constant time-step in the simulation. The time-step is determined
in every iteration and it takes different values depending on the configuration of
the system.

Next, the Multi-compartmental Gillespie’s Algorithm is described in detail:

e Initialisation
o set time of the simulation ¢ = 0;
o for each membrane ¢ in © compute a triple (7;, 7, 7) by using the procedure
described above; construct a list containing all such triples;
o sort the list of triple (7;, j,) according to 7;;
e Iteration
o extract the first triple, (7,,, j, m) from the list;
o set time of the simulation ¢t =t + 7,,,;
o update the waiting time for the rest of the triples in the list by subtracting
Tm;
o apply the rule contained in the program j only once changing the number
of objects in the membranes affected by the application of the rule;
o for each membrane m’ affected by the application of the rule remove the
corresponding triple (77 ., j', m') from the list;
o for each membrane m’ affected by the application of the rule j re-run the
Gillespie algorithm for the new context in m’ to obtain (77,, 5", m’), the

m

next program j”, to be used inside membrane m’ and its waiting time 77/,

o add the new triples (7//,,j”,m’) in the list and sort this list according to

m
each waiting time and iterate the process.
e Termination
o Terminate simulation when time of the simulation ¢ reaches or exceeds a

preset maximal time of simulation.

Therefore, in this approach, the waiting time computed by the Gillespie’s algo-
rithm is used to select the membranes which are allowed to evolve in the next step
of computation. Specifically, in each step, the membranes associated to programs
with the same minimal waiting time are selected to evolve by means of the corre-
sponding rules. Moreover, since the application of a rule can affect more than one
membrane at the same time (e.g., some objects may be moved from one place to
another), we need to reconsider a new program for each one of these membranes
by taking into account the new distribution of objects inside them. Note that in
this point our approach differs from [24] where only one program is applied at
each step without taking into account the rest of programs that are waiting to be
applied in the other membranes, neither it is considered the disruption that the
application of one program can produce in various membranes.

As mentioned before in systems with large number of molecules deterministic
approaches are valid; in what follows we present a deterministic ezact strategy
for the execution of the programs, that we will refer to as Deterministic Waiting
Times Algorithm.

Given a P system, in this strategy, using mass action law, we associate a veloc-
ity, v;, to every program ¢ in each membrane 7 by multiplying the kinetic constant
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k; by the multiplicities of the reactants. Then we compute the waiting time for the
first execution of the program as 7; = 1;11 and return the triple (7;, 1, 5).

Below we give a detailed description of the Deterministic Waiting Times Algo-
rithm:

e Initialisation

o set time of the simulation ¢ = 0;

o for every program i associated with a membrane j in g compute the triple
(74,1, ) by using the procedure described before; construct a list contain-
ing all such triples;

o sort the list of triple (7;, 1, j) according to 7;;

e Iteration

o extract the first triple, (75, j, m) from the list;

o set time of the simulation ¢t = ¢ + 7;

o update the waiting time for the rest of the triples in the list by subtracting
753

o apply the rule contained in the program j only once changing the number
of objects in the membranes affected by the application of the rule;

o for each membrane m’ affected by the application of the rule remove the
corresponding all the triples (77, j*,m’) from the list;

o for each membrane m’ affected by the application of the rule j re-run the
Gillespie algorithm for the new context in m’ to obtain a triple (TJ’»C ,j',m')
for all the program s j’ associated with the membrane m/;

o add the new triples (7']’»5, j',m’) in the list and sort this list according to
each waiting time and iterate the process.

e Termination

o Terminate simulation when time of the simulation ¢ reaches or exceeds a

preset maximal time of simulation.

Note that in this algorithm instead of associating a waiting time to a single pro-
gram in each membrane (as it is the case in the Multi-compartmental Gillespie’s
Algorithm) every program in each membrane has a waiting time computed in a
deterministic way that is used to determine the order in which the programs are
executed. Also highlight that this is an ezact method in the sense that we do not
approximate infinitesimal intervals of time by At as it is the case in ODEs, but
the time step varies across the evolution of the system and it is computed in each
step depending on the current state of the system.

These two strategies have been implemented using Scilab, a scientific software
package for numerical computations providing a powerful open computing envi-
ronment for engineering and scientific applications [30]. The program and configu-
ration files of the case studies presented in this paper are available from
WWW.gCn.us.es.

In the following two sections we provide two biological systems to illustrate
these strategies. In section 4 we study the EGFR Signalling Cascade where the
Deterministic Waiting Times Algorithm is suitable for describing its evolution;
and in section 5 the Quorum Sensing System in the bacterium Vibrio Fischeri
is used as an example where stochastic approaches like the Multi-compartmental
Gillespie’s Algorithm are necessary.
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4 EGFR Signalling Cascade

The epidermal growth factor receptor (EGFR) belongs to the tyrosine kinase fam-
ily of receptors. Binding of the epidermal growth factor (EGF) to the extracellular
domain of EGFR induces receptor dimerisation and autophosphorylation of intra-
cellular domains. Then a multitude of proteins are recruited starting a complex
signalling cascade and the receptor follows a process of internalisation and degra-
dation in endosomals. Two principal pathways lead to activation of Ras-GTP by
hydrolisation of Ras-GDP. One of these pathways depends on the Src homology
and collagen domain protein (Shc) and the other one is She-independent. Ras-
GTP acts like a switch that stimulates the Mitogen Activated Protein (MAP) ki-
nase cascade by phosphorylating the proteins Raf, MEK and ERK. Subsequently
phosphorylated MEK and ERK regulates several cellular proteins and nuclear
transcription factors. Disregulated EGFR expression, ligand production and sig-
nalling have been proved to have a strong association with tumourgenesis. As a
result of this, EGFR has been identified as a key biological target for the devel-
opment of novel anticancer therapies. In figure [ it is shown a detailed graphical
representation of the signalling cascade.

We have developed a model of the signalling cascade described on the previous
page using the following P system:

HEGF = (Oa {6, S, C}7/~1" (w17 6)7 (w27 5)7 (w370)aRe7R87RC)

Our model consists of more that 60 proteins and complexes of proteins and 160
chemical reactions. Due to the limitation of space we will not give all the details of
the model. A complete description of Ilggpr with some supplementary informa-
tion is available from the web page www.gcn.us.es/egfr.pdf. In what follows we
give an outline of our model.

e Alphabet: In the alphabet O we represent all the proteins and complexes of
proteins that take part in the signalling cascade. Some of the objects from the
alphabet and the chemical compounds that they represent are listed below.

Object Protein or Complex
EGF Epidermal Growth Factor
EGFR EGF Receptor
EGFR-EGF4 Dimerazated Receptor

EGFR-EGF5-Shc¢  EGFR-EGF3 and Shc complex

MEK Mitogenic external regulated kinase
ERK External regulated Kinase

e Membrane Structure: In the EGFR Signalling Cascade there are three rel-
evant regions, namely the environment, the cell surface and the cytoplasm. We
represent them in the membrane structure as the membranes labelled with: e for
the environment, s for the cell surface and ¢ for the cytoplasm. FigureBlis a Venn
diagram representation of the membrane structure.
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Fig. 2. EGFR Signalling Cascade
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e Initial Multisets: In the initial multisets we represent the initial number of
molecules (nM) of the chemical substances in the environment, the cell surface

and the cytoplasm. These estimations has been obtained from [I6/23].

wy = {EGF2%}
we = {EGFR*"° Ras-GDP?*%}

5 = {She®, PLCY, PI3K™, SOS%, Grb2%0, T P10, T Py, TP, T P},

Rafso,MEK4OO,ERK4OO,P180,P§0,P§’OO}

e Programs: In the programs we model the 160 chemical reactions which form
the signalling cascade. Due to the limitation of space only a few programs rep-
resenting some of the reactions will be presented in this paper. For a detailed
enumeration of all the programs, their attributes and the references from where
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Fig. 3. Membrane Structure

these parameters were taken see the supplementary information available from
www.gcn.us.es/egfr.pdf.

As it can be seen in the initial multisets specified before, in the system of the
EGFR Signalling Cascade the number of molecules is quite large, as a consequence
of the v/n law important fluctuations and stochastic behaviour are not expected
in the evolution of the system. Because of this we have chosen the Deterministic
Waiting Times Algorithm as the strategy for the evolution of the P system Ilggp.

In what follows we show two examples of programs from the set of programs
associated with each membrane.

The set of programs associated with the environment, R., consists only of one
program which models the binding of the signal, EGF, to the receptor EGF'R.

EGF|[EGFR]s — [EGF-EGFR]s,k = 0.003

We assume that the previous program is applicable when there are signals and
receptors available and so, the predicate 7 is omitted. The meaning of the previ-
ous rule is the following: the object EGF in the membrane containing the mem-
brane with label s (the environment), and the object EGF R inside the membrane
with label s (the cell surface) are replaced with the object EGFR-EGF in the
membrane with label s; this object represents the complex receptor-signal on the
cell surface. As attributes we associate the kinetic constant k, which measures the
affinity between the signal and the receptor.

The Deterministic Waiting Times Algorithm is used in the evolution of the sys-
tem and the waiting time associated to this program will be computed using the
next formula:

1

"~ 0.003|EGF||EGFR|
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Fig. 4. Autophosphorylated EGFR evolution

One example from the set of programs R associated to the cell surface is the
dimerisation of the receptor, that is the formation of a complex consisting of two
receptors:

[EGFR, EGFR], — [EGFRy,,k =0.011

When this program is executed two objects EGF R representing receptors are
replaced with one object EGF R, representing a complex formed with two recep-
tors, in the membrane with label s, the cell surface. The kinetic constant k is used
to computed the waiting time:

1
"7 0.011|EGFR?

Using the software mentioned in the previous section and developed in Scilab
we run some experiments; in what follows we present some of the results obtained.

In figure @ it is depicted the evolution of the number of autophosphorylated
receptors and, in figure [§] the number of doubly phosphorylated MEK (Mitogen
External Kinase), one of the target proteins of the signalling cascade that regulates
some nuclear transcription factors involved in the cell division.

Note that the activation of the receptor is very fast reaching its maximum
within the first 5 seconds and then it decays fast to very low levels; on the other
hand the number of doubly phosphorylated MEK is more sustained around 3 nM.
These results agree well with empirical observations, see [T16123].

In tumours it has been reported an overexpression of signals EGF in the envi-
ronment and of receptors, EGFR, on the cell surface of cancerous cells. Here we
investigate the effect of different EGF concentrations and number of receptors on
the signalling cascade.

First, we study the effect on the evolution of the number of autophosphorylated
receptors and doubly phosphorylated MEK of a range of signals, EGF, from 100

nM to 2000 nM.
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Fig. 5. Doubly Phosphorylated MEK evolution

In figure[6], it can be seen that the receptor autophosphorylation is clearly con-
centration dependent showing different peaks for different number of signals in the
environment. According to the variance in the receptor activation it is intuitive to
expect different cell responses to different EGF concentrations. Here we will see
that this is not the case.

Observe, in figure[fl that the number of doubly phosphorylated MEK does not
depend on the number of signals in the environment. This shows the surprising
robustness of the signalling cascade with regard to the number of signals from
outside due to EGF concentration. The signal is either attenuated or amplified to
get the same concentration of one of the most relevant kinases in the signalling
cascade, MEK. Note that after 100 seconds, when the response gets sustained,
the lines representing the response to different external EGF concentrations are
identical.

Now we analyse the effect on the dynamics of the signalling cascade of different
numbers of receptors on the cell surface.

In figure[® it is shown the evolution of the number of doubly phosphorylated
MEK when there is 100 nM and 1000 nM of receptors on the cell surface. Note that
now the response is considerably different; the number of activated MEK is greater
when there is an overexpression of receptors on the cell surface. As a consequence
of this high number of activated MEK the cells will undergo an uncontrolled pro-
cess of proliferation.

The key role played by the overexpression of EGFR on the uncontrolled growth
of tumours has been reported before, as a consequence of this, EGFR is one of the
main biological targets for the development of novel anticancer therapies.

Finally, stress that for this system we have used a deterministic approach ob-
taining results that map well experimental data. This is not always the case, in
the next section we analyse a system where a stochastic approach is necessary to
describe properly its behaviour.
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Fig. 7. MEK phosphorylation for different environmental EGF concentrations

5 Quorum Sensing System in the Bacterium Vibrio
Fischeri

Quorum sensing is a cell density dependent gene regulation system that allows an
entire population of bacterial cells to communicate in order to regulate the ex-
pression of certain or specific genes in a coordinated way depending on the size
of the population. In this section we present a model of the Quorum Sensing Sys-
tem in the marine bacterium Vibrio fischeri using P systems. In this framework
each bacterium and the environment are represented by membranes. This allows
us to examine the individual behaviour of each bacterium as an agent as well
as the behaviour of the colony as a whole and the processes of swarming and
recruitment.



190 M.J. Pérez-Jiménez and F.J. Romero-Campero

Molecules (M)

? T T T T T - T - . - time (s)
0 40 80 120 160 200 240

100nM

1000nM

Fig. 8. MEK phosphorylation for different number of receptors

The marine bacterium Vibrio fischeri exists naturally either in a free-living
planktonic state or as a symbiont of certain luminescent squid. The bacteria
colonise specialised light organs in the squid, which cause it to luminesce. Lumi-
nescence in the squid is thought to be involved in the attraction of prey, camouflage
and communication between different individuals. The source of the luminescence
is the bacteria themselves. The bacteria only luminesce when colonising the light
organs and do not emit light when in the free-living state.

The Quorum Sensing System in Vibrio Fischeri relies on the synthesis, accu-
mulation and subsequent sensing of a signal molecule, 3-oxo-C6-HSL, an N-acyl
homoserine lactone or AHL (we will call it OHHL). When only a small number of
bacteria are present the signal is produced by the bacteria at a low level. OHHL
diffuses out of the bacterial cells and into the surrounding environment. At high
cell density the signal accumulates in the area surrounding the bacteria and can
also diffuse to the inside of the bacterial cells. The signal is able to interact with the
LuxR protein to form the complex LuxR-OHHL. This complex binds to a region
of DNA called the Lux Box causing the transcription of the luminescence genes,
a small cluster of 5 genes, luxCDABE. Adjacent to this cluster are two regulatory
genes for the transcription of LuxR and OHHL. In this sense OHHL and LuxR
are said to be autoinducer because they activate their own synthesis.

The bacteria are effectively communicating, as a single bacterium is able to de-
tect and respond to signals produced by the surrounding bacteria. Bacteria sense
their cell density by measuring the amount of signal present; quorum sensing can
therefore explain why the bacteria are dark when in the free living planktonic state
at low cell density and light when colonising the light organ of squid at high cell
density. A large number of Gram negative bacteria have been found to have AHL-
based quorum sensing systems similar to Vibrio fischeri.

In what follows we present a model of the Quorum Sensing System in Vibrio
fischeri using a parametric P system, ITy ¢ (IV); where N represents the number of
bacteria in the colony. We will study the behaviour of such colony placed inside a
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Fig. 9. Membrane Structure

single environment by examining the evolution of the following P system:

(1)

(2)

(3)

(4)

HVf(N) = (Oa {6, b}7 s (w17 6)7 (w27 b) LR (wN-i-la b)7 Re, Re) where:

Alphabet: In the alphabet we represent the signal OHHL, the protein LuxR,
the complex protein-signal, the regulatory region LuxBox and the regulatory
region occupied by the complex.

O = {OHHL, LuxR, LuxR-OHHL, LuxBox, LuxBox-LuxR-OHHL}

Membrane Structure and Labels: In the Quorum Sensing System of Vib-
rio fischeri there are two relevant regions, namely the environment and the
bacteria. The environment will be represented by the membrane labelled with
e and each bacterium is represented by a membrane with label b. We can rep-
resent the membrane structure i as a Venn diagram in figure [0

Initial Multisets: In the initial multisets we represent the initial conditions
of the system. We are interested in examining how bacteria communicate to
coordinate their behaviours and how the system moves from a downregulated
state, where the protein and the signal are produced at basal rates, to an up-
regulated state, where the bacteria produce light. Therefore, in the initial mul-
tisets we will suppose that there is nothing in the environment and in the
bacteria we will only have the genome (LuxBox) to start the production of
the signal and protein at basal rates.

wy =0, w; = {LuxBox} 2<i< N+1

Programs: In the programs we model the chemical reactions forming the
Quorum Sensing System. Next we specify the set of programs associated with
the bacteria, Ry, and with the environment, R.; we also describe briefly the
chemical reactions they represent.
e Set of programs associated with the bacteria, Ryp:
In an unstressed bacterium the transcription of the signal OHHL and the
protein LuxR takes place at basal rates.
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r1: [ LuxBox Jp By [ LuxBox, OHHL |,

ro : [ LuxBox Jp Lt [ LuxBox, LuxR ],

The protein LuxR acts as a receptor and OHHL as its ligand. Both to-
gether form the complex LuxR-OHHL which in turn can dissociate into
OHHL and LuxR again.

rs: [LuxR, OHHL ], % [LuxR-OHHL ],

ry: [LuxR-OHHL ], % [LuxR, OHHL ],

The complex LuxR-OHHL acts as a transcription factor binding to the
regulatory region of the bacterium DNA called LuxBox. The complex
LuxR-OHHL can also dissociate from the LuxBox.

r5 : [ LuxBox, LuxR-OHHL |, L [ LuxBox-LuxR-OHHL |,
re : [ LuxBox-LuxR-OHHL |, kg [ LuxBox , LuxR-OHHL |,

The binding of the complex LuxR-OHHL to the LuxBox produce a mas-
sive increase in the transcription of the signal OHHL and of the protein

LuxR.
r7 : [ LuxBox-LuxR-OHHL |, Lis [ LuxBox-LuxR-OHHL, OHHL |,
k

rs : [ LuxBox-LuxR-OHHL |, = [ LuxBox-LuxR-OHHL, LuxR ],
OHHL can diffuse outside the bacterium and accumulate in the environment.
ro: [OHHL ], %2 OHHL [ ],
OHHL, LuxR and the complex LuxR-OHHL undergo a process of degra-
dation in the bacterium.

rio: [OHHL ], 2 [,

rip: [LuxR ], [,

rio [ LuxR-OHHL ], 2 [ ],

e Set of programs associated with the environmet, R.:
The signal OHHL in the environment can diffuse inside the bacteria and
undergo a process of degradation.
kig

r13 OHHL[ ]b — [OHHL][,
rig: [OHHL ], ™9 [ ].

In order to implement our model we have chosen the following set of parameters,
]{}1 = 2,]4:2 = 2,]4:3 = 9,]414 = 1,]4:5 = 10,k6 = 2,]4:7 = 250,]418 = 200,]459 = l,k‘lo =
50, k11 = 30, k12 = 15, k13 = 20, k14 = 20, these parameters has been taken or
suggested by the literature listed in [25].

As it can be seen in the initial multisets, the Quorum Sensing System has a very
small number of molecules. At the beginning of the evolution there is only a single
molecule in each bacterium representing its genome. Therefore as a consequence
of the y/n law stochastic behaviour is expected. To check if this is true we have

used the two strategies introduced in section 3 for the evolution of the P system
ITy¢(N).
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Fig. 11. Number of signals and occupation of the LuxBox in a bacterium

First, we use the Multi-compartmental Gillespie’s Algorithm. We have studied
the behaviour of the system for two populations of different size to examine how
bacteria can sense the number of bacteria in the population and produce light only
when the number of individuals is big enough.

To start with we have considered a population of 300 bacteria. We examine the
evolution over time of the number of quorated bacterial[Y (figure[IOright) and the
number of signals (OHHL) in the environment (figure [I0 left).

Observe that the signal, OHHL, accumulates in the environment until satura-
tion and then, when this threshold is reached, bacteria are able to detect that the
size of the population is big enough. At the beginning, a few bacteria get quorated
and then they accelerate a process of recruitment that makes the whole population
behave in a coordinated way.

There exists a correlation between the number of signal in the environment
and the number of quorated bacteria such that, when the number of signal in the
environment drops, so does the number of quorated bacteria and when the signal
goes up it produces a recruitment of more bacteria.

! We will say that a bacterium is quorated if the LuxBox in this bacterium is occupied

by the complex producing the transcription of the enzymes involved in the production
of light.
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In our approach the behaviour of each individual in the colony can be tracked.
In figure[Id], for one bacterium it is shown the correlation between the number of
signal inside the bacterium (left) and the occupation of the LuxBox by the com-
plex (right), which represents that the bacterium has been quorated.

It can be seen, in figure[I]] that the number of signal molecules inside the bac-
terium has to exceed a threshold of approximately 6 molecules in order to recruit
the bacterium. Observe that when the number of molecules is greater than 6 the
LuxBox is occupied, that is, the bacterium is quorated or upregulated but when
there is less than six signals the bacterium switches off the system and stops pro-
ducing light.

Now, in order to study how bacteria can sense the number of individuals in the
colony and get quorated only when the size of the colony is big enough we have
examined the behaviour of a population of only 10 bacteria.

Observe in figure [[2] that the signal does not accumulate in the environment
and no recruitment process takes place. Only one of the bacteria guessed wrong
the size of the population and got upregulated. But then, after sensing that the
signal does not accumulate in the environment, it switched off its systems.

Finally, in order to show the inherently random character of this system, we
will show the results obtained using the Deterministic Waiting Times Algorithm
with the same set of parameters.

In figure[[3 it is depicted the number of signals (left) and the number of quo-
rated bacteria (right) for a population of 300 bacteria. Note that using the
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Deterministic Waiting Times Algorithm the signal does not accumulate and not
even a single bacterium got quorated. These results do not agree with empirical
results which show that at high cell densities the signal saturates the environ-
ment and the colony of bacteria produces light. The way a bacterium can sense
the size of the colony is by guessing that the number of bacteria is big enough
to start to produce light, then the bacterium start to send signals to the envi-
ronment. If the signal accumulates in the environment it means that the popu-
lation is big enough otherwise it is too small and the bacterium switches off the
system. This guessing can not be modelled using a deterministic approach. There-
fore here we have an example of a system with intrinsic random behaviour where
stochastic approaches like the Multicompartmental Gillespie’s Algorithm are
necessary.

6 Conclusions

In this paper we have presented P systems as a new computational modelling
tool for systems biology; stressing their main characteristics, consideration of the
key role played by membranes in the structure and functioning of the cells and
the representation of the discrete character of the quantity of components in bio-
systems. P system models are also a general specification of the biological phe-
nomena that can be evolved using different strategies/algorithms. In this work
two novel strategies have been introduced; Multi-compartmental Gillespie’s Algo-
rithm based on the well known Gillespie’s Algorithm but running on more than one
compartment; and Deterministic Waiting Times Algorithm, an exact determinis-
tic method. These two strategies required much computational resources and so
the authors will study the possibility to adapt improved version of Gillespie’s al-
gorithm, like [TTJT2], in order to develop more efficient strategies for the evolution
of P systems.

Two different biological phenomena have been used two illustrate these strate-
gies. First, in the EGFR Signalling Cascade the Deterministic Waiting Times Al-
gorithm was used and second in the Quorum Sensing System in the bacterium
Vibrio Fischeri the Multi-compartmental Gillespie’s Algorithm was necessary in
order to obtain results in accordance with empirical observations.

The fact that our results agree well with previously formulated hypothesis
shows the reliability of P systems as computational modelling tools to produce
postdiction and perhaps as the field evolves they will be able to produce plausible
predictions.
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Abstract. The most accurate estimates of the activity of metabolic
pathways are obtained by conducting isotopomer tracer experiments.
The success of this method, however, is intimately dependent on the
quality and amount of data on isotopomer distributions of intermediate
metabolites. In this paper we present a novel method for discovering sets
of metabolite fragments that always have identical isotopomer distri-
butions, regardless of the velocities of the reactions in the metabolic
network. We outline several applications of this equivalence concept,
including improved propagation of measurements, experiment planning
and consistency checking of metabolic network. Our computational ex-
periments in measurement propagation indicate that the improvement
via the use of this technique may be substantial.

1 Introduction

The goal of metabolic flux analysis is to discover the steady state velocities of
chemical reactions that constitute a metabolic network of an organism. Infor-
mation about reaction velocities, or fluxes, constitutes an important aspect of
the physiological state of the cell [I5] that can be harnessed in many different
applications ranging from pathway optimization in metabolic engineering [22]
and from characterization of the physiology of an organism [10] to more efficient
drug design [3].

The basic method to analyze the flux distribution is to rely only on measure-
ments of extracellular fluxes and stoichiometric description of the metabolic net-
work of an organism. This kind of analysis can give interesting information about
the feasible fluxes but can not in general discover the complete flux distribution.

* Preliminary version ”Flow analysis of metabolite fragments for flux estimation” ap-
peared in the proceedings of CMSB 2005 (Third International Workshop on Com-
putational Methods in Systems Biology), Edinburgh.

C. Priami and G. Plotkin (Eds.): Trans. on Comput. Syst. Biol. VI, LNBI 4220, pp. 198-220] 2006.
© Springer-Verlag Berlin Heidelberg 2006
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Separate fluxes for forward and backward reactions and the fluxes of cycles and
alternative pathways between metabolites remain unknown [2§].

In isotopomer tracer experiments the cell is fed with a mixture of natural
and labelled nutrients. The most common labelling technique is to use nutrients
with C' carbons in their backbones. If alternative pathways manipulate the car-
bon chains of metabolites differently, the isotopomer distm’butions of metabolic
products and intermediates depend on the fluxes of a network. The isotopomer
distributions can be observed by measuring the metabolites with NMR [24] or
mass spectrometry [4J31]. Based on these observations more constraints to the
fluxes can be obtained. The flux estimation using isotopomer data has been suc-
cessfully applied in numerous cases to solve (key) fluxes in specific metabolic
networks and experimental conditions of interest [I3[I8[22123].

A popular framework for estimating the flux distribution of an arbitrary
metabolic network is based on non-linear optimization procedure where can-
didate values for the fluxes are generated successively and the isotopomer dis-
tributions of metabolites corresponding candidate fluxes are computed from the
network model until the isotopomer distributions fit the measured data well
enough [7/I820129].

Recently Rousu et al. [I7] proposed a direct flux estimation method that first
propagates the measurement information in the metabolic network and then aug-
ments the stoichiometric constraints to the fluxes with generalized isotopomer
balances. This linear flux estimation method can be seen as a member of an-
other flux estimation framework originating from METAFoR (metabolic flux
ratio) analysis [6I2112324].

Both flux estimation frameworks have their strengths and weaknesses. The
quality of flux estimations given by both frameworks depend heavily on the
correctness of the model of a metabolic network used. Metabolic reactions con-
stituting the central carbon metabolism of some model organisms such as Sac-
charomyces cerevisiae are regarded as well understood, but for most organisms
metabolic pathways must be carefully reconstructed before further analysis [5].

The iterative flux estimation methods require often fewer measured metabolites
than METAFoR methods to produce an estimate of a flux distribution. On the
other hand, due to the nonlinearity of the optimization task, it is hard to guarantee
that the iterative method converges to the global, unique optimum. If measured
data does not fully determine the flux distribution, iterative methods output only
points from the solution space, not the set of all feasible solutions. By performing
an a priori identifiability analysis [9J26] and analyzing the sensitivity of a point
solution [14] it is possible to examine the uniqueness of the solution.

In the method of [I7] the equation system bounding the flux distribution is
linear. Thus the equation system is easily solvable in a fully determined case.

! By different isotopomers of a metabolite we mean molecules that have specific com-
bination of 2C and '2C atoms in different positions of the carbon chain of the
metabolite. For example, pyruvate CH3COCOOH has three carbons and 23 = 8 dif-
ferent isotopomers. Isotopomer distribution of the metabolite then gives the relative
concentrations of different isotopomers.
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If the equation system is underdetermined the linear subspace containing all
solutions can be explicitly stated and well known techniques can be applied to
solve as many fluxes as possible [11] as well as to obtain upper and lower bounds
to the rest of the fluxes. The general sensitivity of a solution to measurement
errors can be easily estimated by inspecting the condition number of a linear
equation system [19].

Linear flux estimation techniques thus have attractive properties compared to
nonlinear, iterative techniques. However, the need for more measurement data is
a problem that should not be overlooked. Developing measurement techniques for
intermediate metabolites and conducting the measurements using the technique
are nontrivial, laborious and costly processes.

In this article we present a method for discovering the sets of fragments of
metabolites that always have identical isotopomer distributions, regardless of
the flux distribution. The method is based on the flow analysis of the fragments
in the metabolic network. Information about the sets of fragments with identical
isotopomer distributions can be used to improve the utilization of the measure-
ment data in the linear flux estimation methods and thus reduce the need for
measurements. Our computational experiments show that this improvement can
be significant in real metabolic networks. The sets of fragments with identical
isotopomer distributions also give powerful tools for the design of isotopomer
tracer experiments, for calculability analysis and for the estimation of measure-
ment errors.

Section 2 of this paper defines the formal model of a metabolic network and
introduces elementary flux balances that are valid in a steady state. In Section 3
elementary flux balances are augmented with isotopomer balances. In Section 4
flow analysis techniques are applied to discover the sets of fragments that have
equal isotopomer distributions in every steady state. In Section 5 the relation of
these sets to the propagation of isotopomer data in a metabolic network and thus
to the construction of isotopomer balances is described. Also, a method for uti-
lizing the sets of fragments with identical isotopomer distributions in the design
of carbon labelling experiments is introduced in Section 5, as well as extensions
to the metabolic network model given in Section 2. Section 6 summarizes the
results of computational experiments done with a model of central metabolism
of Saccharomyces cerevisiae.

2 Metabolic Networks, Carbon Maps, and Flux Balance
Equations

Basic Assumptions

A metabolic network is a formal model of the flow of atoms between metabolites
(chemical compounds) in a metabolic system. Such a system consists of a col-
lection of metabolites (chemical compounds) and metabolic reactions between
them. Each reaction takes some molecules of certain metabolites and transforms
them into molecules of some other metabolites. The available molecules of a
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metabolite constitute a pool. We assume that the pools are uniformly spatially
mixed with the pools of the other metabolites, and that all reactions are contin-
uously occurring simultaneously in parallel, consuming and producing molecules
uniformly in the associated pools. During a reaction, carbons transported from
a reactant molecule to a product molecule stay together all the time. We model
reversible reactions as two separate unidirectional reactions. Metabolites that
are produced by two or more reactions are called the junction metabolites of the
network.

While the reaction rates and the pool sizes of the system may dynamically
change in general, we will concentrate in this paper on the important case of
steady state analysis. In a steady state of the system, the reaction rates and
pool sizes stay invariant over time. Some metabolites are considered external to
the system in the sense that there is an incoming or outgoing flow of molecules
between the outside world and the corresponding pool. The other metabolites
are internal.

When modelling the flow of atoms, we restrict the consideration to the carbon
atoms of the metabolites; the measured data will in practice concern the carbons.
The flow of carbon atoms from the reactant metabolites to the product molecules
is given in detail by the carbon map of each reaction. Each metabolite is treated
simply as a set of its uniquely named carbon locations. For example, pyruvate
CH3COCOOH has three such locations.

Metabolic Networks

We let My, ..., M, be the different metabolites of the system. Each M; is written
as M; = (ci1,...,Cijm,|) where the ¢;;’s are the carbon locations of M;. This
gives a template for the molecules of M;. The available molecules of M; in the
metabolic system constitute the molecule pool of M;.

A metabolic reaction is represented as p = (a, A) where o = (a1,...,0m) €
Z™ gives the stoichiometric coefficients o; € Zi of the reaction, and X is the
carbon mapping describing the transitions of carbon atoms in a reaction event.
Coeflicients «a; indicate the usage of different metabolites in an event of p: For
each a; < 0, an event consumes |a;| molecules of M;; for each a; > 0 an event
produces «; molecules of M;; and for each «; = 0, metabolite M; does not
participate in p. Metabolites M; with «; < 0 and a; > 0 are called the reactants
and products of p, respectively. Mapping A is a relation between the carbon
locations of the reactant and product molecules of p such that (¢, ¢’) € X indicates
that an reaction event of p takes the carbon in the reactant molecule location ¢
to the product molecule location .

To simplify many considerations we assume that all reactions have a simple
stoichiometry, that is, all stoichiometric coefficients are in {—1,0,1}, and all
carbon mappings are one-to-one relations. Then we may also use the function
notation A(F') to denote the carbon mapping image of any set F' of reactant
carbon locations. Generalization of our techniques to unrestricted stoichiometries
as well as to symmetric molecules introducing non one—to—one carbon mappings
will be briefly considered at the end of Section
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4-hydroxy-2-oxoglutarate

lc-cic-c-c

glyoxylate pyruvate

Fig. 1. An example of a metabolic reaction. In 4-hydroxy-2-oxoglutarate glyoxylate-
lyase reaction a 4-hydroxy-2-oxoglutarate (CsHgOg) molecule is split into pyruvate
(C3H403) and glyoxylate (C2H203) molecules. Carbon maps are shown with dashed
lines. The gray fragment of 4-hydroxy-2-oxoglutarate is equivalent to glyoxylate and
the white fragment is equivalent to pyruvate.

Summarized, we define a metabolic network as a triplet G = (M, Mg, R)
where M = {My,..., M,,} is the set of the metabolites, Mg C M is the set

of the external metabolites, and R = {p1,...,pn} is the set of the reactions
of G. Each metabolite consists of carbon locations M; = (c;1,. .., ¢ija,)). Each
reaction p; is of the form p; = (aj, \;) where a; = (oj1,..., 0 m) gives the

stoichiometric coefficients (in {—1,0,1}) and A; the one-to-one carbon mapping
of p;. Metabolites M \ Mg are called internal metabolites.

Flux Balance Equations

The state of the network G is described by fixing the reaction velocities v; > 0
for each reaction p; € R as well as the velocities §; of the external reactions
importing (8; > 0) or exporting (8; < 0) molecules to or from the metabolite
pool of M. An external velocity 3; can be non-zero only for external metabolites
M; € Mg. Hence the state is given by vectors V' = (v1,...,v,) and B =
(ﬂh cee 76m)'

A velocity v; gives the number of reaction events of p; per time unit. As the
stoichiometry is assumed simple, v; gives in fact the number of molecules of each
metabolite that are consumed /produced in a time unit by the reaction. The veloc-
ities are often called the fluzes of the network. The external velocities 3; similarly
give the number of molecules transported to/from the metabolite pool.

Fig. 2l depicts an example metabolic network. The metabolites are A, B, C, D,
and E, and the reactions (the reactants on the left-hand side and the products
on the right-hand side of the arrow)

p1:A—-B+C p2:B—D p3:C—E ps:B+D—E

Metabolites A and E are external. The arrow entering A illustrates the external
inflow of A and the arrow leaving E the external outflow of E. Fig. [l gives an
example of a metabolic reaction with carbon maps.

A state (V, B) of a metabolic network G is a steady state, if the sizes of the
metabolite pools stay invariant when the network is continuously running with
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Fig. 2. Example metabolic network

the given velocities (V, B). Hence in a steady state the incoming and outgoing
fluxes for each metabolite pool should be in balance, the balance equations for
metabolites M; yielding a linear system

Zajivj :51’ (i: L...,m). (].)
j=1

The balance equations (1) of our example network in Fig. 2] are
V1 = V2 + V4 V] = VU3 Vg = U4

for the internal metabolites B, C, and D, respectively.

From the system (1) of balance equations one can completely solve the fluxes
V' if the external fluxes B are known from measurements and the metabolic
network has a simple topology, which has no cycles or alternative pathways with
independent fluxes between metabolites. (A metabolic network in Fig. [2 has a
simple topology despite alternative pathways producing metabolite E: in every
steady state the fluxes through these alternative pathways are equally strong).
Unfortunately, real metabolic networks do not have simple topologies. Thus, the
system (1) is left under-determined which means that for some fluxes we only
can give linear constraints rather than a point solution. This problem can be
tackled with isotopic tracing experiments, as described in the next section.

3 Flux Analysis Using Isotopomer Data

Isotopic tracing measurements can be used for relieving the problem of under-
determination of the system (1). The metabolic network is fed with metabolites
that are mixtures of different isotopic variants of the original metabolite. The
variants, called isotopomers, have in certain locations the carbon isotope *C
instead of the naturally more abundant '2C. Measuring the isotopomer distribu-
tions of some intermediate metabolites makes it possible to add new equations
to the system (1).

To define isotopomers formally, let (¢1,...,cx) be the carbon locations of a
metabolite M, and let b = (by,...,bx) € {0,1}* be a binary sequence of length
k. Then a molecule of M belongs to the b—isotopomer of M if the molecule has
carbon '3C in its carbon location ¢; when b; = 1 and carbon '2C when b; = 0,
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i.e., the 1’s of sequence b give the labelling pattern by the *C. We denote the
b—isotopomer by M (b).

We also need isotopomers restricted to some fragments of M, defined by
subsets F C {c1,...,c,} of the carbon locations of M. Let F = (f1,..., fr)
be such a fragment, and let b = (by,...,bs) € {0,1}". Then a molecule of M
belongs to the F(b)—isotopomer of M if the 13C labelling of locations in F follow
the pattern b, i.e., if ¢; = f; for some j, then the molecule has *C in location
¢; if b; =1 and 2C if b; = 0. A fragment F of M is denoted as M|F and the
F(b)—isotopomer as M |F(b).

The isotopomer distribution

ol M|

D(M) = (P(M(0,...,0)),P(M(0,...,0,1)),...,P(M(1,...,1))) € [0,1]

of metabolite M gives the relative abundances P(M (b)) of each isotopomer
M (b) in the pool of M. Hence Z(l""’l) P(M (b)) = 1. Isotopomer distribution

b=(0,...,0)
D(M|F) of fragment M|F is defined analogously. Hence P(M|F(by,...,bs))
gives the relative abundance of molecules having carbon pattern (b1,...,b) in
locations belonging to F, i.e.,
P(M|F(by,...,by)) = > P(M(ay,...,ax))

(a1,...,ar)|F=(b1,....bn)

where (ai,...,a;)|F denotes the restriction of binary sequence (aq,...,ax) to
locations that belong to F'.

In order to use the isotopomers to improve flux estimation, we need to make
some further assumptions about the metabolic system. First, we assume that the
isotopomer pools are completely mixed with each other, and that the reactions
draw their reactant molecules randomly and independently in accordance with
their isotopomer distributions (i.e., the carbon labels do not introduce any bias
to the random behaviour of the reactions). Second, we assume a stronger form of
a steady state, called the isotopomeric steady state. In such a state, in addition to
the metabolite pools as a whole, the isotopomer distributions of pools stay con-
stant over time. Intuitively, cell (population) reaches isotopomeric steady state
when it is kept in a metabolic steady state while feeding it with nutrients whose
isotopomer distribution is kept constant. Given enough time, every practically
relevant metabolic system reaches isotopomeric steady state [30].

Given the above assumptions we can write a version of (1) separately for
each isotopomer of the metabolite, or, in general, for any linear combination of
isotopomers [I7]. If the pathways leading to the junction manipulate the carbons
of the metabolite differently, often at least some of the equations are linearly
independent. Consequently, the fluxes will be better determined.

Denote by M;; the subpool of the pool M; that contains the molecules pro-
duced by the inflow from reaction p;. In particular, let M;g denote the subpool
produced by the external inflow (8; > 0) or by the external outflow (8; < 0)
of M;. As metabolite molecules produced by different reactions are mixed in a
metabolite pool it is not possible to directly measure isotopomer distributions
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of inflow subpools. However, the isotopomer distributions of inflow subpools can
be (in some cases) derived from the isotopomer distributions of the reactants
of reactions p; (see Section 4). All flux estimation methods that are based on
tracing isotopomers, in some form or another, rely on this fact. All outflows from
M; use the resulting mixture pool which we denote by M;. For convenience we
will use the subpool notation M;; also for the outflow to a reaction p; and for
the external outflow (then j' = 0), although there are no separately identifiable
outflow subpools. In the outflow case M;; just refers to the entire pool M;.

Using the relative abundances of the b—isotopomer in the flows adjacent to
M;, the equation (1) gets the form

Z ajivi P(M;;(b)) = B; P(Mio(b)). (2)

This can be written not only for a single b—isotopomer but for any fixed combina-
tion of them. For an M;|F(b)-isotopomer, which is the union of the disjoint full-
length isotopomers whose restriction to F' equals b, we thus obtain the balance

> ivs P(My| F(8)) = BiP (Mo F(8)). (3)

To write equations (2)) and [Bl) we need to know the isotopomer distributions
of every subpool M;; of a metabolite M;. In practice, measurements are not avail-
able for each metabolite, and the isotopomer distributions of measured metabo-
lites and fragments are only partially determined. To counteract this problem,
in [I7] a method was developed where NMR or MS measurements, given as lin-
ear combinations Dy = ", s, P(M}, (b)) of isotopomers could be propagated up
and downstream in the metabolic network towards junctions. This propagation
resulted in generalized isotopomer balance equations

Za]‘i'l)jdj = ,Bido (4)

=1

for the junctions where coefficients d; depend on measured values Dy.

A shortcoming of the method of [I7] is that the propagation of information
stops at the nearest junction metabolite. Hence, for example, if in between two
junctions there are no measurements, (@) cannot be formed and fluxes around
that junction remain undetermined.

4 Flux Analysis Using Fragment Equivalences

In this section we develop a data-flow analysis method for finding metabolite
fragments (of different metabolites) that are equivalent in the sense that they
have the same isotopomer distribution, irrespective of the fluxes. Any isotopomer
information known for one fragment can be propagated to the equivalent frag-
ment, even if the fragments are on opposite sides of a junction. This leads to
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more efficient and accurate propagation of isotopomer data than with the method
given in [I7]. Equivalence of fragments can also be utilized in the design of la-
belling experiments as described in Section

Equivalent Sets of Fragments

Metabolite fragments M|F and M'|F’ are equivalent in network G, denoted
M|F = M’|F’, if there is a permutation 7 of the carbon locations of F’ such
that in all isotopomeric steady states of G

D(M|F) = D(M'|x(F")).

The equivalence of fragments is obviously a transitive relation.

We now develop techniques for finding sets of fragments that are equivalent in
this sense. By analyzing the flow of carbon atoms locally, within one reaction, it
is easy to find equivalent fragments, namely the fragments whose atoms stay in-
tact through the reaction. To derive the basic rule, consider some reaction p; =
(cj, Aj). Let M|F be a fragment of a reactant metabolite M of p;. As mentioned
in Section 2, we assume that p; transports the carbons of F' from M to a prod-
uct metabolite M; together, without splitting them to separately treated groups
(this would create mixtures of subfragments taken from different molecules de-
stroying our simple argument). Reaction p; samples its input pools randomly, and
hence M|F is sampled according to the distribution D(M|F). As the atoms of F'
go through p; together, its image A;(F') is an integral fragment of M; and still has
the original isotopomer distribution of M|F' in the inflow subpool M;; of M;, in-
dependently of the rest of the molecule it belongs to. We only need to permute the
carbon locations of A\;(F') according to the carbon map A; to get the components
of the distribution in the same order as they are given for F'.

This justifies our basic observation concerning fragments in inflow subpools.

Fact 1. Let M|F be a fragment of a reactant metabolite M of a reaction p; =
(aj, Aj). If \j(F) is a fragment of a single product metabolite M, of p;, then

The basic step of Fact 1 will be our tool for finding more equivalences.

Construction of Equivalence Sets

We will use the following sufficient condition to find equivalent fragments: If a
fragment F' gets all its carbons from a fragment E such that

1. on each reaction path from E to F' all carbons are transported together
without cleaving them; and
2. the induced carbon map from E to F' does not depend on the path followed,

then F is equivalent to E. Note that if a cleaving to separate subfragments takes
place, the fragment will not necessarily carry its original isotopomer distribu-
tion because the separate molecules containing the subfragments are sampled
independently by the reactions.
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Fig. 3. a) An example of equivalence that contains junction fragment and its reac-
tants. Carbon maps are showed with dashed lines. Junction fragment 7 is produced by
two unbranched pathways (p1, p3) and (p2, p4) from precursor fragment 1. Composite
carbon mappings from 1 to 7 are the same in both pathways, so 1 =3 =5 = 7. Also,
2 =4 =6 = 8. b) An example of a weak domination. Metabolite 4 is produced by
two pathways from 1 without cleaving any bonds. Thus 1 weakly dominates 4. How-
ever, composite carbon mappings from 1 to 4 in pathway (p1, p3) are different from the
composite carbon mappings of pathway (p2,p4). Thus 1 does not dominate 4.

First we observe that if in Fact 1 the metabolite M; has only one inflow, then
Mij = Mz and hence M‘F = MZ|>\](F)

Next consider junction metabolites that have more than one inflow. To ex-
tend fragment equivalence to the junctions, we check whether or not a fragment
originates from a common source along all routes to the junction. The carbons
should stay together on each route, and to preserve the distribution, the carbon
maps along different routes should be identical. Fig. Bl a) gives an example of a
junction metabolite whose fragments originate intact from a common source. We
use data-flow analysis techniques to find sets of equivalent fragments in the entire
metabolic network. The fragment flow graph F(G) = (V, W) of the metabolic
network G = (M, Mg, R) is a directed graph defined as follows. The set V' of
the nodes consists of

N1. all fragments (i.e., subsets of carbon locations) of all metabolites of G; and
N2. the root node A which formally is a one-carbon fragment.

As the nodes of F(G) are metabolite fragments, the nodes will sometimes
also be called fragments. For two nodes E and F' we may write £ C F' if E'is a
subfragment of F'.

The set W of the arcs model the flow of carbon atoms, when grouped in
fragments, in the network G. There is in W

Al. a directed arc (F,F’) for each reaction p; = (e, ;) € R that uses the
metabolites of F' and F” such that the carbon mapping \; satisfies \;(F) =
F’ (hence the graph is actually a multigraph possibly with more than one
arc between the same pair of nodes);

A2. an arc (A, F) for each fragment F' of an external input metabolite; and
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A3. an arc (A, F) for all fragments F', F # A, if there exists a reaction p; € R
that maps at least two carbons from different reactant metabolites to F'.

It should be obvious that the arcs by rule A1l model the local equivalence
preserving step of Fact 1 while the arcs (A, F') created by rules A2 and A3 need
more explanation. These arcs model the unknown inflow to fragment F. In the
case of rule A2, F' is a fragment of an external input metabolite, and hence the
arc models the inflow from outside. In the case of rule A3, fragment F' gets, in
addition to the inflow given by the arcs due to rule A1, some inflow that combines
smaller fragments of two or more separate reactants to build the entire F'. This
combination event violates the sufficient condition given at the beginning of this
section and we can safely ignore modelling the detailed structure of this inflow
and model it just by the generic arc (A, F).

If we assume that all other metabolites of a network must be producible from
the external input metabolites the fragment flow graph is connected.

Lemma 1. Let every internal metabolite M € (M\MEg) of a metabolic network
G = (M, Mg, R) be producible from external input metabolites Mg by reactions
R. Now in the fragment flow graph F(G) there exists a path from the root A to
every other node.

Proof. As every internal metabolite (M \ Mg) is producible from external
metabolites Mg there exists the smallest set R C R of reactions produc-
ing fragment M|F from external metabolites Mg for every fragment M|F of
every internal metabolite M. Let us first assume that F' is transported intact
from some E C Mg € Mg in R™. From the construction of F(G) we see that
now there exists a path in F(G) from E to F (rule Al). As A is connected with
arc to E (rule A2) there exists a path from A to F' in F(G). Let us then assume
that F' is not transported intact from any E C Mg € Mg in RM. Now RM
defines a path p = (p1,p2) to F(G). Subpath ps ends to F' and starts from frag-
ment M'|H that is transferred intact to F' by R™ but is not produced from any
single reactant metabolite of reactions of RM (here we allow H = F). In other
words, there does not exist a reaction p; = (a;, \;) € RM such that \;(J) = H
for any fragment J. By rule A3 there now exists an arc p; from A to H. Now
the path p = (p1,p2) connects A to F'. O

In the rest of this paper we assume that all internal metabolites of a network
must be producible from the external metabolites.

Dominator analysis on the flow graph F(G) will be used as a tool in equiva-
lence search. A node E of F(G) weakly dominates another node F' if all directed
paths from the root A to F' go through E. Node FE is an immediate weak domi-
nator of F, iff
(i) F # E;

(ii) F weakly dominates F;
(iii) E does not weakly dominate any other weak dominator of F'.

The weak dominator tree of F(G) is a tree with the same node set V' as F(G)
and with an arc from each node to its immediate weak dominator. The weak
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dominator tree can be constructed in linear time [8]; in our implementation we
have used the O(e log n) algorithm of [12] where e is the number of edges and n
is the number of nodes. The flow graph F(G) has n = O(m2") nodes where m
is the number of metabolites and N denotes the maximum number of carbons
in a metabolite.

We show next Theorem [ stating that if F weakly dominates F', E # A, then
F gets all its carbons via E in uncleaved packages. Let (eg = A, e1,...,er) be
a directed path in F(G) such that each e; is a single-carbon node and e C F.
We call such a path a carbon path from root to F'. The carbon path is consistent
with a path from F to F in F(G), if F(G) has a path (Ey = E,Ey,...,E; = F)
such that ey_y C E,ex_y+1 C E1,...,ex—1 C Ey_1, that is, towards its end the
carbon path follows carbons that belong to a path from E to F.

From Fact 1, one-to-one carbon mappings of reactions and the construction
of F(G@) it immediately follows:

Fact 2. Let a k—carbon fragment E weakly dominate another k—carbon fragment
F, and let Cy,...,Cx, C E and D1,...,Dy C F be the corresponding single—
carbon nodes. Let T be a path from from E to F. Then there is a carbon path
from each C; to some D; that is consistent with path T. These k paths are
separate and together they transport the carbons of E to the carbons of F' as an
uncleaved package.

Furthermore, all the carbons of fragment F' must originate from its weak domi-
nator.

Lemma 2. Let E weakly dominate F in F(G). Then every carbon path from
the root to F is consistent with some path from E to F.

Proof. If a carbon path p = (e = A, e1,...,ex) is not consistent with any path
from F to F, then there must be a node E’ # E such that path p is consistent
with a path from E’ to F, and in p there is an arc from carbon ¢” € E” that
is not consistent with any path from E to F' to some carbon of E’. From that
it follows that E” cannot reside in any path from E to F. From Lemma [I] we
know that E” is connected to root A in F(G). This means that not every path
from A to F must go via E, that is, F does not weakly dominate F'. (I

By Lemma [2 all carbons to F' must come via its weak dominator E. As the
paths from F to F' contain a separate ’track’ for each carbon of E, the carbons
are transported together by the reactions (Fact 2). We have:

Theorem 1. If a k—carbon fragment E, E # A, weakly dominates F' then F
gets all its carbons from E in uncleaved k—carbon packages.

The weak dominance (which is the standard dominance relation of data flow
analysis [1]) is not yet enough as it does not check the consistency of the carbon
maps along alternative paths. A stronger form of dominance captures the proper
concept as follows. We augment the arcs of our flow graph F(G) with the corre-
sponding carbon maps: with each arc (F, F') we associate the corresponding \;
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restricted to the carbons of F' and F’, and with each arc (A, F') we associate the
trivial one-to-many carbon mapping that relates the single carbon of A with
each carbon of F.

We say that a node E of F(G) dominates another node F' if

(i) E weakly dominates F', and

(ii) the composite carbon map from E to F, which is induced by the arc—wise
carbon maps of some directed path in F(G) from E to F, is the same for
all such paths, i.e., every path from E to F' gives the same mapping of the
carbons of E to the carbons of F.

Immediate domination and dominator tree are defined as the corresponding weak
versions. Note that for nodes representing one—carbon fragments the dominance
and the weak dominance coincide. Fig. Bl b) gives an example of a metabolic
network where a metabolite weakly dominates another metabolite but does not
dominate that same metabolite.

The following theorem gives a method for converting weak dominator trees
into dominator trees.

Theorem 2. Let E be the immediate weak dominator of F in F(G). If the
immediate weak dominators of the nodes that correspond to the carbons of F' are
nodes that correspond to the carbons of E, then E is the immediate dominator
of F. Otherwise A is the immediate dominator of F.

Proof. Assume first that the immediate weak dominator D; of a carbon C; of
F is a carbon of F, and this is true for every carbon C; of F. Then D; # D;
if C; # Cj; otherwise some carbon of £ would not map onto F' contradicting
the assumption that F is the immediate weak dominator of F. But this means
that the (one-to-one) mapping (D;, C;) between the carbons of E and F' is the
only one induced by the paths from E to F', and hence E is also the immediate
dominator of F.

Assume then that some D; is not a carbon of E. Then D; must be a carbon
of some weak dominator of £ # A and, as there is no weak dominator of C; in
the carbons of E, at least two different carbons of £ must map to C;. So the
carbon map between E and F' is not one—to—one but depends on the path. Then
only A can be the immediate dominator of F' as then the maps trivially become
path independent. Any other node above E can not be a dominator as the paths
to F must go via E (Lemma [2) and hence the composite carbon maps depend
on the path taken between E and F'. (I

Theorem 2 leads to the following algorithm for constructing a dominator tree.

1. Construct the flow graph F(G) and the weak dominator tree T for it;
2. Transform the weak dominator tree T into dominator tree by performing the
test of Theorem 2 for each carbon of each fragment.

There are O(mN2") carbons to be tested in Step 2. Each test can be done in
constant time using the dominator tree for single-carbon nodes that is contained
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in the large weak dominator tree produced in Step 1. The running time of the
tests becomes also O(mN2™). This is the running time of the entire procedure
as the constructions of Step 1 can be done by the method of [§] in time linear
in the number of the nodes in the graph, which is inferior to the time of Step 2.

Lemma 3. Let a node I be a fragment of metabolite M and node F' a fragment
of metabolite M'. If F is an immediate dominator of F' in F(G), then M|F =
M'|F'.

Proof. By Theorem [T F’ gets all its carbons from F' in uncleaved packages. Thus
molecule fragments F” retain their labelling patterns in all paths from F' to F’ in
G. From the definition of dominance relation we know that the induced carbon
map from F to F’ does not depend on the path followed. |

Theorem 3. If nodes F = M|F and F' = M'|F’ belong to the same subtree
of the root A in the dominator tree of F(G), then M|F = M'|F' under the
permutation of carbon locations of F' that is induced by the composite carbon
maps from the root of the subtree to F and to F'.

Proof. Theorem follows directly from Lemma [Bl and from the transitivity of
equivalence. 0

Fig.[d gives an example network with carbon maps. Five subtrees of the domina-
tor tree are also shown, representing equivalence classes of fragments. The two
trees for the one—carbon subfragments of the other trees are omitted.

Finally we describe an alternative way to construct dominator subtrees and
the corresponding equivalent fragment sets.

The full fragment flow graph F(G) constructed in the above method can
be quite large: for each metabolite M there are O(2/*!) nodes in F(G). Tt is
sufficient to build the fragment flow graph and dominator tree only for fragments
corresponding one and two carbon fragments. Now there will be only O(|M %)
nodes in F(G) for each metabolite M. Let T be the dominator tree of the new
fragment flow graph. To find dominance subtree Tr for a fragment F' larger than
2, take some subfragment E = (a,b) C F of size 2. Let T be the subtree of the
root of T that contains E. Let E' = (a,b’) C F be another subfragment which
shares carbon location a with E. Then the dominator subtree Tryg for EU E’
can be build from the trees Tr and Ty with a simple intersection operation.
The operation compares the two trees using the natural correspondence of nodes
(the corresponding nodes have non—empty intersection) and arcs, and retains the
nodes and arcs that according to this correspondence are present in both. Next
we take another pair E” = (a,b”) C F, and intersect Tgyp by Tg» and so on,
until we have Tp.

Tree T can be constructed from T in this way in time O(|F|m) where m
is the number of metabolites: The intersection operation has to be done O(|F|)
times, and each operation obviously takes time proportional to the sizes of the
trees intersected. As the dominator subtrees contain at most one fragment from
each metabolite, the trees are of size O(m), and the time bound follows.
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Fig. 4. Example network with carbon maps; the subtrees of the corresponding domina-
tor tree on the right. 71&2” and ”7&8” denote metabolites consisting of corresponding
fragments.

Finally we note that the running time of the above algorithm can be slightly
further improved by constructing the fragment flow graph only for single carbons
and such two-carbon fragments that consist of neighbouring carbons in graphs
representing the chemical bond structures of the carbon backbones of molecules.

5 Applications and Extensions

In this section we show how the fragment equivalence sets can be utilized in
different subtasks of metabolic flux estimation. We also sketch few extensions to
the basic framework introduced above.

Data Propagation for Flux Analysis

Equivalences and domination relation can be used to analyze conditions under
which the isotopomer balances (3) add new constraints to the basic stoichiomet-
ric balances (1) and hence help solving the fluxes at metabolite M;.

If M; is not a junction metabolite (i.e., it has only one inflow), equations
(3) and (1) do not differ as there is only the isotopomer distribution of the
single inflow available. In this case isotopomer balances (3) do not add any new
constraints.

Junctions are more interesting. By the equivalence analysis we sometimes
know for sure that (3) must be linearly dependent on equations (1).

Theorem 4. Let F' be a fragment of a junction metabolite M;. If F' has a dom-
inator # A in the fragment graph F(Q), then equation (3) for F is equivalent
to the equation (1) for M.
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Proof. For each reaction p; that produces M;, F; = /\;1(F) (the inverse image
of F' in the reactants of p;) must be a fragment of some reactant metabolite. As
F has a dominator, fragment F' as well as all fragments F; must belong to the
same subtree of A in the dominator tree. Hence they are equivalent by Theorem
3. This means that the abundance of an isotopomer F'(b) is the same in each
inflow subpool M;; of M, as in the entire pool M;. Thus P(M;;|F(b)) has the
same value for all j in Equation (3), that is, (3) equals (1). O

Theorem 4 tells us that dominated fragments of a junction metabolite are not
useful in estimating fluxes at that junction because the isotopomers have the
same origin and hence do not help in separating the different fluxes. In the non—
dominated case the equation (3) can be independent of system (1), but its actual
usefulness depends on the available measurements.

The equivalence sets facilitate efficient propagation of the measured data to
the junctions. Assume that we know (by measurements) the isotopomer distribu-
tions D(My|Hy,) of some fragments Hj,. We want to know what linear constraints
(3) these measurements give.

We say that the measurement of Hj covers all fragments of the metabolic
network that are equivalent to Hy. Let then M; be a junction metabolite and
F = M;|F a fragment of M;. Assume that the isotopomer measurements of
fragments H}, cover F', and for each reaction p; producing M;, the measurements
also cover the reactant fragment E; such that \;j(E;) = F. It then follows
from the equivalence of fragments that the measurement data, when permuted
suitably according to the carbon maps, gives the isotopomer distribution of F’
and of each Ej;. Using Fact 1 the distributions can be further propagated from
each E; to the inflow subpools M;;|F' of the fragment F of M;. Hence we know
the values of the relative abundances P(M;;|F (b)) in the linear equations (3)
for M;, i.e., we have enough data to include these equations to the linear system
that constrain the fluxes.

Design of Labelling Experiments

Above, a sufficient condition for writing isotopomer balance equations (3) for
fragment F' = M;|F was described. A measurement was needed from the equiv-
alence sets of F' and from the equivalence sets of reactant fragments E; such
that \;(E;) = F for each reaction p; producing M;. This observation allows us
to choose the subset of metabolites to measure that gives us the same informa-
tion on metabolite labelling that would have been available by measuring every
metabolite in the network. Such subset contains at least one fragment from the
equivalence sets of junction fragments and from the equivalence sets of all re-
actant fragments of these junction fragments. In the best case the size of the
subset is significantly smaller than the number of metabolites in total, reduc-
ing the cost and burden of experiments. In [16] it is shown that the problem
can be formalized as an NP-hard set cover problem. Solutions to this metabo-
lite selection problem can be found by a greedy set cover algorithm. As most
metabolic network models used in flux estimation are quite small, also global
optimization techniques like mixed integer linear programming can be applied
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without increasing computational time prohibitively. By combining the selection
of metabolites to measure with equivalence sets dependent on input labelling, it
could be possible to simultaneously design good input labellings and an optimal
set of metabolites to measure.

Checking the Consistency of a Network Model and Measurement
Data

Fragment equivalence sets can also be utilized to make simple consistency checks
to measurement data. If the isotopomer distributions of two equivalent fragments
differ, we know that either our model of a metabolic network is incomplete or mea-
surements are corrupted. Thus fragment equivalence sets can be used to find errors
from the topology of the model network and to study the repeatability and the
effect of metabolite concentration to the accuracy of the measurements. For ex-
ample, if measured isotopomer distributions of fragments are clearly unconsistent
with equivalence sets, we must augment our network with reactions that partition
violated equivalence sets to subsets that are consistent with measurements.

The fragment equivalence sets can also be used to enumerate useful targets
for METAFoR analysis [23].

Symmetric Metabolites and General Stoichiometries

A metabolite is called symmetric if it has several indistinguishable numberings of
its carbons. We assume that such numberings are explicitly given. For example,
a 6-carbon cyclic molecule could have numberings (123456, 345612, 561234),
and a 3—carbon centrally symmetric molecule numberings (123, 321).

We can model symmetries in our formalism by adding new reactions to the
system. Let M be a symmetric metabolite with ¢ carbons. Then introduce two
versions of M: the basic version M and ’symmetrized’ version M. For each
item I = (i1,...,%;) in the numberings list of M, add reaction which takes one
MO and produces one M* and maps the carbons of M° to the carbons of M?*
according to I (the jth carbon goes to location i;). The other reactions that
refer to M should now use M if M is a product and M?* if M is a reactant of
the reaction.

General stoichiometries that have also other coefficients than -1, 0, and 1
can be treated in similar fashion. If a reaction consumes or produces more than
one molecule of the same metabolite, introduce formal reactions that divide a
metabolite pool into several 'copies’ or combine several copies into one. The
carbon maps should be expanded accordingly.

Fixed Input Labelling

In the fragment equivalence sets introduced above the isotopomer distributions
of two fragments belonging to the same sets are equivalent regardless of fluxes
and labelling of external metabolites. If the labelling of external metabolites is
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fixed, some equivalence sets can be merged. Merging can be done if it can be
shown that the isotopomer distributions of fragments in two equivalence sets
are equivalent when a given input labelling is used. Such larger equivalence sets
for a given input labelling £ can be found with a slight modification to the
construction of the fragment flow graph. For each isotopomer distribution found
from the subfragments of external metabolites a ”labelling node” is added to the
fragment flow graph. Labelling nodes are connected to A and to all subfragments
of external metabolites having a corresponding isotopomer distribution. Then
dominator subtrees are constructed. Now fragments dominated by the labelling
nodes are equivalent when input labelling £ is used.

6 Experiments

We tested our method for finding fragment equivalence sets with a model of
the central carbon metabolism of Saccharomyces cerevisiae containing glycoly-
sis, penthose phosphate pathway and citric acid cycle. Carbon mappings were
provided by the ARM project [2]. The network consisted of 31 metabolites and
33 reactions of which 17 were bidirectional. Bidirectional reactions were modelled
as two unidirectional reactions. The rank of the linear equation system (1) for
the 50 fluxes of the model network was 30. Cofactor metabolites not accepting or
donating carbon atoms were excluded from the analysis. The only carbon source
of the network was glucose. There were 22 metabolites that were produced by
more than one reaction and thus formed junctions.

Equivalence Sets

Our analysis discovered seven nontrivial equivalence sets that had more than one
member. In our existing method for flux estimation [I7], that does not utilize
flow analysis, the propagation of isotopomer information always stops to junction
metabolites meaning that the equivalence of fragments that reside in different
sides of a junction remains undetected. Thus without flow analysis there in gen-
eral exists greater number of smaller equivalence sets. The size distributions of
the equivalence sets obtained with and without flow analysis are given in Table[Il
The flow analysis uncovered 18 dominated maximal fragments, that is, fragments
that were not subsets of other dominated fragments. Nontrivial equivalence sets
covered 76 carbon atoms out of 133 carbons in the system. Dominated fragments
of junction metabolites contained 27 carbons, undominated junction fragments
67 carbons.

Efficiency of the Propagation of Isotopomer Data

We compared the efficiency of the propagation of isotopomer information by flow
analysis against our earlier method that does not utilize flow analysis [17]. We se-
lected randomly and uniformly a set of metabolites considered as measured and
tested how many carbon locations could in the best case get isotopomer informa-
tion from the measured metabolites with both methods. Technically the number
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Table 1. Number of fragments in nontrivial equivalence sets in the model of central
carbon metabolism of S. cerevisiae with and without utilizing the flow analysis

# of fragments 2 3 4 5 9 X
# of eq. classes (flow analysis) 1 1 2 2 1 7
# of eq. classes (without flow analysis) 6 2 8

of locations equals the total amount of carbons in all equivalence sets that have
at least one fragment from the measured metabolite. The sampling was repeated
10000 times for each number of selected metabolites. The mean and standard de-
viations of the number of carbon locations reached are given in Fig.[5l The com-
putational experiment shows that when the amount of measurable metabolites is
limited, as usually is the case in real experiments, our new method can propagate
isotopomer information more efficiently than the previous one.

We also tested the effect of improved propagation to the amount of infor-
mation obtained from the flux distribution with another simulation experi-
ment. We again selected measured metabolites randomly and uniformly. We
assumed that if a metabolite was selected as measured, the positional enrich-
ments, that is, labelling degrees of each individual carbon of the metabolite
were available. This assumption about the quality of measurement data leads
to situation where generalized isotopomer balance equations ([{]) will be formed
for each undominated junction carbon separately. We then counted the differ-
ence between the total number of balance equations writable for undominated
junction carbons (see Theorem 4) with and without the flow analysis in the
propagation of measurement data. The number of writable balance equations
gives us an upper limit to the independent constraints available for flux dis-
tribution. Thus the higher the number, the more information about the flux
distribution is potentially available. The maximum number of writable balance
equations was 67 as there were that many undominated junction carbons in
the network. The test was repeated 10000 times for each number of selected
metabolites.

For most randomly selected sets of measured metabolites flow analysis was
not able to greatly increase the number balance equations constructed. How-
ever, with some sets increase in the number of available equations was sub-
stantial. For example, measuring the positional enrichments of five metabolites
(d-6-phospho-gluono 1,5-lactone, 1,3-bisphospho-d-glyceric acid, d-erythrose 4-
phosphate, d-fructose 6-phosphate, d-fructose 1,6-biphosphate) from the model
network gave in total six balance equations for two junctions (d-fructose 6-
phosphate, d-fructose 1,6-biphosphate ) when flow analysis was utilized while no
equations were obtained without the flow analysis. Differences in the number of
balance equations obtained with and without the flow analysis when 18 metabo-
lites were randomly selected as measured is given in Table 21 With the other
numbers of selected metabolites differences between the amounts of equations
were approximately equal or smaller. The given differences cannot be negative
as, compared to our earlier method, the use of flow analysis will never decrease
the number of obtained balance equations.
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Fig. 5. Efficiency of propagation of isotopomer information with the flow analysis
method of this article and with the method of [I7]. Y-axis gives the mean number of
carbon locations that can get isotopomer information from the metabolites randomly
selected as measured. Total lengths of the symmetric error bars equal two standard
deviations.

Table 2. Differences in the number of isotopomer balance equations obtained with
and without the flow analysis when positional enrichment information of 18 randomly
selected metabolites is available (10000 repeats). The maximum number of balance
equations is 67.

difference 0-1 2-3 4-5 6-7 89 10-11 12-13 14-15 16-17 18-19 20-21 22-23
instances 4494 1835 1306 1108 550 229 230 154 64 24 4 2

Selection of Metabolites to Measure

The results of simulations where measured metabolites were selected randomly
show that the number of constraints obtained to a flux distribution depends
heavily on the selection of metabolites. The development of measurement pro-
tocols is laborious so it is worthwhile to carefully design experiments such a
way that the flux distribution is uncovered as completely as possible by measur-
ing as few metabolites as possible. As sketched at the end of previous section,
fragment equivalence sets can be utilized in such experimental planning. By us-
ing the experiment planning method developed recently [16] we compared the
sizes of minimal sets of measured metabolites that will give us maximal infor-
mation about the fluxes when positional enrichments of each metabolite were
assumed to be measurable. If the flow analysis was not applied, it was necessary
to measure 23 metabolites to write as many balance equations, 67 in total, as
the measurement of every metabolite would have made possible. When the flow
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analysis was applied, it was sufficient to measure 20 metabolites to write the
maximum number of useful balance equations for undominated carbons.

The requirement that every undominated carbon of every junction metabolite
receives a balance equation (@) is a conservative one. Each junction M can have
at most as many linearly independent balance constraints as there are reactions
producing M. As the stoichiometric balance equation (1) already gives us one con-
straint we can require only (the number of producing reactions - 1) of equations ()
for each junction. If these balance equations are linearly independent they give
maximal information about the flux distribution. If only (the number of produc-
ing reactions - 1) of equations () for each junction were required it was enough
to construct only 22 instead 67 balance equations () in our example network. If
the flow analysis was not applied we still had to measure 23 metabolites to write
these equations. With flow analysis it was sufficient to measure 18 metabolites.

Visualization of the metabolic network used in the experiments is available at
http://www.cs.helsinki.fi/group/sysfys/images/tcsb metabolic net.pdf.

7 Discussion

In this article we have presented a novel method for computing sets of fragments
of metabolites that have identical carbon isotopomer distributions, regardless of
the fluxes of the metabolic network. The analysis is based on the flow analysis of
the metabolic fragments and draws from the domination analysis techniques [12].
These equivalence sets have several uses. Firstly, they enable better propagation
of isotopomer data in the metabolic network, thus making direct flux estima-
tion more feasible. Secondly, isotopomer measurements can be planned more
accurately with this method, as redundancies between measurements become
explicit. The same flux information can be obtained with sometimes substan-
tially fewer measurements. Thirdly, the equivalence sets enable one to detect
errors in network topology and measurements.

There are several interesting routes for further research. Utilizing the notion
of weak dominance for improved propagation and design of optimal isotopomer
labellings with the aid of the equivalence sets are our immediate goals.
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Abstract. This paper describes representations of biological processes based on
Rewriting Logic and Petri net formalisms and mappings between these represen-
tations used in the Pathway Logic Assistant. The mappings are shown to preserve
properties of interest. In addition a relevant subnet transformation is defined, that
specializes a Petri net model to a specific query to reduce the number of transi-
tions that must be considered when answering the query. The transformation is
shown to preserve the query in the sense that no answers are lost.

Keywords: Signal transduction, biological process, Pathway Logic, Rewriting
Logic, Petri Net.

1 Introduction

Pathway Logic [112l3]] is an approach to modeling cellular processes based on formal
methods. In particular, formal executable models of processes such as signal transduc-
tion, metabolic pathways, and immune system cell-cell signaling are developed using
the rewriting logic language Maude [4)5] and a variety of formal tools are used to query
these models. An important objective of Pathway logic is to reflect the ways that biolo-
gists think about problems using informal models, and to provide bench biologists with
tools for computing with and analyzing these models that are natural.

Using the reflective capabilities of Maude, several alternative representations are de-
rived to support use of different tools for visualization and analysis. The Pathway Logic
Assistant (PLA) manages these different representations and, using the IOP+IMaude
framework [[6], provides a user interface that supports visualization and interaction with
the models, and access to tools such as the Pathalyzer for carrying out in silico experi-
ments. In particular, PLA uses Petri nets which provide visual representations and algo-
rithms for answering reachability queries interactively, displaying the results in a way
that is natural for biologists.

Being able to use alternative representations with different expressive capabilities
and tools for visualization and analysis is important both for managing complexity and
being able to focus on different properties. In the presence of multiple representations
it is crucial to be able move between representations in semantically meaningful ways,
preserving relevant properties. In this paper we describe a class of rewriting logic mod-
els of biological processes and a mapping of these models to Petri net models. We show
that this mapping preserves computations and satisfaction of temporal formulae. Fi-
nally, we describe transformations that specialize Petri net models to specific queries
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by reducing the set of transitions that need to be considered, and show that transforma-
tions are safe in the sense that query results are not changed. Specializing simplifies a
Petri net model and allows the user to focus attention on the part of the model relevant
to the question under consideration.

Plan. The remainder of this paper is organized as follows. Related work is discussed in
g2 To provide context and motivate the technical results, a brief overview of Pathway
Logic and the ways that biologists can compute with and query Pathway Logic models
is given in section 3l In section @l the notion of occurrence-based rewrite theory is de-
fined and mappings between such theories and Petri net models are defined and shown
correct. The notion of subnet relevant for a particular query is introduced in section
[B and transformations for producing a safe approximation to the relevant subnet are
defined. Section [6] concludes with a summary and discussion of future directions.

2 Related Work

Computational models of biological processes such as signal transduction fall into two
main categories: differential equations to model kinetic aspects; and symbolic/logical
formalisms to model structure, information flow, and properties of processes such as
what events (interactions/reactions) are checkpoints for or consequences of other events.

Models of system kinetics based on differential equations use experimentally derived
or inferred information about concentrations and rates to simulate changes in response
to stimuli as a function of time [[7U8/9/10]. Such models are crucial for rigorous under-
standing of, for example, the biochemistry of signal transduction. However, the creation
of such models is impeded by the great difficulty of obtaining accurate intra-cellular rate
and concentration information, and by the possibly stochastic nature of cellular scale
populations of signaling molecules [11/12]]. Analysis of such models by numerical and
probabilistic simulation techniques becomes intractable as the number of reactions to
be considered grows [[13]]. Furthermore, for the present purpose the questions we want
to ask of a model involve qualitative concepts such as causality and interference rather
than detailed quantitative questions.

Symbolic/logical models allow one to represent partial information and to model and
analyze systems at multiple levels of detail, depending on information available and
questions to be studied. Such models are based on formalisms that provide language
for representing system states and mechanisms of change such as reactions, and tools
for analysis based on computational or logical inference. Symbolic models can be used
for simulation of system behavior. In addition properties of processes can be stated in
associated logical languages and checked using tools for formal analysis. A variety of
formalisms have been used to develop symbolic models of biological systems, including
Petri nets [14], the pi-calculus [15]], statecharts [16], and rule-based systems such as
rewriting logic [17]. Each of these formalisms was initially developed to model and
analyze computer systems with multiple processes executing concurrently. Several tools
for finding pathways in reaction and interaction network graphs have been developed.
However as pointed out in [18]], paths found in these graphs do have not much to do
with biochemical pathways.
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There are many variants of the Petri net formalism and a variety of languages and
tools for specification and analysis of systems using Petri nets. Petri nets have a graph-
ical representation that corresponds naturally to conventional representations of bio-
chemical networks. They have been used to model metabolic pathways and simple ge-
netic networks (e.g., see [1912002112212312425[26]). These studies have been largely
concerned with dynamic or kinetic models of biochemistry. In [27] a more abstract and
qualitative view is taken, mapping biochemical concepts such as stoichiometry, flux
modes, and conservation relations to well-known Petri net theory concepts.

A pi-calculus model for the receptor tyrosine kinase/mitogen-activated protein ki-
nase (RTK/-MAPK) signal transduction pathway is presented in [28]. BioSPI, a tool
implementing a stochastic variant of the pi-calculus, has been used to simulate both the
time and probability of biochemical reactions [29]. So far, symbolic/logical analysis
tools have not be used to analyze BioSPI models.

In [30] a continuous stochastic logic and the probabilistic symbolic model checker,
PRISM, is used to express and check a variety of temporal queries for both transient
behaviors and steady state behaviors. Proteins modeled as synchronous concurrent pro-
cesses, and concentrations are modeled by discrete, abstract quantities.

BioAmbients [31], an adaptation of the Ambients formalism for mobile computa-
tions has been developed to model dynamics of biological compartments. BioAmbient
type models can be simulated using an extension of the BioSPI tool. A technique for
analysis of control and information flow in programs has been applied to analysis of
BioAmbient models [32]. This can be used, for example, to show that according to the
model a given protein could never appear in a given compartment, or a given complex
could never form.

Statecharts naturally express compartmentalization and hierarchical processes as
well as flow of control among subprocesses. They have been used to model T-cell
activation [33l34]]. Although Statecharts is a mature technology with a number of
associated analysis and verification tools, it does not appear that these have been ap-
plied to the T-cell model. Live Sequence Charts [35] are an extension of the Mes-
sage Sequence Charts modeling notation for system design. This approach has been
used to model the process of cell fate acquisition during C.elegans vulval develop-
ment [36].

P-systems is a multiset rewriting formalism that provides a built in notion of loca-
tion. A continuous variant of P-systems is used in [37] to model intra-cellular signaling.
Locations are used to represent compartmental structure of a cell. Abstract objects rep-
resent proteins and small molecules, with different objects used to represent different
modifications / states of the same protein. The underlying relation between a protein
and its modifications is not made explicit. A system state specifies the quantity of each
object in each location. A rate function associates to each rule a function from system
states to real numbers, representing the rate of the reaction in that state. This determines
how a system state evolves over time. Such models can be used to predict concentration
of objects, for example phosphorylated ERK, over time by a discrete step approxima-
tion method.

A simple formalism for representing interaction networks using an algebraic rule-
based approach very similar to the Pathway Logic approach is presented in [38139].
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The language has three interpretations: a qualitative binary interpretation much like the
Pathway Logic models; a quantitative interpretation in which concentrations and reac-
tion rates are used; and a stochastic interpretation. Queries are expressed in a formal
logic called Computation Tree Logic (CTL) and its extensions to model time and quan-
tities. CTL queries can express reachability (find pathways having desired properties),
stability, and periodicity. Techniques for learning new rules to achieve a desired system
specification are described in [40]].

BioSigNet (BSN) [41] is a system for representing and reasoning about signaling
networks. A BSN knowledge base encodes knowledge about a signal network, includ-
ing logical statements based on symbols termed fluents and actions. Fluents represent
the various properties of the cell and its components while actions denote biological
processes (e.g. biochemical reactions, protein interactions) or external interventions.
The logical statements describe the impact of these actions on the fluents, how actions
can be triggered or inhibited inside the cell. A BSN knowledge base is queried using
a temporal logic language over propositions expressing presence or absence of partic-
ular fluents. Three classes of queries are identified: prediction (can a state be reached);
explanation (find initial conditions that lead to a specified condition); and planning (de-
termining when an action should occur in order to achieve a desired result). In [42] BSN
is used to model the ERK signaling network.

Models that rely on quantitative information (BioSPI, PRISM, P-systems) are limited
by the difficulty in obtaining the necessary rate data. Missing or inconsistent data (from
experiments carried out under different conditions, and on different cell types) are likely
to yield less reliable predictions. Models that abstract from quantitative details avoid
this problem, but the abstractions may lead to prediction of unlikely behavior, or miss
subtle interactions.

The Pathway Logic Assistant extends the basic representation and execution capa-
bility with the ability to support multiple representations, to use different formal tools
to simplify and analyze the models, and to visualize models and query results. Other
efforts to integrate tools for manipulating models include the Systems Biology Work-
bench [43] the Biospice Dashboard [44], IBM Discoverylink [43]], and geneticXchange,
Inc [46]].

3 Pathway Logic

As mentioned above, Pathway Logic models of biological processes are developed us-
ing the Maude system [4l5] a formal language and tool set based on rewriting logic.
Rewriting logic [17]] is a logical formalism that is based on two simple ideas: states of a
system are represented as elements of an algebraic data type; and the behavior of a sys-
tem is given by local transitions between states described by rewrite rules. The process
of application of rewrite rules generates computations (also thought of as deductions).
In the case of biological processes these correspond to paths. Using reflection, modules
and computations are represented as terms of the Maude meta language. This makes it
easy to compute with models and paths.
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3.1 Pathway Logic Basics

Pathway Logic models are structured in four layers: (1) sorts and operations, (2) com-
ponents, (3) rules, and (4) queries. The sorts and operations layer defines the main
sorts, subsort relations, and operations for representing cell states. The sorts of enti-
ties include Chemi cal , Prot ei n, DNA, Conpl ex, and Encl osur e (cells and other
compartments). These are all subsorts of the sort, Soup, that represents ‘liquid’ mix-
tures, as multisets. The sort Di sh is introduced to encapsulate a soup as a state to be
observed. Post-translational protein modification is represented by terms of the form
[P - nods] where P is a protein and nods is a set of modifications. Modifications
can be abstract, just specifying being activated, bound, or phosphorylated, or more spe-
cific, such as, phosphorylation at a particular site. For example, the term [ Cas - act]
represents the activation of the protein Cas. A cell state is represented by a term of the
form {CM | cm{ cyto }} where cmstands for a soup of entities in or at the cell
membrane and cyt o stands for a soup of entities in the cytoplasm.

The components layer specifies particular entities (proteins, chemicals, DNA) and
introduces additional sorts for grouping proteins in families. For example Er bB1L is
declared to be a subsort of Prot ei n. This is the sort of Er bBl ligands whose ele-
ments include the epidermal growth factor EGF. The rules layer contains rewrite rules
specifying individual signal transduction steps representing processes such as activa-
tion, phosphorylation, complex formation, or translocation. The gueries layer specifies
initial states and properties of interest.

Below we give a brief overview of the representation in Maude of signal transduction
processes, illustrated using a model of Racl activation. This model and several others
are available as part of the Pathway Logic Demo available from the Pathway Logic web
sitehttp://pl.csl.sri.con along with papers, tutorial material and download
of the Pathway Logic Assistant tool.

3.2 Modeling Activation of Racl in Pathway Logic

Racl is a small signaling protein of the Ras superfamily. It functions as a protein switch
that is “on” when it binds the nucleotide triphosphate GTP, and “off” when it binds the
hydrolysis product GDP. The Pathway Logic model of Rac1 activation was curated us-
ing [47] and many other references (cited as metadata associated with individual rules).
In the following we show an initial state for study of Racl activation and two example
rules, and briefly sketch some of the ways one can compute with the model. The initial
state (called racldeno)is a dish PD( ... ) with a single cell and two stimuli in the
supernatant, EGF and FN, represented by the following term.

racldeno = PD(FN EGF

{CM| EGFR la5lbl Src PIP2[Actin - poly][HRas - GDP][Racl - GDP|
{Crk2 Erk2 Mekl PlI3K Shp2 bRaf C3g Dock Sosl
Cas E3bl El np Eps8 Fak Gabl Grb2 Vav2 }} )

The cell membrane (shown on the line beginning CM) has an EGF receptor (EGFR) and
an integrin (I a5l b1) that binds to FN. The term [ Racl - GDP] represents the Racl
protein in its ‘off” state. The cell cytoplasm (shown on the last two lines) contains
additional proteins that participate in the signaling process.
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One way to activate Rac1 begins with the activation of the EGFRreceptor due to the
presence of the EGF ligand. The following rule represents this signaling step.

ri[1.EGFR i s. act]:
?Er bB1L: ErbB1L {CM| cm EGFR {cyto }} =>
?Er bB1L: ErbB1L {CM| cm [EGFR - act] {cyto }}
*+xx ErbBlLs are AR EGF TGFa Btc Epr HB- EGF

The term ?Er bB1L: Er bB1L is a variable ranging over the sort Er bB1L. The terms cm
and cyt o are variables standing for the remaining components in the membrane and cy-
toplasm, respectively. The rule matches a part of the r ac1deno dish contents by binding
the variable ?Er bB1L: Er bB1L to EGF, the variablecmto | a5l bl ...[Racl - GDP]
(every thing in the cell membrane except EGFR), and the variable cyt o to the contents of
the cytoplasm { Cr k2. . . Vav2} . Applying the rule replaces EGFRby [ EGFR - act]
resulting in the dish

PD( FN EGF
{CM| [EGFR - act] la5lbl Src PIP2 [Actin - poly]
[HRas - CGDP][Racl - GDP]
{Crk2 Erk2 Mekl PI3K Shp2 bRaf C3g Dock Sosl
Cas E3bl El no Eps8 Fak Gabl Grb2 Vav2}} )

The following is one of three rules characterizing conditions for the Racl switch to be
turned on.

ri[256. Racl.is.act-3]:

{CM| cm[Cas - act][Crk2 - act][Dock - act] Elnp [Racl - GDP]
{cyto }} =>

{CM| cm[Cas - act][Crk2 - act][Dock - act] Elnp [Racl - GIP]
{cyto }}

This rule describes activation resulting from assembly of El nmo with activated Cas,
Cr k2, and Dock at the cell membrane. Executing the rule replaces [ Racl - GDP] by
[Racl - GIP], turning Racl on, and leaves the remaining components unchanged.

Maude provides several ways to compute with a model. One can rewrite an initial
state such as racldenp above, to see a possible final state, or search for all states
satisfying some predicate. To find a path satisfying some (temporal logic) property the
Maude model-checker can be used. The properties of interest for Pathway Logic are
expressed in Maude as patterns matching states with specific proteins, possibly with
modifications, occurring in particular compartments (called goals), or requiring that
particular proteins do not appear (avoids).

Example 1: racAct3 Property. As an example, to find the path stimulated by FN alone,
we define a property (called r acAct 3) that is satisfied when Racl is activated and
the EGF stimulus is not used (EGFR is not activated), thus forcing the FN stimulus to
be selected. The property r acAct 3 is axiomatized by assertions stating which dishes
satisfy the property (the relation | =) using patterns such as the following.

ceq PD (out: Soup
{CM| cm[Racl - GIP] {cyto}}) |= racAct3 = true .
if not(cmhas [EGFR - act])



Multiple Representations of Biological Processes 227

The model-checker is asked to check the assertion that there is no computation satisfy-
ing this property and a path can be extracted from a counterexample if one is found.

3.3 The Pathway Logic Assistant

The textual representation of cell states and pathways quickly becomes difficult to use
as the size of a model grows, and an intuitive graphical representation becomes in-
creasingly important. In addition, it becomes important to take advantage of the simple
structure of PL models when searching for paths and carrying out other analyses. A
Pathway Logic model, such as the Racl model, meeting certain simple conditions, can
be transformed into a Petri net model by specializing the rules to the model’s initial
state. Petri nets have a natural graphical representation and can be analyzed using spe-
cial purpose analysis tools.

Our Petri net models are a special case of Place-Transition Nets given by a set
of occurrences (places in Petri net terminology) and a set of transitions [48]. Occur-
rences can be thought of as atomic propositions asserting that a protein (in a given
state) or other component occurs in a given compartment. A system state is a set of
occurrences (called a marking in Petri net terminology), giving the propositions that
are true. A transition is a pair of sets of occurrences. A transition can fire if the state
contains the first set of occurrences. In which case the first set of occurrences is re-
placed by the second set. PL goal properties translate to Petri net properties expressed
as occurrences that must be present (places to be marked) and avoids properties trans-
late to occurrences that must not appear (places not to be marked) in a computation.
Paths leading from an initial state to a state satisfying a set of goals can be repre-
sented compactly as a Petri net consisting of the transitions fired in the path, thus giv-
ing query results a natural graphical representation. Execution of the path net starting
with the initial state, leads to a state satisfying the goals, and the net representation
makes explicit the dependency relations between transitions: some can fire concur-
rently (order doesn’t matter), and some require the output of other transitions to be
enabled.

The Pathway Logic Assistant (PLA) manages the different model and computa-
tion representations and provides functions for moving from one representation to an-
other, for answering user queries, displaying and browsing the results. The princi-
ple data structures are: PLMaude models, Petri net models, Petri subnets, PNMaude
modules, computations (paths), and Petri graphs. Here we give an overview of the
PLMaude and Petri net models and mappings between them, illustrated by the model
of Racl activation. Details are given in the next section, where we define the notion of
occurrence-based rewrite theory that abstracts the relevant features of PLMaude mod-
els, and specify the main properties required for mappings between and transformations
of representations in order to preserve meaning. Petri graphs are used to represent Petri
nets as data structures that have a natural visual representation. A Petri graph has two
kinds of node: occurrence and rule. Edges connect nodes representing occurrences of a
rule premise (lhs) to the rule node and the rule node to the nodes representing occur-
rences of the rule conclusion (rhs).

PLMaude models are Maude modules, such as the modules specifying the model of
Racl activation discussed in §3.2] having the four layer structure described in §3.11 A
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PLMaude model must also obey the conservation law that components can be modified,
composed and decomposed, but are not created out of nothing. As discussed in §3.1+
B.2] PLMaude states are represented as a mixture of cells and ligands where location
of proteins and other chemicals is represented by the algebraic structure of a term.
To make the Petri net structure explicit an alternative representation is defined using
multisets of occurrences. An occurrence is a pair consisting of a protein, complex, or
other chemical component and a location. The location uniquely identifies the position
of the component within the algebraic term (modulo multiset equality). For example,
the dish

PD(EGF {CM | EGFR {Erk2}})
is represented by the occurrences
< EGF, out > < EGFR,cm > < Erk2,cyto >

Although soups and occurrences are formalized as multisets, initial states contain only
sets (no duplication) and we have required that PLMaude rules preserve this property.

A Petri net model is a pair (T, I) consisting of a set of transitions T, and an ini-
tial state I (a set of occurrences). Each transition consists of a rule identifier, a pair
of occurrence sets (the pre-occurrences and the post-occurrences). The mapping of a
PLMaude model, with a specified initial dish D, to a Petri net model first determines
an upper approximation to the set of components that might occur in each dish lo-
cation by a collecting operation. This is done by starting with D, and repeating the
collection cycle until nothing new is collected. In the collection cycle, for each rule
that can be applied to the current dish, the result of applying the rule is merged into
the current dish (by adding any new components to each compartment). For example,
applying the rule [ 1. EGFR. i s. act] to the dish r acldeno in collecting mode would
add [ EGFR - act] to the membrane rather using it to replace EGFR. The set of transi-
tions 7T is then the set of rule instances that apply to the collected dish, converted to
occurrence pairs. For example the rule [ 1. EGFR. i s. act] instantiated with EGF for
?Er bB1L: Er bB1L is represented by the triple

(1.EGFR is.act, < EG-, out > < EGFR, cm >,
< EGF, out > < [EGFR - act], cm>)

The initial state I is the conversion of the dish D to the occurrence representation.
Figure [T] shows the Petri net representation of the model of Racl activation produced
by this mapping.

A Petri subnet is a tuple (T, I, G, A) consisting of a set of transitions, 7', an initial
marking, / a goal marking G, and an avoids set A. A Petri subnet specifies an analysis
problem, namely finding a computation starting from the initial marking, and reaching a
state with the goals marked, using the transitions in the given set, without ever marking
an avoid. Petri subnets are generated by a ‘relevant subnet’ computation that simplifies
the specified analysis problem. Although a Petri subnet is a Petri net, it is only equiva-
lent to the original net for a goal set that is a subset of G or an avoid set that is a superset
of A. For example, for a goal that is not in GG there may be a path in the original net, but
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Fig.1. Racl activation model as a Petri net. Ovals are occurrences, with initial occurrences
darker. Rectangles are transitions. Two way dashed arrows indicate an occurrence that is both
input and output. The full net is shown in the upper right thumbnail. A magnified view of the
portion in the red rectangle is shown in the main view.

not in the subnet, since transitions needed for this goal may have been discarded as not
being relevant. Figure[2(a) shows the relevant subnet of the Rac1 activation model when
the goal is activation of Racl, avoiding activation of EGFR (Maude property r acAct 3
in Example 1 of §3.2)).

Computations are data structures used to represent system executions. We model a
computation as a sequence of steps, each step being a triple consisting of a source state,
arule instance or transition that applies to that state, and a target state, the state resulting
from the rule application. The target state of the +th step of a computation must be equal
to the source state of the ¢ 4 1st step. A compact representation of a computation is the
Petri net consisting of the initial state together with the set of rule instances occurring
as computation steps. We call this net a path. Figure 2b) shows a path in the subnet of
Figure 2la). It can be executed as follows: If all of the ovals connected to a box by an
incoming arrow (solid or dashed) are colored dark then color the outputs dark and make
the inputs connected by solid arrows light color. Repeating this procedure, a state can
be reached with Rac1 activated (Rac1-GTP colored dark).

3.4 Efficient Analysis of Petri Nets

The path shown in Figure RIb) was found by the LoLA (Low Level Analyzer) Petri
net analysis tool [49U50]. LoLA uses “stubborn set reduction”, which is a technique
that exploits the ease of determining the independence of certain transitions in the Petri
nets. Specifically, a marking (state) m may have many possible successor markings,
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(a) Subnet (b) Path

Fig. 2. FN stimulation of Rac1 activation

each resulting from a transition that is enabled in m. In many cases, transitions ¢; and
to are enabled in m because they are concurrent—either one can fire first, but they will
both fire eventually. Nets with a lot of concurrency will also have a lot of states resulting
from all the permutations of firing orders of concurrent transitions.

Stubborn set reduction prunes the state graph by recognizing concurrently enabled
transitions and allowing them to be fired in a fixed order, instead of considering all
the permutations. Subtle conditions must be met to ensure that a condition is reachable
in the reduced graph if and only if it is reachable in the original graph (the reader is
referred to [S1]). For highly concurrent graphs, stubborn set reduction can accelerate
the solution of the reachability problem by many orders of magnitude.

For reachability queries on Pathway Logic nets, answering a reachability query that
would have taken hours using a general purpose model-checking tool takes on the order
of a second in LoLA—fast enough to permit interactive use. As an example, LoLA was
run on 5 examples, with and without the stubborn set reduction option turned on. The
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examples were 5 queries on a single Petri net, each causing exploration of a different
part of the network. The experiments were conducted on a an IBM ThinkPad X22 with
an 800 MHz Pentium III CPU and 256 MB of RAM. All the examples completed within
a fraction of a second with stubborn set reduction turned on. With stubborn set reduction
turned off 4 of the examples completed within a fraction of a second. The 5th example
was stopped after 28.5 minutes. At this point LoLA had generated 2,495,854 states,
traversed 35,400,000 edges, and was using 500 MB of virtual memory, and all 256MB
of physical memory.

In our experience, these results are typical. Without stubborn set reduction, LoLA
either finishes quickly or runs for a very long time. With stubborn set reduction, it very
reliably finishes in a fraction of a second on the many examples we have tried.

It is beyond the scope of this paper to compare different model-checking tools for
Pathway Logic models. The interested reader can find such a comparison in [52]]. We
note that for the goals and avoids type queries, LoLA’s performance is by far the best.

4 Relating PLMaude and Petri Nets

It is well known that Petri nets can be represented in rewriting logic [48]]. The various
forms that PLMaude models have taken as the modeling ideas have matured have led us
to identify a special class of rewrite theories, called occurrence-based rewrite theories,
that, restricted to terms reachable from a given initial term, have a natural representa-
tion as Petri nets. The idea is to build on the equivalence of the dish and occurrences
representations of states and to identify the features of PLMaude models needed to
ensure that the translation to the Petri net formalism preserves computations and goals-
avoids properties. Furthermore, the resulting Petri net models can be transformed back
into rewriting logic, again preserving computations and goals-avoids properties. In this
section we define the mappings between PLMaude and Petri net models and the subnet
reduction, and sketch proofs of correctness. These mappings are implemented in Maude
and used in PLA.

4.1 Some Rewriting Logic Notation

We first introduce some notation for talking about rewrite theories. A rewrite theory,
R, is atriple (X, E), R) where (X, E) is an equational theory (for example, in order
sorted logic) with sorts and operations given by X' and equations E, and R is a set of
rules of the form (ty = t; if ¢) where tg, ¢; are terms, the rule premise and conclusion
respectively, and c is a boolean term, the rule condition. Viewing PLMaude as a rewrite
theory, (X, E) is given by the first two layers (sorts and operations, components) and
R is given by the rules layer.

A context, C, is a term with a single hole, denoted by [ ], used to indicate the location
of a rewrite application. C/[t] is the result of placing ¢ in the hole of C'.

A substitution o is a finite mapping from variables to terms, preserving sort, and o (¢)
is the result of applying o to the term ¢.

A rule instance is a triple p = (r, C,0) where r is a rule, C is context, and o

is a substitution. For a rule instance p as above we write t 2 ¢/ if t = Clo(to)], t' =
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Clo(t1)], and o(c) holds (rewrites to true). In this case we say that p is an application of
7 to t. We write t — ¢’ if there is some p = (r, C, o) such that ¢ 2 ¢/. A computation
over R is a sequence of rewrites of the form

P1 Pk
R"So—>$1...—>8k

with steps s;_1 LN s; forl <i<k.

Note that rewriting is modulo £, that is the meaning of the symbol ‘=’ in the match-
ing equations is defined by the equational theory E. The context makes explicit the
location within a term where the rule applies. This is needed because when rewrit-
ing modulo equations the usual notion of path to a subterm of a syntax tree is not
meaningful.

Example 2: Rewriting concepts. Consider the following:

- So=EGF {CM| EGFR {Mekl [ Mekk3 - act]}}

- S1=EGF {CM| EGFR {[Mekl - act] [Mekk3 - act]}}

— Tmek =[ Mekk3 - act] Mekl => [ Mekk3 - act] [Mekl - act]
- C=EGF {CM| EGFR {[]}}

Then p = (Tmek, C, D) is rule instance (with empty substitution, ()) such that Sy LN
S1. Note that Sy can also be written EGF {CM | {Mekl [ Mekk3 - act]} EGFR}.
Syntactically the subterm that matches the rule right hand side is at a different position
in this case, but modulo associativity and commutativity the two ways of writing the
term have the same meaning. The corresponding context EGF {CM | {[]} EGFR} is
also equivalent to C, thus giving a representation of position that is independent to the
representation of equivalence class.

4.2 Occurrence-Based Rewrite Theories

There are five conditions to be met for a rewrite theory to be an occurrence-based rewrite
theory, two conditions on the representation of state (SC1 and SC2) and two conditions
on rules (RC1, RC2) and one condition on the interaction of states and rules SRC).

In the following assume we are given a rewrite theory, R, with distinguished sort S
of elements representing system states to be analyzed.

SC1. The first condition is that S is generated from a base sort, by constructors such
as the PLMaude enclosure constructors, in such a way that one only needs to know
the ‘location’ of the base subterms to determine an element of S. More precisely, we
require that there be a base sort B, a sort L, of locations, and a sort O of occurrences,
where elements of O have the form <b, [> for base element b and location [, and two
functions

520(_):S — P,[O] and 02s(_):P,[O] > S

such that 02s(s20(s)) = s where 2> denotes partial functions and P,,[O] denotes finite
sets from O.
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SC2. We extend s20(_) to contexts and terms with variables, by treating holes and
variables as basic terms, and we require a function cloc(C) that gives the location of
the hole in a context. We also relativize the map from states to occurrences so that
s2o(t, 1) gives the occurrences for ¢ in a context with hole location /. Thus

s20(Ct]) = O U (s20(t,1)) where [ = cloc(C),s20(C) = 0U<[],1>.

The SC2 requirement is that if s20(so) = O U s20(co(to),!) then we can find C such
that cloc(C) =l and sg = Clo(to)].

Example 3: Checking SCI, SC2 for PLMaude. In PLMaude, the base sort is called
Thi ng, which has subsorts Pr ot ei n and Cheni cal amongst others. Each membrane
enclosed compartment has two associated locations, the membrane and the interior. For
example, a cell has locations cmand cyt o, and things not inside a cell have location
out . Continuing the notation of Example 2 from §4.1l EGF has location out and EGFR
has location cmand we have

- 820(Sy) =

< EGF, out > < EGFR,cm > < Mekl,cyto > < [ Mekk3 - act],cyto >
- cloc(C) =cyto
— 820(Ss, cloc(C)) =< Mekl, cyto > < [ Mekk3 - act],cyto >

where S5 is the left-hand side of 7. From the discussion in the previous sections, it
is easy to see that PLMaude modules satisfy conditions SC1 and SC2.

SRC. We require that there is an associative and commutative operation on states

merge : S X S — S such that rewriting is preserved by merging. Specifically, if

(r,C,o) (r,C"0")
so ———= s(, s1 = merge(so,s’) and s| = merge(s),s’) then s ———— )

for some C’, o', such that 0/B = ¢’ /B and cloc(C) = cloc(C") where o /B is the
restriction of ¢ to basic variables. Using associativity and commutativity we extend the
merge operation to sets: merge(s,.S) is the result of merging elements of S into s in
some order.

Example 4: Merging. Continuing with the notation of example 2 we have

- merge(Sy, S1) = EGF {CM | EGFR{Mek1l [ Mek1 - act] [Mekk3 - act]}}

RCI1. We require that the variables appearing in rule terms either have basic sorts, or
‘mixture’ sorts (for example finite sets). This allows us to convert a rule application in-
stance (7, C, o) into a pair of occurrence sets that represent the actual change described
by the rule. The mixture variables stand for the remaining basic terms and substructure
at each location of interest that are not changed by the rule. Furthermore, we assume
that the variables occurring in the rule condition have basic sorts.

Definition: Collection. Now we define a (partial) function that iteratively merges the
reachable states into one state § in which each location contains all basic elements that
could appear at that location in a reachable state. Given s € S define § by

§=spif s = spp1  whereso = s and ;1 = merge(s;, {s' (3p)(si = s')})
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RC2. The final condition for R to be occurrence-based (relative to a choice of initial
states) is that for any initial state s collection terminates, i.e. there is some k such that
Sk = Sk+1-

4.3 Mapping Occurrence-Based Rewrite Theories to Petri Nets

To define the mapping we need some Petri net notation. A transition 7 over an occur-
rence set O is a pair (0;, O,) € P,[0] x P,[O] (for simplicity we omit the transition
labels). We define the pre- and post-occurrences of a transition as follows:

pre(0;, Op) = O; post(0;, Op) = O,.

The input and output occurrences are the pre- and post-occurrences with the shared
occurrences removed.

in(0;, 0,) = 0; — O, out(0;, 0p) = 0 — O;.
Note that
in(0;, 0,) Nout(0;, 0,) =0
(pre( 0, Op) — in(0;, O,))
= (post(0;, O,) — out(0;, O,)) = (pre(0;, O,) N post(O;, O,))

A Petri net model over occurrences O is a pair (7', I) where T is a set of transitions
and I € P,[O] is the initial state/marking. A computation over 7 is a sequence

T Oy 0p... 25 O
such that pT@(Ti+1) C 0, and Oi+1 = (Oz — in(Ti+1)) U out(TH_l).

Definition: Rule2Transition. We extend the occurrence mapping to map rule instances
to transitions.

s2o((to, t1,c), C,0) = (s2o(to, C,0),s20(t1, C,0))

where
520(to, C,0) = s20((c/B)(to), cloc(C))T.

Where the  means to drop variable occurrences <V, !> for mixture variables V. Note
thatif (r, C, o) and (r, C’, ¢’) are as in RC2 then s20(r, C,0) = s20(r, C',c"). (See
below for examples of s20(_) applied to rules.)

Definition: OccB2Petri. Assume R is occurrence-based, with state sort S, and s is an
initial state. The Petri net model, P(R, s), associated with R and s, has occurrences
s20(8) (the result of collection), initial state s20(s), and a transition for each rule in-
stance that applies to §.

P(R,s) = (Ty, s20(s)) where Ty = {s20((r, C,0)) (3s")(5 27 &)
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Example 5: A Tiny model and its Petri net representation. We now introduce a tiny
hypothetical model to illustrate the transformation to a Petri net in some detail. The
resulting Petri net, TinyPN, will also be used in §3 to illustrate the transformations
defined there. The tiny model defines two subsorts of Pr ot ei n, AP and BP. There are
six basic proteins: A0, Al of sort AP, BO of sort BP, and EO, E1, Cof sort Pr ot ei n.

sorts AP BP . subsort AP BP < Protein .
ops AO A1: AP. opB: BP. ops EO E1 C: Protein .

There are four rules. Rule TO expresses activation of A0 by EO and recruitment of A0 to
the cell membrane. As in §3.2] cmand cyt o are variables needed in order for the rule
to apply to any cell with the specified components. Rule T1 expresses activation and
recruitment of any protein of sort AP by E1. Thus a variable ?A: AP of sort AP is used in
the rule. Rule T2 says that any activated protein of sort AP can activate any protein of
sort BP. Rule T3 says that activated AO can activate protein C.

ri[TO]: {CM| cmEO {cyto AO}} =>
{CM]| cmEO [AO0 - act] {cyto}}

ri[T1]: {CM| cmEl {cyto ?A: AP}} =>
{CM| cmEl [?A: AP - act] {cyto}}

ri[T2]: {CM| cm[?A AP - act] ?B:BP {cyto}} =>
{CM| cm[?A AP - act] [?B:BP - act] {cyto}}

ri[T3]: {CM| cm[A0 - act] C {cyto}} =>
{CM| cm[A0 - act] [C - act] {cyto}}

The initial state of the tiny model is given by the termt i nyDi sh. It contains B, C, EO, E1
at the cell membrane and AO, Al in the cytoplasm.

tinyDish = PD({CM| B C EO E1 {A0 Al}})

The collection starting with the dish ti nyDi sh using the rules TO, T1, T2 yields the
dish ti nyDi sh+. Rule TO adds [ AO - act] to the membrane compartment, rule T1
instantiated with ?A: AP as Al adds [ AL - act] to the membrane compartment. The
instantiation of rule T1 with ?A: AP as A0 adds nothing new. Rule T2 instantiated with
?B: BPasBO adds[ BO - act] tothe membrane compartment. For the dishti nyDi sh
there is only one instantiation of rule T2. Rule T3 adds [ C - act] to the membrane
compartment.

tinyDishx = PD({CM| [AD - act] [Al - act] [B - act] B
C[C-act] EO E1
{A0 Al}})

The Petri net TinyPN has transitions t i nyT, obtained by applying s20( ) to rule in-
stances for ti nyDi sh+, and occurrences ti nyl, the result of s20(tinyDish). Here
we added labels to the transitions for convenient reference. If there is more than one
rule instance, the transition labels are indexed by instance numbers, just to keep labels
unique.
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TinyPN = (tinyT,tinyl)

tinyl = < B,cm>< C,cm>< EO,cm>< El,cm>< A0Q,cyto >< Al,cyto >
tinyT =
(TO, < EO,cnPk < AO,cyto > => < E0O,cm > < [AO - act],cm >)
(T1.0, < El,cnmr < AO,cyto > => < El,cm> < [A0 - act],cm >)
(T1.1, < El,cnp < Al,cyto > => < El,cm> < [Al - act],cm>)
(T2.0, < [A0 - act],cm>< B,cm> =>
< [AO - act],cm>< [B - act],cm>
(T2.1, < [Al - act],cm>< B,cm> =>
< [Al - act],cm>< [B - act],cm>
(T3, < [A0 - act],cm>< C,cm> =>
<[A0 - act],cm>< [C - act],cm>
For example there are two instances of rule T1, pg = ((to,t1), C,00) and p; =

((to,t1), C,01) where

- t={CM| cmEl {cyto ?A AP}}

-t ={CM| cmEl [?A: AP - act] {cyto}}
C=pPX([])

00/ B binds ?A: AP to AO

o1/ B binds ?A: AP to Al

Using the rule for transforming instances to transitions we obtain the transition labeled
T1. 0 as follows.

s20((to, t1), C,00)
= (s20((o0/B)(to), cloc(C)), s20((c0/B)(t1), cloc(C)))
= (s20({CM | cm El{cyto AO}},out),

s20({CM | cm E1[ A0 - act] {cyto}},out))

= (< E1, cm>< A0,cyto > < El,cm>< [AO - act],cm >)

Theorem: OccB2Petri. For R an occurrence-based rewrite theory and s an initial
state, the mapping to Petri nets preserves computations. Specifically, if (T, s20(s)) =
P(R,s), then

REs=s02 s1... 5 51 & T, F s20(so) Ms?o(sl)... M>$20(sk).

Proof Sketch. By induction on the computation length k. If s; LiEEN Si+1 then
s20(pi+1) € Ts by SRC. Let p;11 = (r, C,0) with r = (tg,t1,¢) and I = cloc(C).
Then s; = Clo(to)], si+1 = C[o(t1)], and for some occurrence set O s20(s;) =

s20(o(tg),)UO and s20(s;+1) = s20(o(t1),1)UO. Thuss2o(s;) i LN 820(Si1)-
Conversely, let O; NAAEN O;+1, and by induction O; = s20(s;) for some reachable
si. Also 7 = (Op, 01) = s20(r, C, o) where (r, C,0) applies to §. We can find O’
such that O; = O’ U Op and O; 1 = O’ U Oy. By SC3 we can find C’, ¢’ such that

S; — C/[J/(to)], and S; M) Si+1 where SQO(SZ;H) = Oi+1'
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Counterexample. To see that requirement (SRC) that merging preserves rewrites is
needed, consider the following rule variants in the Pathway Logic language:

[r1]:{CM]| Ras {cyto Rac}} => {CM| Ras [Rac - act]{cyto}}
[r2]:{CM| cmRas {cyto Rac}} => {CM| cm Ras [Rac - act]{cyto}}

where cyt o and cmare variables standing for any other components located in the cy-
toplasm or cell membrane respectively. Consider the state {CM | Ras G b2 {Src}}
{ Rac}} which can be obtained from {CM | Ras {Src Rac}} by a merge. The
rule r 2 applies but r 1 does not, although r 1 applies to the ‘before merge’ state. Both
rules transform to the same Petri net transition:

< Ras,CM > < Rac,Cyto > => < Ras,CM > < [Rac - act],CM >

which indeed applies to the corresponding occurrence state

< Ras,cm> < G b2,cm>< Rac,cyto > < Src,cyto >

Definition: Petri2RWL. The conversion of an occurrence Petri net to a rewrite theory
is simple. If (T, s20(s)) = P(R,s), then PS(R,s) is the rewrite theory with the
equational part of R extended with the definition of occurrences, and rules

{Oi:> Oo (OivOo) GTS}
Theorem: Petri2RWL. The mapping P.S preserves computations.

PS(R,s)F s20(s) 25 ... 2% Op & Ty F s20(s) =5 ... 25 O

5 Relating and Transforming Queries

5.1 Preservation of Properties

The temporal logic used by the Maude model checker, LTL, is based on atomic propo-
sitions that can be defined by boolean functions in Maude. In the case of an occurrence-
based rewrite theory, we restrict attention to propositions that are positive (goals) and
negative (avoids) occurrence tests — basic component b occurs (or does not occur) at
location {. These propositions translate to simple membership tests <b, (> € s20(s) in
the corresponding Petri net model. For example, the property r acAct 3 presented in Ex-
ample 1 of §3.2] contains one positive occurrence test (for the presence of < [ Racl -

GTP], cm >) and one negative occurrence test (for the absence of < [ EGFR - act],

cm >).

Let LTLO be the Maude LTL language with propositional part restricted to occur-
rence propositions. Let ¢ be an LTLO formula expressed in the PLMaude language and
let s20(%)) be the same property expressed in terms of occurrence membership, lifting
$20(_) homomorphically (on syntax) to LTLO formulas.
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Theorem: LTLO. Given an occurrence-based rewrite theory R and initial state s, let
be a computation of R, s, 7’ be the corresponding computation of P(R, s), and 7" be
the corresponding computation of PS(R, s). Then for any LTLO formula ¢

T o 1 s2() & 1 s2(y)

and thus

(R,s) Ev & P(R,s) E s20(¢) & (PS(R,s),s) = s20(¢)

This is a consequence of the isomorphism of computations and the preservation of
satisfaction of occurrence properties by the occurrence translations.

Note that the LTLO theorem implies that counterexamples are also preserved. This
is important, since queries asking to find a computation having certain properties are
answered by asking a model-checker to find a counterexample to the assertion that no
such computation exists.

5.2 Relevant Subnets for Goals-Avoids Queries

As indicated in §[3] we are especially interested in answering queries of the form “given
initial state I, find a path that satisfies (G, A)” where (G, A) is a basic goals-avoids
property with goals G and avoids A. We interpret this as meaning find a path (that is, a
computation) starting with the initial state I, that reaches a state satisfying goals GG, and
such that no state in the path contains any occurrence of A. Without loss, we further
require the path to be minimal, in the sense of not using irrelevant transitions. That is,
if any transition is removed from the set generating the path, the remaining transitions
do not generate a path satisfying the goals. Ideally we would like to focus attention on
the subnet of transitions of a Petri net model that might appear in any minimal path
satisfying that property. We call these the truly relevant transitions. This is of interest
both to help the biologist focus on a smaller set of transitions and to reduce the search
space to be considered by an analysis tool.

Finding just the truly relevant transitions means finding exactly the minimal paths
satisfying a given property, the problem we are trying to simplify. Thus we will look
for a safe approximation, called the relevant transitions, that is a superset of truly rel-
evant transitions set. Clearly, transitions that mention an occurrence to be avoided can
be eliminated, as can transitions that do not contribute to reaching some goal, or transi-
tions whose pre-set will not be a subset of a reachable state. In the following we define
three transformations that formalize these intuitions. The first transformation removes
transitions that mention an occurrence to be avoided. The second transformation is a
backwards collection of transitions that contribute to reaching a goal, either because
the post-occurrences contain a goal, or recursively contain a pre-occurrence of some
contributing transition. The third transformation is a forward collection of transitions
applicable to reachable states. Then given a Petri net (7', I), and a goals-avoids prop-
erty (G, A), T is transformed/reduced to the corresponding set of relevant transitions
relTrans(T, I, G, A) by the following process:
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A G I
1 avoids 1 backwards 1 forwards
I — A — (@A — (@A)
elimination collection collection

We will show that any minimal path from initial state / meeting a goals-avoids property
(G, A) using transitions in T, in fact uses only transitions in relTrans(T, I, G, A),
thus it is a safe approximation.

(a) TinyPN (b) Relevant Subnet

Fig. 3. Tiny Petri net (a) and a relevant subnet (b). Dark ovals represent initial state. In (b) the
subnet is colored and the original net context is white.

Figure 3] shows the Petri net ti nyPN = (tinyT, tinyl) from Example 5 of §4.3| In
the graphical form we use simple names to label (and refer to) occurrences, leaving the
location part implicit. This will be used to illustrate the concepts and transformations
discussed below.

Definition: Minimal Paths. Let I (initial state), G (goals), A (avoids) be occurrence sets
such that (1 U G) N A = (). The set P(T, I, G, A) is the set of Petri net computations,
7, that start from the initial state I, and reach a state containing all occurrences in G,
using transitions in 7" without ever marking A.

m=00 ... 2 O € P(T,1,G,A) & Og=IANGC OxA [\ ONA=0
0<i<k

7 is minimal if there is no computation 7’ in P(T, I, G, A) that uses a proper subset
of the transitions used in 7, and we let mP(T', I, G, A) be the set of computations of
P(T,I,@G, A) that are minimal.
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Example 6: Minimal and non Minimal Paths. In ti nyPN (Figure [3) the transitions
T1.1, T1. 0 form a path to the goal AO-act, but it is not minimal as T1. 1 can be
removed since T1. O alone is a path.

Lemma: Path Monotonicity. The set of minimal paths monotonically increases with
increasing initial state and decreasing goals and avoids. Specifically,if T C T/, 1 C I',
G' C G, A C A, then

P<Ta ]a Ga A) g P(T/7I/7 G/aA/)
and
mP(T,I,G,A) CmP(T',I' G, A")
Definition: Removing Avoids. Assume given T and A as above. The result of removing
rules that mention an element of A is defined by

T/A={re€ T (pre(r)Upost(t))NA=10}

Example 7. Removing Avoids. Taking A to be Al- act removing the avoids from the
transitions of t i nyPN means removing T1. 1 and T2. 1, leaving TO, T1. 0, T2. 0, and
T3, that is

tinyT/A={T0,T1.0,T2.0,T3}.

Lemma: Removing Avoids is Safe. If mre mP(T, 1, G, A),thenmemP(T/A, I, G, A).

Proof. Since by definition no transition in 7' — 7'/ A could be used in 7.

Definition: Backward collection. Assume given T, G as above. The backward collec-
tion T¢ of T relative to G is defined by

b o_ b
Té = U T7  where
jENat

Go=G Gjt1=G; U U pre(T)
TET]I.’
T;’ ={reT out(r)n G; # 0}

Note that for some n, G; = Gj41 for j > n since T is finite and thus only finitely
many increments can be made.

Example 8. Backwards Collection. Backwards collection of ti nyT for goal B- act,
ti nyTlé_ act » 18 tinyT minus T3. The can be seen from the following steps in the
collection:

Gy = B- act

tinyT) = {T2.0,72. 1}

G, = {B- act,B, A0- act ,Al-act }
tinyT) =tinyTyU{T0,T1.0,TL. 1}
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As another example, for goals A0- act and Al- act we have
; b
ti nyT{Ao_ act Al-act} = {T07T1. 0,T1. 1}

Lemma: Backward Monotonicity. Backwards collection is monotonic in transitions and
goals. Thatis, if 7 C 7" and G C G, then T% C (T")%,..

The lemma Backwards 1 captures the essence of the reason that a transition that ap-
pears in some minimal path for a set of goals is one produced by backwards
collection.

Lemma: Backwards 1. If O =5 O; 25 Oy and pre(m2)Nout(r;) = 0 then we can find

0} such that O %+ OJ. Furthermore, for any occurrence set G*, if out(m) N G* = (),
then G* N 02 C G* N O),.

Proof. With the assumptions of the lemma, pre(r2) C O, letting O} = (O —in(72)) U
out(72) we have, by definition of transition, the desired transition. Also by definition of
transition, Oy = ((O—in(m1)Uout(11))—in(m2))Uout(12). Assuming out (1 )NG* =
() we have G* N O = G* N ((O — in(m1) — in(m2)) Uout(r2)) C G* N O).

The lemma Backwards 2 identifies conditions under which a sequence of transitions
can be restarted at a new state. For backwards collection, the state of interest is one
resulting from deleting an irrelevant transition, such as 7; in Backwards 1.

Lemma: Backwards 2. If O N G C O’ N G, pre(t) € O’ and O = Oy, then we can
find Of such that O; N G C O] N G and O’ = 0.

Proof. By the assumptions, pre(7) C O, so letting O] = (O’ — in(7)) U out(7)
we have the desired transition. Since O; = (O — in(7)) U out(7), if g € O; either
g € out(t)org € O —in(r) C O' —in(1). Thus g € Of.

Theorem: Backward safety. If 1 € mP(T, I, G, A), thent € mP(T%, I, G, A).

Proof Sketch. Letw = [ -5 O;... 2% Oy € mP(T,I, G, A). We show that
Tj € Té’; for 1 < j < k. Suppose not. Let G* be the union of the Gjs in the definition
of TY, and let j be the largest number such that 7; ¢ TZ. Thus out(r;) N G* = 0.
We construct 7' € P(T,I, G, A) using fewer transitions, contradicting minimality
of m. If j = k then G C Og_1 and 7’ is the first k£ — 1 transitions of 7. If j < k
then let O] = Oj_1, and O;;; = (O] — in(7i41)) U out(riy1) for j < i < k.
By maximality of j, 7,41 € T& and thus pre(r;11) € G* forj < i < k. We
claim that O;1; N G* C Of ; N G* and O] SLanN Oy, for j < i < k. For
1 = j this follows by backwards lemma 1 and for ¢ > j it follows by backwards
lemma 2. Thus taking 7/ = I =% Oy... =% 0j RS
done.

i
. —> O} we are

Definition: Forward collection. The forward collection Tlf of T relative to I is
defined by
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rf=J 1/ 1= |J I wher
jeNat jeNat

[0 =1 Ij+1 = U pOSt(T)
TeT]

T]f ={re T pre(r) C I}
Again, we have that for some n, I; = I,, for j > n.

Example 9. Forward Collection. Suppose we remove E1 from the inital state, call
this I;, then forward collection of t i nyT from I; omits T1. 0, T1. 1 and T2. 1. Thus
tinyT] = {T0,T2.0,T3}.

Lemma: Forward Monotonicity. If T C T’ and I C I, then Tlf C (T’)J;,

Theorem: Forward safety. If 1 € mP(T,I, G, A), thenT € mP(TIf7 1,G,A).

Proof. This is because for each transition 7;41 in 7, using the notation of the definition,
pre(tjy1) C I;, and thus 741 € ij for0 <j <k.

Definition: Relevant Subnet. The subnet of transitions from T relevant to initial state
1, goals G, and avoids A is defined by

relTrans(T,I,G, A) = ((T/A)%){
Corollary: Relevant Subnet. If m € mP (T, I, G, A) is non-empty, then
7w € mP(relTrans(T, I, G, A),I, G, A)

Thus search for such paths can be carried out in the relevant subnet rel Trans(T, I, G, A).
Note that if G ¢ I/ then P(T,I, G, A) is empty.

Example 10. Relevant subnets. The relevant subnet of t i nyPN for goals B- act , avoids
Al- act and initial state I; = ti nyl —E1

relTrans(tinyT, I;,B-act ,Al-act ) = {T0,T2. 0}

is shown in figure 3(b).

6 Summary and Future Work

The main contributions of the paper are: a definition of mappings between rewriting
logic and petri net representations of biological processes (and similar concurrent pro-
cesses) that satisfy certain conditions; proof that these mappings preserve properties
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of interest; and definition of a relevant subnet transformation that reduces the number
of transitions that must be considered in search for a path satisfying a goals-avoids
property.

As context we presented an overview of Pathway Logic illustrated with a model of
Racl activation as Maude rules and the representation as a Petri net. We also discuss
the advantages of analyses based on Petri nets.

Asmodels grow in size, we expect toneed to explore alternative path finding algorithms.
Possibilities include employing more highly tuned model checkers, discovering new sim-
plification and abstraction transformations, and developing constraint solving approaches
to take advantage of the rapid advances being made in this area. Another big challenge is
refining PLMaude models to incorporate semi-quantitative information about expression
levels and relative preference for competing reactions, and to be able compute with and
visualize the refined models in ways that are meaningful to working biologists.
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